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The continuous functional calculus for arbitrary C*-algebras

Rasmus Sylvester Bryder

This nugget will continue where [3] left off, regarding the properties of the continuous functional
calculus. We will try to construct a valid extension of this calculus to any arbitrary C*-algebras, and
not just unital ones as covered in the above source.

In order to find a way to discuss the continuous functional calculus for a non-unital C*-algebra, then
to even consider it we cannot escape from the fact that we need to be able to work with a unit. This
of course implies that the unitization has to be part of the discussion, and once we have brought it
up we will try to wring loose of the claws that this extra structure has to grab us with. We know
beforehand that this is no suicide mission, so we will succeed (no need to wet the bed here).

1 The unitization

Throughout this section, A denotes a non-unital C*-algebra.

In order to construct the unitization for A, we define a map L,: A — A for any a € A given by
Lab = ab for b € A. This map is clearly well-defined, linear and bounded with ||L,|| < ||a. Hence
L, belongs to the Banach algebra B(A) for all a € A. Let A be the subset of B(A) given by

A={L,+\|ac A, \eC},
where 1 denotes the identity operator A — A, and define a map Q: A — A by Q(a) = L,.-

Lemma 1. The map Q is an isometric algebra homomorphism such that Q(a) # 1 for all a € A. A
is a subalgebra of B(A).

Proof. For a,b,c € A and X € C, we have

(i) Qa+0b)(c) = Lagpc = (a+b)c=ac+bc= Lyc+ Lyc = (Lq + Lp)c = (2(a) + (b)) (),
(i) Q(Aa)(c) = Laac = (Aa)c = A(ac) = (ALq)c = (A2(a))(c),
(iii) (ab)(c) = Lapc = (ab)c = a(bc) = Lq(Lypc) = Q(a)(Q2(b)(c)) = (2(a)2(b))(c).

To see that Q) is an isometry, note that ||2(a)|| < ||a|| and
lall? = la*|12 = llaa” | = (@) (@)]| < 2@ lla" ]| = [2(a) | al]
If there were an a € A such that Q(a) = 1, then for any b € A we would have
ab = Q(a)(b) = 1b =1b.

Hence a is a left unit for A. The above equality also implies ab* = b* or ba* = b for all b € A, so a* is
a right unit for A. Thus a = aa* = a*, implying that a is a unit, contradicting the assumption that
A is non-unital. The final statement now follows from the fact that Q and the map C — A given by
A — Al are algebra homomorphisms. O

Corollary 2. The map A x C — A given by (a,\) — L, + Al is a linear isomorphism.

Proof. Surjectivity and linearity is clear. If a1,a2 € A and A1, A2 € C satisfy Lo, + A\1= L,, + A1,
then Ly, —a, = (A2 — A1)1. If = Ay — Ay were a non-zero number, we would have L, 14, —q,) = 1,
contradicting the above lemma. Hence A\; = Az, so

llax = azll = [ Loy —as || = [(A2 = A1 = 0

and hence a1 = as. O
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The above corollary in turn yields that the map *: A — A given by (L, + A\1)* = Lo + Al is
well-defined, and one easily shows that it satisfies the properties of an involution. Hence A becomes
a normed *-algebra.

Proposition 3. For all s € A we have ||s*s|| = ||s||?.
Proof. Let a,z € A and A € C. For any b € A we have
(z*a* + Ax*)b = z*(a*b + \b) = 2* (Lo + A1)*b. M
This in turn implies
I(Lq + ADz||? = |laz + \z||?
= |[(ax + \x)*(ax + A\x)||
— l(@"a* + Xa*)(az + A2)|
= ||x*(Lq + A1)*(Lg + AD)z||
< [l [H(La + A1)* (Lo + AD)z|| < [[(La + AD*(La + AD ] [l
using (1) at the fourth equality. Therefore
1Za +A1? < [[(Za + A1)* (La + AD)]|-
The above inequality implies
I La + AJJ* < [[(La + AD)*[[|| La + A,
80 ||Lg + A1|| < ||(La + A1)*|| = || Lo + A1]|. Replacing a by a* and A by A, we see that
Lo + M| = [|(La + AD)"].
This finally tells us that
IZa + A1 < [[(La + AD* (Lo + AD|| < [[(Za + AD*[[[[ La + M| = || La + A2,
completing the proof. O

Proposition 4. Let X be a Banach space with closed subspaces 2) and 3. If 3 is finite-dimensional,
then Y + 3 is a closed subspace of X.

