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Abstract

This thesis deals with the concept of amenability of Banach algebras. A Banach algebra A is
said to be amenable if it holds for any Banach A-bimodule X that all derivations of A into the
dual space X’ of X are inner, or if the first Hochschild cohomology group of A with coefficients in
X’ is trivial. In the thesis, some hereditary properties of amenable Banach algebras are proved.
Furthermore, a connection to amenable groups is established, in the result that a group G is
amenable if and only if the discrete group algebra ¢1(G) is amenable. This is then used to prove
that Banach algebras such as the continuous complex-valued functions on compact Hausdorff
spaces, the compact operators on arbitrary Hilbert spaces and the integrable functions on R are
amenable. The last chapter of the thesis deals with an examination of Hochschild cohomology
groups of higher order, leading to the surprising result that they are trivial whenever the
Banach algebra A over which they are defined is amenable and they have coefficients in the
dual space of a Banach A-bimodule. The proof of this uses some interesting isomorphisms, as
well as tensor products over Banach spaces.

Resumé

Dette projekt beskaftiger sig med begrebet amenabilitet for Banach-algebraer. En Banach-al-
gebra A siges at vaere amenabel, hvis der for ethvert Banach-A-bimodul X galder, at alle
derivationer fra A over i det duale rum X’ til X er indre, svarende til at den sakaldte forste
Hochschild-kohomologigruppe over A med koefficienter i X er triviel. T projektet gennemgés en
raekke arvelighedsegenskaber for amenable Banach-algebraer. Endvidere knyttes en forbindelse
til amenable grupper i form af resultatet at en gruppe G er amenabel hvis og kun hvis den
diskrete gruppealgebra £!(G) er amenabel. Dette benyttes til at vise, at Banach-algebraer som
de kontinuerte, komplekse funktioner over kompakte Hausdorff-rum, de kompakte operatorer
over vilkarlige Hilbert-rum og de integrable funktioner over R er amenable. Sidst i projektet
undersgges Hochschild-kohomologigrupper af hgjere orden neermere, med henblik péa at vise,
at disse over amenable Banach-algebraer A er trivielle, nar de har koefficienter i det duale rum
til et Banach-A-bimodul. Beviset for dette benytter en raekke interessante isomorfier, samt
tensorprodukter over Banach-rum.
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PREFACE

This bachelor thesis was written mostly during a dark and snowy Danish winter, under the
influence of a lot of coffee, microwave food and Steely Dan. It was written in English, in order
to perhaps increase the number of potential readers.

Perhaps unusual for a bachelor thesis is the section of preliminary theory; this is included
to ease the possible newcomer, should he or she have had no experience with some of the core
concepts of the actual thesis. If the reader has had at least some experience with Banach
spaces and topology, the preliminaries section should, hopefully, only encourage the reader to
read on to the thesis itself. To optimize understanding thoroughly, though, some knowledge
of functional analysis, Banach algebras and modules is needed.

Whenever a Banach algebra is defined in the thesis, it won’t be proved that it actually is
a Banach algebra; likewise, we won’t show that the multiplications on modules that we define
throughout actually are proper, well-defined multiplications.

Chapter 1 deals with the concept of amenable Banach algebras and how hereditary prop-
erties are deduced from them. Chapter 2 deals with the concept of amenable groups and how
we establish a connection to a specific Banach algebra from this concept, enabling deduction
of amenability of some very central Banach algebras. Some of the proofs in the section take
up a lot of space, and in order to increase readability of them, they have been split up into
smaller parts, so that the reader can deduce the result in simpler, non-trivial steps. Chapter 3
finally deals with a generalization of one of the central concepts of Banach algebra amenabil-
ity, namely the Hochschild cohomology group, and how a line is drawn between these and
amenability.

Some of the proofs in the thesis have been included in three appendices, since they took
focus from the central point of the section in which they were originally placed, and they will
be referred to whenever needed. A list of important theorems used in the thesis is included
at the end. It has overall been the desire to make this thesis as self-contained and focused as
possible, without relying too much on outside theorems to make the points throughout.

) /v’@w%ﬁ@,{v

January 2011
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PRELIMINARIES

Here we will deal with introducing notation and structures to be used in the thesis, mainly
via definitions, and the hope is that the newcomer and curious reader will be able to read the
other chapters without studying extraordinarily much outside of the thesis.