Proof. Recall that the quotient space X/9) is a Banach space and that the quotient map 7: X — X/9)
is a linear contraction. Then 7(3) is a finite-dimensional subspace of X/9), so it must be closed.
Therefore 7=1(7(3)) is closed as well by continuity, but

z € H(m(3)) & n(x) = n(z) for some z € 3
S r—z=yforsomeze3andy g
SrePY+ 3.

Hence ) + 3 is closed. O

Corollary 5. A is a closed subset of B(A), making it a unital C*-algebra.

Proof. Applying Proposition 4 to X = B(A), 9 = Q(A) and 3 = C1 yields that A is closed. Hence A
is a Banach *-algebra satisfying the C*-identity (Proposition 3), so it is a C*-algebra with unit 1. [

By Corollary 2, there is a linear isomorphism A x C — A. Using this isomorphism, we can define a
multiplication, involution and norm on 4 x C such that it becomes a unital C*-algebra in which A is
isometrically embedded by means of the map A — A x C given by a — (a,0). The multiplicative unit
of A x C is the element (0,1). The C*-algebra A x C is called the unitization of A, and to honour
the subset of B(A) that made it possible, we will denote it by A. The *-algebra operations in A are
therefore

(1) pi(ar, A1) + pa(az, A2) = (p1a1 + poag, piA + p2A2),
(11) (al, )\1)(@27 )\2) i(alaz + )\1&2 + )\Q(Ll, )\1)\2) and

(iii) (a1, M) = (af, \1)

for ay,as € A and i, Ao, pu1, o € C. The norm is given by

[, M| = sup{[|az + Az[| [z € A, [|lz[| <1},
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2 The continuous functional calculus, part I

We first take some time to construct the continuous functional calculus for unital C*-algebras. If
A is a unital C*-algebra, the spectrum o(a) of an element a € A consists of all the A € C such
that A\14 — a is not invertible. The space of non-zero multiplicative linear functionals A — C (also
called characters) is denoted by A(A). Any such is bounded with norm 1 and hence A(A) is a
weak*-compact subset of A* by Alaoglu’s theorem.

The Gelfand transform for the unital C*-algebra A is the contractive algebra homomorphism I': A —
C(A(A)) given by

I(a)(p) = p(a), a€A peAA).
If A is also commutative, we have that the range of I'(a) for any a € A is in fact o(a). If Ais a
commutative unital C*-algebra, I" is an isometric *-isomorphism.

Theorem 6. Let A be a unital C*-algebra and let a € A be normal. Then C*(14,a) is commutative,
and the character space M of C*(14,a) equipped with the weak™ topology is homeomorphic to o(a)
by the map ¥: ¢ — p(a). Therefore the Gelfand transform becomes an isometric *-isomorphism
I': C*(14,a) = C(o(a)).

Proof. Omitted. See [3, Theorem 10.2]. O

Definition 7. If A is a unital C*-algebra and a € A is normal, the inverse unital *~homomorphism
I't: C(o(a)) — C*(14,a) is called the continuous functional calculus for a. For f € C(o(a)), we
define f(a) = T~1(f).

It is common practice, but let us mention it anyway: if a is a normal element of a unital C*-algebra
A and f € C(Q2) for some subset o(a) C Q C C, we define f(a) = fls()(a)-

Theorem 8 (Properties of the continuous functional calculus for unital C*-algebras). Let A be a
unital C*-algebra and let a € A. Then for all \,p € C and f,g € C(o(a)) we have

(i) (Af +pg)(a) = Af(a) + pg(a).

i) (f9)(a) = fla)g(a).

iii) f(a) = f(a)".

(iv) If 1 denotes the identity map o(a) — o(a), then 1(a) = a
)
i)
)

~—~~
——
=
=

(v) If 1 denotes the constant function z — 1 for z € o(a), then 1(a) = 14.
(vi) If P: z — p(z,%) is a complex polynomial in z and Z with no constant term, then P(a) = p(a,a*).
(vii) If Q is a subset of C such that o(a) C Q and h € C(Q), then

[h(a)l = sup |h(2)| < sup[h(z)]-
z€o(a) E1S9)
(vii) o(f(a)) = f(o(a)).
(ix) If h € C(f(o(a)), then (ho f)(a) = h(f(a)).
(x) If ® is a unital *-homomorphism of A into another unital C*-algebra B, then ®(f(a)) = f(®(a)).

Proof. (i), (ii) and (iii) and (v) follow directly from the fact that the continuous functional calculus
is a unital *-homomorphism. As for (iv), note that I'(a) is the identity map on o(a); any z € o(a)
corresponds uniquely to a character ¢ € A(C*(14,a)) such that p(a) = ¥(p) = z. Under the
identification of Theorem 6, we have

(vi) then follows from (i)-(v). (vii) is clear, since the continuous functional calculus is an isometry.

Since I'"! is a *-isomorphism, o(f) = o(f(a)). f — X is invertible if and only if f(z) — X # 0 for all
z € o(a); hence X\ € o(f) if and only if f(2) = A for some 2z € o(a) or A € f(o(a)), so we conclude

o(f(a)) = o(f) = f(o(a)),

and hence (viii).
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To prove (ix), note that g o f € C(c(a)), so (g o f)(a) is well-defined, and that f(a) = T71(f) is
normal in A since f is. Hence g(f(a)) € Ais well-defined, as g € C(o(f(a)) by (viii). Take a sequence
(gn)n>1 of complex polynomials in z and Z such that ¢, — ¢ uniformly on f(o(a)) = o(f(a)) by
Stone-Weierstrass’ theorem. Then ¢, o f — g o f uniformly on o(a), so

an(f(a)) = (gn o f)(a) = (g f)(a)

in norm. To comprehend the first equality above, note that if ¢,(z) =Y )\ijz’?j then we have

Qn © f Z )\’Ljf
The continuous functional calculus is a *-homomorphism and thus maps this function to
Qnof Z)\’Ljf ) Qn(f(a))

Noting that ¢, (f(a)) — g(f(a)) in norm as well, (ix) follows.

For (x), note that b = ®(a) is normal. As o(b) C o(a), we see that f(b) is a well-defined element
of C*(1p,b) C B. Let (p,)n>1 be a sequence of complex polynomials in z and Z such that p, — f
uniformly on o(a). Then p,(a) — f(a) and p,(b) — f(b) in norm, so we have

(f(a)) = @ (lim pula)) = lim (pa(a) = lim pa(b) = F(b),

n—oo n— oo n— oo
since ® is a unital *-homomorphism and hence continuous. O

We will see later that B in (x) does not have to be unital, as long as we modify the assumptions a
little. Oh, and about that...

Remark 1. If we remove the condition in (x) that ® is unital, we run into some problems. For
instance, let p € B(¢?(N)) be a finite rank projection and define ®: C — B(¢?) by ®(\) = Ap. Then p
isn’t invertible, so that 0 € o(p), but clearly 0 ¢ o(1) = {1}. Hence the equation f(®(1)) = ®(f(1))
for f € C({1}) doesn’t make sense, since f(®(1)) = f(p) only defines an element in B(¢*(N)) if

feC(op)).
In order to find a solution to this problem, let us look at the spectra first.

Lemma 9. If A and B are unital C*-algebras with A C B and 14 # 13, then

oa(a) U{0} = op(a)
for all a € A, where o 4(a) and og(a) denote the spectrum of a in A and B respectively.

Proof. Tt is clear that 14814 is a C*-subalgebra of B with unit 14. Applying [4, Lemma A.12],
we find op(a) U {0} = o1,p1,(a). Since A C 14814 also has unit 14, the result follows from [3,
Corollary g.11]. O

Remark 2. If &: A — B is a *-homomorphism of unital C*-algebras that satisfies ®(14) # 15, we
know that B; = ®(A) is a unital C*-subalgebra of B with unit 15, = ®(14). Then the above lemma
shows that

o5(®(a)) = 05, (®(a)) U{0} S oula) U{0},

if we view ® as a *~homomorphism A — B;. Hence the aforementioned problem of getting the
equation to make sense can at least partly be fixed by demanding that f € C(o(a) U {0}).