Banach spaces and algebras

All vector spaces considered in this thesis are over C. A Banach space is a normed vector
space that is complete with respect to the metric induced by the norm. For any Banach space
X, (X)1 denotes the closed unit ball of X:

()1 ={z e X[[lz] <1}.

An algebra A is a vector space A equipped with a map A x A — A, (z,y) — xy satisfying for
all « € C, x,y,z € A that

(xy)z = z(yz), z(y+2z2)=zy+zz, (r+y)z=zz+yz, (ax)y=a(zy)=2z(ay).

The map is, quite naturally (some would probably say conveniently), called the product or the
multiplication. A Banach algebra A is an algebra A equipped with a norm that makes it into
a Banach space and additionally satisfies the inequality ||zy|| < ||z||||y]| for all z,y € A.

For algebras A and B, an algebra homomorphism is a linear mapping ¢ : A — B satisfying

p(ab) = (a)p(b), a,be A,
so that the compositions are preserved by ¢.
Example o0.1. C with the usual addition, product and norm is a Banach algebra.

Example o.2. Let X be a non-void set, and let £°°(X) denote the set of bounded mappings
f X — C. With pointwise addition, product and scalar multiplication and equipped with
the uniform norm || f||cc = sup,ex |f(z)], £>°(X) becomes a Banach algebra.

Example 0.3. Let X be a non-void compact topological space, and let C'(X) denote the set of
continuous mappings f : X — C. With pointwise addition, product and scalar multiplication
and equipped with the uniform norm, C(X) becomes a Banach algebra.

For any Banach space X, X’ denotes the Banach dual of X, namely the Banach space of
continuous linear functionals on X.
Subalgebras, ideals and quotients

Now for some small formalities regarding subspaces and quotient spaces. Let A be a Banach
algebra and let .S be a subspace of A. S is a subalgebra of A if s1,s9 € S implies s150 € 5. §
is a two-sided ideal of A if sa € S and as € S for all s € S, a € A. By assuming that S is
closed, we obtain a norm on the quotient space A/S of A modulo S by defining

Isll = inf Jlall, B € A/S,
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called the canonical norm, making A/S into a Banach space. By assuming S is a closed
two-sided ideal, A/S can be equipped with a well-defined product, making it a Banach algebra
called the quotient algebra. Worth noting is that the canonical mapping 7 : A — A/S is a
contractive algebra homomorphism, easily seen from the definition of the norm on .4/S. In
the thesis, we will always consider quotient spaces and algebras by making them this way.

Let X be a Banach space with a closed subspace ), and define the quotient space X/} in the
way mentioned above. We define the dual mapping 7* : (X/Y)" — X' by 7*(\) = Aow, and we
obtain the following characterization of the bounded linear functionals on the Banach space

X/
Lemma o0.4. Let X and ) be as above. Then (X/Y) is isometrically isomorphic to
Vo= {peXp(y) ={0}}.
Proof. 1t is clear that for any A € (X/Y)’, 7*(\) = Ao is linear and
(@A) (@)] = [Aom)(x)| = [AMa + D) < Al + VI < [[Allll]

for any x € X. Then [|[7*(N)|| < |[[A]], and 7*(A)(Y) = A(7(Y)) = 0 because w(Y) = Y is the
zero vector on X/, so m*((X/Y)) C Y*+. Now, for any ¢ € Y+, define @(x + ) = o(z) for
x € X. ¢ is well-defined: assume x; +Y =3+ Y. Then 21 —x2 € Y, so p(x; —x2) = 0 and
o(r1) = @(x2). ¢ is obviously linear. Finally, let s € X/). For any a € s, a+ ) = s and so

[P(s) = |@(a + V)| = lp(a)| < el
for any a € s. Taking infimum over all a € s thus gives |p(s)| < [|¢||]|s]], so ¢ is bounded.
Define the mapping 1 : Y+ — (X/)) by ¥(¢) = @. It is clear that for any A € (X/Y), = € X,
we have
Az +Y) = Aom)(z) =" (N)(z) = (7" (V)(z + D),
and for any ¢ € Y+, x € X, we have
p(r) = ¢(z +Y) = 7(¢)(z) = 7 (Y(p))(z).

Hence 7* is a bijection (X/)) — Y+ with inverse 1. Because ¢ = A when ¢ = 7*()\), we have

[ (M < A= T80 < llell = I (M,

so ¥ is an isometry. O

Bimodules
We go on to defining bimodules over a Banach algebra A.