There is still a problem, though: With the example from before, let us now consider the function
f(z) = 2 + 1. Once again using the element z = 1 € C, then f(z) = 2 and thus ®(f(z)) = 2p.
However, f(®(z)) = p + 1p2(wy)), so equality still doesn’t hold!

The next two results should clear up everything in a flash.

Lemma 10. If g € C(Q) where Q is a compact subset of C satisfies g(0) = 0, then there is a sequence
of complex polynomials (pn(2))n>1 in z and Z without constant term, i.e., pp(0) = 0 for all n > 1,
such that p, — g uniformly on 2.
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Proof. Let (¢n(2))n>1 be a sequence of complex polynomials in z and z such that g, — ¢ uniformly
on {2, as made possible by the Stone-Weierstrass Theorem. Define polynomials p,,(z) = g, (2) — ¢, (0),
and note that for all z € 2, we have

[Pn(2) = 9(2)] < lan(2) = 9(2)] +19(0) = @n(0)] < 25Up |gn(2) = 9(2)],

so that p, — ¢ uniformly on Q. O

Theorem 11. If ¢ is a *-homomorphism of a unital C*-algebra A into another unital C*-algebra 1B
such that ®(14) # 1, a € A is normal and f € C(o(a) U{0}), then ®(f(a)) = f(P(a)) if and only

if £(0) = 0.

Proof. First of all, note that b = ®(a) is normal. Since o(b) C o(a) U {0} by Remark 2, f(b) is a
well-defined element of B. Define A = f(0) and take a sequence (py,)n>1 of complex polynomials in z
and Zz without constant term such that p,, — f — A uniformly on o(a) U {0}, using Lemma 10. Then
pn(a) = f(a) — Al 4, so

D(pn(a)) = @(f(a)) — A®(14)

by continuity (see Corollary 16; no cheating!). However, we also have p,(b) — f(b) — Alp. Since
the p,,’s have no constant term, it follows that p,(b) = ®(p,(a)), so continuity along with the above
convergence tells us that

P(f(a)) = A2(1a) = f(b) — Alg.

The desired result immediately follows. O

The question is now: what do elements of C*(a) correspond to under the continuous functional
calculus? The next proposition answers this, with the aid of a new set of continuous functions on the
spectrum.

Definition 12. Let A be a unital C*-algebra and a € A. We define
Cla) ={f:0o(a) = C|3g € Clo(a) U{0}) : glo(a) = f and g(0) = 0} € C(o(a)).

Proposition 13. Let A be a unital C*-algebra and a € A be normal. Then the image of C = C(a)
under the continuous functional calculus is C*(a).

Proof. Note first that C is closed in C(o(a)); if f € C(o(a)) such that f, — f uniformly with
(fa)n>1 € C, let g, € C(o(a) U {0}) such that g,|,0) = fn and g,(0) = 0 for all n > 1. Then
lgrn — gmlloc < llfn — fmlloos SO (gn)n>1 is a Cauchy sequence and thus it converges to some g €
C(o(a)U{0}) uniformly. It is clear that g(0) = 0 and that |f,,(2) — g(2)| = |gn(2) — 9(2)| < |gn — 9lco
for all n and z € o(a), so that f,, — g uniformly on o(a). Hence f = g[,(q) € C.

Let f € C, take g € C(c(a) U {0}) such that g|s,) = f and g(0) = 0. Lemma 10 yields a sequence
of (pn(2))n>1 complex polynomials in z and z without constant term such that p,, — ¢ uniformly on

o(a) U{0}. Therefore p,(a) — f(a). Since p,(a) is a polynomial in a and a* without constant term,
50 pp(a) € C*(a), so f(a) € C*(a) because C*(a) is closed.