Definition o.5. Let A be a Banach algebra. A left A-module is a vector space 9, equipped
with a mapping A x 9t — M, (a, m) — am, that is linear in both variables and satisfies

a(bm) = (ab)m, a,be A, me M.

A right A-module is a vector space 9 equipped with a mapping 9 x A — M, (m, a) — ma,
linear in both variables and satisfying

(ma)b =m(adb), a,be A, meM.

The two mappings are called the left and the right module multiplication respectively. An
A-bimodule is then a vector space 9t that is both a left and a right A-module and satisfies

a(mb) = (am)b, a,be A, me M.
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A Banach A-bimodule is an A-bimodule X equipped with a norm such that X becomes a
Banach space and there exists S > 0 such that

laz|| < Slallllzll, [zall < Sllzllal, ac A zeX.

Left and right Banach A-bimodules satisfy the first and second inequality respectively. Note
that this requirement actually makes the module multiplication operations jointly continuous;
namely, for a, — a in A and z,, — z in X, we have that a,z — ax and ax, — azx in X, and
za, — ra and r,a — ra as well.

Let A be a Banach algebra and let X and ) be Banach A-bimodules. A homomorphism
p: X — Y is said to be a bimodule homomorphism if ¢ preserves module multiplication, i.e.

olax) = ap(z), ¢(xa)=p(x)a, a€ A zeX.

Left and right module homomorphisms are defined analogously.

The angle bracket notation for functional evaluation will be used throughout (to ease readabil-
ity a little): that is, for any linear functional ¢ on X, we define

(x,0) == p(x), z€X.

Let A be a Banach algebra and ‘8 a Banach A-bimodule. There is a common way to make
the Banach dual B’ of B into a Banach A-bimodule; by defining

(x,ap) = (xa,p), (z,pa) = (az,p)

foralla € A, x € B and ¢ € B’, B’ is made into a Banach A-bimodule, which shouldn’t be
hard to check. In this thesis, whenever 98’ is made into a Banach A-bimodule, it will be done
this way, unless otherwise noted (and it will be noted).

Nets and weak-star topology

Finally, some topological concepts need to fall into place, and the first thing to do is to define
nets.

Definition 0.6. A directed set is a partially ordered set (V, <), such that for all u,v € V
there exists w € V such that w < u and w < v. Let X be a topological space. A net in X is
a mapping v — a,, of a directed set V into X. We typically denote the net by (ay)pev, as we
do sequences (a net is a sort of generalized sequence).

A net (ay)yey in X is said to converge to a € X if there for any neighbourhood U of «
exists vy € A such that v > vy implies «,, € U; we write a, — a or a = limy,ey @y, and we
say that a is a limit point for (aw)pey .

Some important results from metric space theory pop up in net versions. For instance, if X is a
topological space and S C X, then = € S if and only if there is a net of points in S converging
to x, and if X and ) are topological spaces, then a map f : X — ) is continuous if and only if
flaw) = f(a) for every net (ay)yev in X with a, — «. Finally, if @, — « in a normed space
and ||ay|| < A for some A € R, then ||a|| < A as well. These results will not be referred to
explicitly in the chapters to come.

Let X be a Banach space, and for any x € X, define the function Z : X’ — C by

(p,2) == (z,0), peX.

It is easy to check that all Z for z € X are contained in the second dual X", the Banach dual
of X', and that the mapping X — X", x — Z, is actually an injection.
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The weak-star topology (or w* topology, as it will be denoted in this thesis) is the weakest
topology on X’ that makes every function in the set {Z | x € X} continuous. In this topology, a
net (¢q) in X’ will converge to ¢ if and only if (pq, &) converges to (¢, Z), or (x, pa) — (x, @), in
C, and thus the weak-star topology on X’ is completely characterized by pointwise convergence
of bounded linear functionals ¢ on X.



CHAPTER 1

Amenable Banach algebras

In this chapter, we will motivate the definition of amenability of a Banach algebra A and then
go on to prove some very useful hereditary properties for amenable Banach algebras. Some of
these incorporate new concepts that may seem extraneous to the core concept, but nonetheless
prove incredibly useful in their construction.

1.1 Motivation and definition

Let us start off with a definition.

Definition 1.1. Let A be a Banach algebra and X a Banach A-bimodule. A bounded
X-derivation is a bounded linear mapping D from A into X satisfying

D(ab) = D(a)b+ aD(b)
for all a,b € A. The set of all bounded X-derivations on A is denoted by Z!(A, X).

The above equality should be familiar to those accustomed to differentation; it is indeed
Leibniz’ law, albeit in a very generalized context. A neophyte wouldn’t immediately think
that there could be anything peculiar about such mappings, but then again, thus start all
great adventures.

Let A be a Banach algebra and X a Banach A-bimodule. For any x € X, define §, : A — X
by
0z(a) = ax —za, a€ A

It is clear that d, is linear and bounded. Furthermore, because
dz(ab) = (ab)x — z(ab) = a(bx) — a(xb) + (ax)b — (za)b = ady(b) + d(a)b

for all a,b € A since X is an A-bimodule, we obtain 6, € Z!(A, X). Derivations of this kind
are called inner, and we denote the set of all inner X-derivations on A by B!(A, X). For x € X,
the mapping &, is called the inner derivation generated by x, and we will denote any inner
X-derivation by the above § notation. B!(A, X) is clearly a linear subspace of Z!(A, X), thus
allowing us to define the quotient space

AV AX) = ZYHAX)/BYAX)

which is called the the first Hochschild cohomology group of A with coefficients in X. It would
indeed be quite wonderous if all bounded X-derivations on the Banach algebra A were inner,
and this in turn motivates the not quite as strong, but still incredibly handy property from
which this thesis gets its title.

Definition 1.2. A Banach algebra A is said to be amenable if #1(A, X') = {0} for every
Banach A-bimodule X, i.e. if every bounded X’-derivation is inner.

In the above definition, X’ is made into a Banach A-bimodule the usual way.

The term amenable doesn’t originate from the study of Banach algebras but rather from
what we shall look closer on in the beginnings of chapter 2, but it still seems appropriate
grounded in Banach algebra theory. In the most colloquial sense of the word, Banach algebras
that have the amenability property do indeed seem amenable.
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1.2 Hereditary properties of amenable Banach algebras

A question naturally arises; from the amenability of a Banach algebra, can we then determine
whether another Banach algebra is amenable? Thankfully, the answer is that, yes, in some
cases, we can.

Theorem 1.3. Let A and B be Banach algebras. If A is amenable and there exists a contin-
wous homomorphism ¢ : A — B such that ¢ has dense range in B, then B is amenable.

Proof. Let X be a Banach %-bimodule, and let D : 8 — X’ be a bounded X’-derivation. X
becomes an A-bimodule by defining multiplications

ar = p(a)r, wza:=uzp(a), a€ A xeX,
and it is easily seen to be a Banach A-bimodule by ¢ being continuous. For a,b € A, we have

D(p(ab)) = D(p(a))p(b) + ¢(a)D(p(b)) = D(p(a))b+ aD(p(b))

and || D(p(a)|| < |ID|llle(a)|l = [|D||ellllall, so Do : A — X' is a bounded X’-derivation.
Hence by the assumption, D o ¢ is inner, and thus exists f € X’ such that

D(p(a)) = af — fa=¢(a)f = fpla), acA,
or D(y) =yf — fyforall y € p(A). For b € B, b =limb, for some (b,) € p(A) and so
D(b) = lim D(by,) = lim(b, f — fby) = lim(b, f) — Um(fb,) = bf — fb,
by continuity of D and the module multiplications. O
An immediate consequence of this theorem is the following:

Corollary 1.4. Let A be an amenable Banach algebra, and let T be a closed two-sided ideal
in A. Then the Banach algebra AJZ is amenable.

Proof. The canonical mapping A — A/Z is a contractive, surjective homomorphism and
therefore continuous. O

We now turn our attention to subalgebras of a Banach algebra A, in which case the preceding
theorem won’t do us much good. In general, it is not true that any closed subalgebra of
an amenable Banach algebra is amenable; we can’t even be sure that any closed two-sided
ideal is amenable. As it turns out, we need only demand one very specific thing from such
ideals, and for a proper description of this, we need the extraneous definitions mentioned in
the introduction of this chapter.

Definition 1.5. Let A be a Banach algebra.

A net (ay)yey in A is bounded if there exists S > 0 such that ||a,|| < S for all v € V.

A net (ey)pey in A is called a left approximate identity for A if e,a — a for all a € A;
and it is called a right approzimate identity if ae, — a. If a net is both a left and a right
approximate identity, it is called a (two-sided) approzimate identity.