If b € C*(a), there exist complex polynomials p,(z) in z and Z without constant term such that
pr(a) = b. Since ||pn — Pmlloo = ||Pn(a) — pm(a)|| (the continuous functional calculus is an isometry),
it follows that (pn)n>1 converges uniformly to some function f € C(o(a)). Since p, € C and C is
closed, it follows that f € C. Since || f(a) —pn(a)|| = ||f — Pnllco, it follows that p,(a) — f(a), so that
b= f(a) for this f € C. O

3 The continuous functional calculus, part 11

In this section, assume that A is a non-unital C*-algebra and that a € A is a normal element. Let 1A
be the image of A in A under the isometric inclusion *-homomorphism. The spectrum o(a) of a € A
is defined to be the spectrum of @ € A. Note that we automatically obtain 0 € o(a) for all ¢ € A.

Proposition 14. For any normal element a of a non-unital C*-algebra, we have

(i) a is self-adjoint if and only if o(a) C R.
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(i) a is positive if and only if o(a) C R,.
(iii) a is a projection if and only if o(a) C {0, 1}.

(iv) [lall = sup.eq(a) |2]-

Proof. We have that a is self-adjoint iff a is self-adjoint iff o(a) = (@) C R and that a is a projection
iff a is a projection iff o(a) C {0,1} by [3, Theorem 10.4]; hence (i) and (iii). (iv) follows from [3,
Theorem 8.1]. If @ is positive, then a is positive and o(a) = o(a) C Ry by [3, Theorem 11.5]. We

save the converse for later, i.e. that a is positive if a is positive. O

The above proposition ensures that all we know about spectra of special elements in a C*-algebra
still holds whether the C*-algebra in question has a unit or not.

Proposition 15. For any *-homomorphism ¢: A — B of arbitrary C*-algebras and any a € A, we
have

{0} Ua(p(a)) € {0} Uo(a).
Proof. Assume first that A4 and B are unital. If A # 0 and a — Al 4 is invertible with inverse x, then

1 1
(pla) = Mx) (9(0) + 9(14) = {15 = 1,
so the result holds. (Note that if ¢(14) = 13, then clearly o(p(a)) C o(a).)

Assume that A is unital and that B isn’t. If A # 0 and a — Al 4 is invertible with inverse z, then

(p(@). -3 () + Jo10).—3 ) = (0.0

so (p(a), =) = p(a) — M3 is invertible in B.

Assume penultimately that A is non-unital and that B is. If A # 0 and (a, —\) is invertible in A with
inverse (z, ), then ax — Az + pa = 0 and —Ap = 1, so that

(p(a) = Alg) (¢(z) + pls) = 15,
so p(a) — Alp is invertible in B.

Lastly, assume that A and B are both non-unital. If X\ # 0 and (a, —)) is invertible in A with inverse

(Lp(a’)v _)‘)(90(1.)7 :u) = (07 1)a
completing the proof. O

Corollary 16. Any *-homomorphism ¢: A — B of arbitrary C*-algebras is contractive.
Proof. We have

I?=lle(@2)| = sup |o]<  sup [zl = sup 2| = [la"z] = ||z

z€o(p(x*x)) z€o(x*x)U{0} z€o(x*x)

()

by Propositions 14 and 15. O
If a € A, we define C(a) = C(a) (see Definition 12). As 0 € o(a), we have

Ca) = {f € Clo(a)) | (0) = O}.

Let m: A — C be the unital *-homomorphism given by (a,\) — X, and note that kerm = 1.A. By
Theorem 8 we have

m(f(a)) = f(r(a)) = f(0)

for all f € C(o(a)). Hence f(a) € tAif and only if f(0) =0, i.e., if f € C(a). This yields the following
nice result:
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Proposition 17. If a is a normal element of a non-unital C*-algebra A, there is a *-isomorphism
F,: C(a) = C*(a) such that the identity map 1: o(a) — o(a) is mapped to a itself, and

for all f € C(a).

Proof. By Proposition 13, restricting the continuous functional calculus yields a *-homomorphism
¢a: C(a) = C*(a) such that 1is mapped to a. It is easy to see that the *-isomorphism ¢=*: 1.4 — A
restricts to a *-isomorphism of C*(a) onto C*(a). Composing yields the desired isomorphism, as

f@@) = ¢a(f) = U(Fu(f))- -

Definition 18. If a € A is normal and f € C(a), we define f(a) = F,(f) € C*(a), where F, is
the *-isomorphism of Proposition 17. The *-isomorphism itself is called the continuous functional
calculus for a.

As before (but now a little more general): if a is a normal element of any C*-algebra A, then if
[ € C(Q) for some subset o(a) C 2 C C with f(0) = 0, we define f(a) = f|,(a)(a).

Theorem 19 (Properties of the continuous functional calculus for non-unital C*-algebras). Let A
be a non-unital C*-algebra. If a € A is normal, then for all \, u € C and f,g € C(a) we have

(i) (Af +pg)(a) = Af(a) + pg(a).
(ii) (fg)(a) = f(a)g(a).
(ii}) f(a) = f(a)*
(iv) If 1 denotes the identity map o(a) — o(a), then 1(a) =
(v) If P: z — p(z,2) is a complex polynomial in z and Z wtth no constant term, then P(a) = p(a,a*).
(vi) If Q is a subset of C such that o(a) C Q, then

If(@)lf = sup |f(z)] < sup[f(2)].

z€o(a) z€EQ
(vii) o(f(a)) = f(o(a))-
(viil) If h € C(f(a)), then ho f € C(a) and (ho f)(a) = h(f(a)).
(ix) If @ is a *-homomorphism of A into another C*-algebra B, then ®(f(a)) = f(®(a)).

Proof. (i)-(iii) follows from the continuous functional calculus being a *-homomorphism. (iv) is im-
mediate from the definition, and (v) follows accordingly. To see (vi), note that Theorem 8(vii) yields

If(@)ll = lf@] = sup [f(z)|= sup [f(2)]-

z€o(a) z€o(a)

(vii) is easy, as Theorem 8(viii) yields

o(f(a)) = o(f(a) = o(£(@) "2 f(o(@) = f(o(a)).

(a
To prove (viii), take ' € C(o(a)U{0}) such that F'|,,) = f and F(0) = 0 and H € C(o(f(a))U{0})
such that H|,(f(q)) = h and H(0) = 0. As F(o(a) U{0}) = f(o(a)) U{0} = o(f(a)) U {0} by (vii),
we have that H o F € C(o(a) U {0}), that (H o F)(z) = H(f(2)) = (ho f)(z) for all z € o(a) and
H(F(0)) =0, we have ho f € C(a). Theorem 8(ix) then yields
(ho F)la) = (ho )@ * h(£(@) = h(F(a) = h(f(a)).

For (ix), assume first that B is unital and define a *-homomorphism ®: A — B by ®(a, \) = ®(a) +
M. Theorem 8(x) now yields

®(f(a) = 'i(ff(\;)) = d(f(a)) 8(x)

If B is non-unital, we instead define a *-homomorphism ®: A — B by ®(a,\) = (®(a), \). Then

B(f(a) = B(f(a) = 3(f(@) 2 £(3(a) = £(@(a) = f(@(a)),

and hence we obtain the wanted equality. O
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Thus all the usual tricks that one may perform in order to construct specific “nice” elements of a
C*-algebra still work.

Last part of the proof of Proposition 14. Since o(a) = o(a) € Ry, let f(t) = Vit for t € o(a). As
f(0) =0, we have f € C(a) and f(a) € A. Since f(a) is self-adjoint as f = f and f(¢)? = 1(t) for all
t € o(a) we conclude that f(a)*f(a) = 1(a) = a, i.e. that a is positive. O

As promised, we provide a proof of Theorem 8(x) in the case where B is not unital.

Theorem 20. Let A be a unital C*-algebra, and let a € A be normal. If B is a non-unital C*-algebra
and ®: A — B is a *-homomorphism, then

for all f € C(o(a)U{0}) such that f(0) =
Proof. Let f be as above, and define ®: A — B by ®(x) = (®(z),0). Then ® is a *-homomorphism
and Theorem 11 thus yields

®(f(a) = (f(a) = f(2(a)) = f((a)) = f(®(a)).