Let X be a Banach A-bimodule. A net (ey)yev in A is called a (left/right/two-sided)
approzimate identity for X if it satisfies the above, when replacing all a € A with all x € X.

What does all this have to do with amenability? The answer is the following theorem.

Theorem 1.6. Let A be an amenable Banach algebra. Then A has a bounded approzimate
identity.
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Proof. The proof makes use of a wide array of constructions. Let 2 be A itself made into a
Banach A-bimodule upon which A acts via the multiplications

a-b:=ab, b-a:=0, a€ A be
We now make 2" into a Banach A-bimodule the usual way, thus implying
(b,ap) = (ba,p) =0, ac A beA pecA,
and then make 21" into a Banach A-bimodule the same way by defining
(p,aF) = {(pa, F), (p,Fa):={ap,F)=0, acA e Fec,
so that Fa=0forallac A, F € A".

Now we let D : A — 2" be the canonical embedding of A into its second dual by defining
D(a) = a for a € A (see the preliminaries). Then for all a,b € A and p € A/,

(¢, D(a)b +aD(b)) = (p,aD(b)) = (a,b) = (b, pa) = (ab, ) = (1o, D(ab)),

proving that D is a 21”-derivation, making D inner to boot because of the assumption that A
is amenable. This of course means that there must be some ¥ € 2" such that

a=a¥ —Va=a¥, acA

Goldstine’s theorem (Theorem D.g5) implies that there exists a bounded net (K )men in A

such that (#m)men converges to ¥ in the w* topology on 2”. Therefore (im, A) — (¥, ), or
(N, Em) — (A, W) for all A € A'. Then especially we have (\a, fn,) — (Aa, V) for all A € A
and a € A, thus implying

(@b, A) = (Aa, k) = (Aa, ¥) = (X, a¥) = ()\,a) = (a, \)
for all A € 2 and a € A. By Theorem D.1, A has a bounded right approximate identity
(ey)vev. By repeating the proof all over, but switching around the module multiplications on

2 such that the left A-multiplication always gives 0, we analoguously obtain a bounded left
approximate identity (fu)wew for A.

We now turn these two approximate identities into one altogether bounded approximate
identity for A. We turn V x W into a directed set by defining the partial order relation
(v1,w1) < (v2,ws) if and only if v1 < vy and w1 < we for vi,vy € V, w1, we € W. Now define
the net (gv,w)(ww)evxw bY Jow = v + fu —epfuw forallv € V, w € W. (gyu) is obviously
bounded. For a € A, we then have

lagow — all < llaey — all + [|afw — aey full = llaey — al| + [|a — aeu||[| ful,
so that a = lim,, , agy . because (f,,) is bounded. Similarly, because (e,) is bounded,
lgvwa = all < [[fwa —all + lleva — ey fwall = [ fua = all + lles|[la = fuwall,
so that a = limy, 4 gy,wa. Thus, (gyw) is a bounded approximate identity for A. O

Let A be a Banach algebra and let X be a Banach A-bimodule. A left A-submodule 9 of X is
a subspace of X that satisfies ax € 91 for all a € A, x € IM; a right A-submodule 91 satisfies
xa € M. Let Y be a closed left and right submodule of X. We make X/) into a Banach
A-bimodule by defining

alz+Y)=ar+Y, (z+Y)a=za+), acA zecX.

The dual mapping (X/Y)’ — Y+ then becomes an A-bimodule isomorphism, defining dual
modules the usual way; this is easy to check, and it will be used thoroughly in the following.

A very important theorem becomes useful now.
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Theorem 1.7 (Cohen’s factorization theorem). Let A be a Banach algebra, let X be a left/right
Banach A-module and let z € X, § > 0. If A contains a bounded left/right approzimate identity
for X, then there exists a € A, y € X such thal z = ay/z = ya and ||z — y|| < 4.

Proof. Omitted. Consult |1, Proposition 11.10]. O

Let us now take a look at a lemma proving an important formality in the upcoming Theorem
1.10.

Lemma 1.8. Let A be a Banach algebra with a bounded approximate identity (ey)vev, and let
X be a Banach A-bimodule. Then X1 := {za|a € A, v € X} and Xo := AXy are respectively
a closed right and a closed left and right submodule of X.

Proof. Let 5 denote span X1. ‘B is clearly a right submodule of X, and so is the closure, since
closures of subspaces are subspaces, and if z,, — = for z,, € 8, then x,a — xa for all a € A,
so that za € B. Let S > 0 denote the constant bounding (e,). Since B is closed, it thus
becomes a Banach right A-module. For all { =) xnan, € B, e, = >, xn(ane,) = &, and
for any ¢ € B and any € > 0, there exists € B such that || — || < ¢, so that

ICew = Cll < (¢ =mewll + lInew —nll + lln = ¢l <e(S+2),

for v > w, where w € V is chosen such that ||ne, — n|| < . Hence (e,) is a bounded right
approximate identity for the right Banach A-module %B. By Cohen’s factorization theorem,
%:§Aand SO %1 Q%Z%Ag%b SO %1 :%.

If we now let C = span Xy, C is easily seen to be a left and right submodule of X; the
closure is as well, and thus C becomes a Banach A-bimodule. (e,) is easily seen, by the same
method as above, to be a bounded approximate identity of C, and by Cohen’s factorization

theorem, C = CA = AC = ACA, so that Xy CC = ACA C AXA = Xo. O
This next definition will come in really handy in all cases, as we shall see:

Definition 1.9. Let A be a Banach algebra. A Banach A-bimodule X is called neo-unital if
X = {azb|a,be A, z € X}.

By the proof of Lemma 1.8, we have that if A is a Banach algebra with a bounded approximate
identity (ey)vey and X is a neo-unital Banach A-bimodule (that is, if X = AX.A), then (ey)pey
is a bounded approximate identity for X.

Neo-unitality seems really neat at first glance, but it becomes even neater now: indeed, in
a bowling analogy, this next theorem is a real strike.

Theorem 1.10. Let A be a Banach algebra with a bounded approzimate identity (ey)vey -
Then A is amenable if and only if 1 (A, X') = {0} for all neo-unital Banach A-bimodules X.

Proof. The “only if” part is clear. Let X be a Banach A-bimodule, and let D € Z'(A, X'); we
aim to show that D is inner and thus that there exists x € X’ such that D = §,. By letting
X1 :={zala € A,z € X} and Xy := AX; C X1; X; and Xy are closed submodules by the
preceding lemma, and furthermore, X is a Banach A-bimodule that is neo-unital by Cohen’s
factorization theorem; indeed, since (e,) is a bounded approximate identity for X, then for
x € X0, ¢ = cy = ¢(zd) for some c¢,d € A, y,z € Xg. The proof is quite meticulous and comes
in two halves, one in which we prove that J#1(A, X}) = {0} and one in which we then prove
that 71 (A, X') = {0} in much the same way we proved the first half.

Part 1. Make X', X} and X} into Banach A-bimodules the usual way. Let A € Z1(A, X))
and let m : X} — X[, be the restriction map defined by mo(f) = flx,- 7o is an A-bimodule

10
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homomorphism; indeed, for f,g € X/, a € A, we have 7(f + g) = 7(f) + m(g) and moreover
for x € X,

<x7af> = (:m,f} = <$avf’%0> = <xaaf|%o> and <x7fa> = <CL£L',f> = <a:1:,f]350> = <xaf|%oa>'

Now 7 o A belongs to Z1(A, X}), so because of neo-unitality of X, mp o A is inner, and there
exists @y € X{, such that mp o A = dgp,. By Hahn-Banach, we can extend @ to a ® € X} such
that (I)|xo = Py.

We focus now on
Xy = {p € X1 | p(X0) = {0}}.
X7 is obviously closed in X} and a closed left and right submodule of X/, since ap and ¢a

vanish on X for all ¢ € X{ N Xg and a € A, and can thus be considered as an A-bimodule.
Then for a € A and z € X,

(x,Aa)) = (x,m 0 A(a)) = (x, da,(a)) = (z,aPy — Poa) = (z,ad — Pa) = (z,0s(a)),

so that (A — dg)(a) vanishes on Xy. Furthermore, (A — dg)(a) € X/, and so because the
mapping A —dp : A — X| N Z{& can easily be checked to be a bounded and linear derivation,
A— by € ZY A X NXL).

We now consider (X1/Xp)" and X} N Xg as isomorphic Banach A-bimodules (by Lemma 0.4).
Since AX; = X, X1 /X, satisfies A(X;/Xo) = {0}, and so we have (X1/%X)' A = {0}.