This implies the wanted result. O

4 For your eyes only, only for you

We provide a summary of what we have proved so far, enabling us to use the continuous functional
calculus for any C*-algebra, unital or not.

Theorem 21 (Properties of the continuous functional calculus for arbitrary C*-algebras). Let A be
an arbitrary C*-algebra, let a € A be normal and define a *-subalgebra C(a) of C(o(a)) given by

Cla) ={f € Clo(a)) | Tg € C(a(a) U{0}) : gloa) = f and g(0) = 0}.

Then there ezists a *-isomorphism C(a) — C*(a), f +— f(a) such that for all \,p € C and f,g € C(a),
we have

i) (Af +ng)(a) = Af(a) + pg(a).
i) (f9)(a) = fla)g(a).
iii) f(a) = f(a).
(iv) If 1 denotes the identity map o(a) — o(a), then 1(a) =
) fP z > p(z, 2) is a complex polynomml inzandz wzth no constant term, then P(a) = p(a, a*).
i)

If(a)ll = sup [f(z)] <sup[f(2)].
z€Q

(vii) o(f(a)) = f(o(a)).

(viii) If h € C(f(o(a))) has an continuous extension to f(o(a)) U {0} such that h(0) = 0, then
(ho f)(a) = h(f(a)).

(ix) If @ is a *-homomorphism of A into another C*-algebra B, then ®(h(a)) = h(®(a)) for all

h € C(o(a)U{0}) such that h(0) =

Proof. This follows from Theorems 8, 11, 19 and 20. O
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5 Examples

We provide some nice applications to emphasize that we do not need to know whether a C*-algebra
is unital or not in order to use the continuous functional calculus. Recall that the spectrum of an
element a in a C*-algebra A is contained in {z € C||z| < ||al|}.

Proposition 22. Let A and B be arbitrary C*-algebras and let ¢: A — B be a *-homomorphism.
Then if b € o(A) and b is self-adjoint, there exists a self-adjoint element a € A such that p(a) = b
and ||al| = |[b]].

Proof. Take x € A such that (z) = b and define y = 3(z 4+ 2*). Then y is self-adjoint and
1 1
o) = 3 (p(x) +p(a)") = 5(b+8) = b

Define f: R — R by

—loll = < o
fR)=q =z bl <z<]|p]
1 e

Clearly f is continuous and f(0) = 0. We have that o(b) C R and that f|,@) is the identity map
on o(b), so we conclude f(b) = b. Likewise o(y) C R, so we can define a = f(y) € A. Since
ola) =0(f(y)) = f(o(y)) C R, a is self-adjoint and

lall = sup [f(z)] < [|b]-

z€0(y)
As
pla) = o(f(y) = flely) = f(b) =
and ||b]] = ||e(a)|| < |la|l, we obtain the desired result. O

Theorem 23. Let ¢: A — B be a *-homomorphism of arbitrary C*-algebras. Then the image p(A)
is a C*-subalgebra of B.

Proof. Assume that y € B and that cp(xn) — y for some sequence (zy,),>1 in A. Writing y = ¢’ +iy”
and z, = ), +iall, where y',y",z! 2! € A are self-adjoint, then ¢(z]) — ¢ and @(z) — y".
Hence it is enough to show that if ¢(a,) — b for self-adjoint b € B and a sequence (a,)n,>1 C A of
self-adjoint elements, then b = ¢(a) for some a € A. Taking N; > 1 such that [[¢(a,) — ¢(anm)|| < 3
for n,m > N; and inductively taking N,,1 > N, for n > 1 such that ||¢(a,) — ¢(an)| < 5 for
n,m > Npi1 and so on, we now define ¢, = ay, for all n > 1. Then (c¢,)n>1 is a sequence of
self-adjoint elements satisfying ¢(c,) — b and

1
lo(ent1) — elen)] < g 7 > 1.

For all n > 1, define f,,: R — R by
1

\
|
w

2m §1 2
fn(2) = «f *QTISZSQT
7w 22 g

Since o (¢(cn+1) — @(cn)) € R with [|o(cpi1) — @(cn)|| < 5i, fn is the identity map when restricted
to o(p(cnt1) — @(cn)), so that the fact that f,, is continuous and satisfies f,,(0) = 0 yields

o(cny1) — ( n) = fn( (CnJrl) - ‘P(Cn)) = fn(‘P(anrl —cn)) = o(fnlcnyr —cn))-

Moreover, || fn(cnt1 —cn)|| < 2”. Hence Z;’ozl fn(Cnt1 — ¢n) converges in A, and

@ (Cl + Z fn(cn+l - Cn)) = @(Cl) + ¢ <Z fn(cn-i-l - Cn))

n=1

=p(c1) + Z (fnlcns1 —cn))

o(er) + Z o(Cnt1) Cn)) = nlggo o(cn) = b,
n=1

by continuity of ¢. Hence the result follows. O
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Proposition 24. If p: A — B is an unital injective *-homomorphism of unital C*-algebras, then it
s an isometry and

for alla € A.
Proof. Let a € A be normal and define b = ®(a). By Proposition 15, it follows that

o(b) Co(a).

Assume that there exists A\ € o(a) such that A ¢ o(b). Then Urysohn’s lemma provides a non-zero
continuous function f: o(a) — [0, 1] such that f[,;) = 0 and f(A) = 1. In particular, f is non-zero
in C(o(a)). Hence the continuous functional calculus yields f(a) # 0, but

®(f(a)) = f(b) =0,

since f is the zero function on o(b), which contradicts the assumption that ® is injective. Hence the
sets are equal. By Proposition 23, hence ®(.A) is a unital C*-subalgebra of B that is isomorphic to
A, so [3, Corollary g.11] tells us that 0 4(a) = oa4)(a) = os(a). O

Lemma 25. Let A and B be C*-algebras with A C B and a € A. Let 0 4(a) and op(a) denote the
spectrum of a in A and B respectively. If A and B are unital with 14 = 1, then o 4(a) = og(a). If
not,

oa(a) U{0} = op(a).
In any case, o 4(a) U {0} = op(a) U {0}.

Proof. Assume first that A and B are unital. If 14 = 1, the result follows from [3, Corollary g.11];
if 14 # 15, then the claim follows from Lemma g.

If B is unital but A isn’t, then A 4+ Clg is a unital C*-algebra that is isomorphic to the unitization

A. Then
oa(a) U{0} = oula) = 04(a) = outcis(a) = op(a)
by [3, Corollary g.11] and Proposition 24.

If A is unital and B isn’t, note that the map A — ﬂgﬂ given by a + a is a unital *-isomorphism.
Hence we get from Lemma g and Proposition 24 that

og(a) = og(a) = o, g (@) U{0} = o4(a) U{0}.

Finally, if both A and B are non-unital, then the subset C = {(a,A)|a € A, X\ € C} of Bis a
C*-subalgebra that is isomorphic to A, yielding o4(a) = 0 4(a) = oc(a) = ogla) = op(a) by
Proposition 24. O

Corollary 26. Let : A — B be a injective *-homomorphism of C*-algebras. Then ® is an isometry

and
o(a) U {0} = o(®(a)) U {0}

for all a € A. In particular, if a € A and ®(a) is self-adjoint (resp. positive, a projection), then a is
self-adjoint (resp. positive, a projection).

Proof. Let a € A. Since ®(A) is a C*-subalgebra of B that is isomorphic to A, Lemma 25 tells us
that

oa(a) U{0} = op(a)(®(a)) U {0} = o(®(a)) U {0}.
Therefore

la]*=lla*all= sup o= sup  |z] = [®(a)"®(a)] = ||®(a)]
z€o(a*a) z€0(®(a)*®(a))

by Proposition 14 and [3, Theorem 8.1]. The rest follows from Proposition 14 as well as [3, Theorems

10.4 and 11.5]. O
Theorem 27. Any self-adjoint element x of any C*-algebra A is a difference of positive elements
zt and x~ in A such that xta~ =z~ 2" =0 and ||z|| = max{||z |, |z~ ||}

Proof. The proof of [3, Theorem 11.2] adjusts easily. O
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