Let A € ZY(A, (X1/X0)"); then A(ab) = aA(b) and specially A(ae,) = aA(e,) for a,b € A,
v € V. Since all A(e,) are contained in a bounded ball in X', Banach-Alaoglu’s theorem
(Theorem D.2) tells us that (A(ey,)) has a convergent subnet (A(ey))wew in the w* topology.
Let ¥ := lim,, A(ey); then

A(a) = lim A(aey) = lim alA(ey) = a¥ = a¥ — Va
weW weW

for all @ € A, so A is inner. Hence J#'(A, X} NXg) = {0} by Lemma 0.4, and there exists a
®; € X) N X7, so that A — dg, = dp, and A = Sp,10,. Because A was arbitrary, we at last
obtain 1 (A, X)) = {0}.

Part 2. The hard part of the proof is over; generalizing further involves a lot of recycling of
the above arguments. Let A € s1(A, X') and let 7 : X’ — X/ be the restriction map defined
by 7(f) = f|x,- 7 is an A-bimodule homomorphism by the same argument as above. Now
7o A belongs to Z1(A, X)) and is thus inner, since 521 (A, X}) = {0}; let ¢9 € X} such that
mo A = d4,. By Hahn-Banach, we can extend ¢g to a ¢ € X’ such that ¢|x, = ¢o.

We find in the same manner as above that (A — d,)(a) vanishes on X; for every a € A,
and thus A — 5, € Z1(A, X1), with X{ = {¢p € X' |p(X1) = {0}} considered as a Banach
A-bimodule.

For any a € A, x € X, we have za € X1, so that (X/X1)A = {0} and A(X/X;) = {0}. Let
A€ ZY(A, (X/X1)); then A(ab) = A(a)b and specially A(e,a) = A(e,)a for a,bc A, v e V.
If U is once again the limit of a w*-convergent subnet (A(ey))wew of (A(ey)), then

Aa) = lim A(eya) = lim Aey)a = Va=a(-V) — (-¥)a
weW weW
for all a € A, so A is inner. Since X ~ (¥/X1)’ as Banach A-bimodules by Lemma 0.4, we
have S (A, X1) = {0}; thus exists a ¢ € X{ such that A — §, = 6y, and 50 A =644y, O

Why do we prove this theorem, may one ask: the answer would be that it s immensely useful
that we only need consider neo-unital Banach bimodules over a Banach algebra in order to
determine its amenability, as we shall see shortly. This next theorem also gets rid of a lot of
unwanted obstacles. At least one, anyway.

11
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Lemma 1.11. Let A be a Banach algebra, T a closed two-sided ideal in A with o bounded
approzimate identity (e,)vev, X a neo-unital Banach Z-bimodule and D € ZY(Z,X'). Then X
can be made into a Banach A-bimodule canonically so that there exists an extension of D to

A, Dez2(AX).

Proof. For x € X, let a € Z and y € X such that x = ay, possible because X is neo-unital. For
a € A, define a - x = (aa)y. We need to prove that the two products are independent of the
choices of @ and y. Thus, let a1 € Z and y; € X such that x = a;y;. Then for all v € V|

aleya)r = (aey)ax = (aey)arry = aleyar)ry,

and taking limits gives us aaxr = aaiz1. This way X is made into a left A-module; the very
same way, we can make X into a right A-module and thus an A-bimodule. Finally, X is a
Banach A-bimodule, since for z = ay € X, where a € Z, y € X, and for o € A, we have for
the left multiplication that

loz]| = [le(ay)l| < Slallllay] = Slle[]z]],
where S > 0 was the bounding constant of X, and the same for the right.

Now, to extend D to A, we proceed as follows: let D : A — X’ be defined by

(x,D(a)) =lim (z, D(eya) — D(ey)a), =€ X.
Let re X andlet beZ, z € X, such that x = bz. Now for a € A,

(x, D(eya) — D(ey)a) z, D(eya)b — D(e,)ab)
z, (D(eyab) — ey,aD(b)) — D(eyab) + e, D(ab))

{
{
= (z,enD(ab)) = (z,e,aD(b))
{
(2,

zey, D(ab)) — (zeya, D(b))

—  (z,D(ab)) — (za, D(b)),

because (ey) is a bounded approximate identity for X, so the limit exists for all z € X, making
D well-defined. For i € Z, we have

(x,D(i)) = lilrjn<x, D(eyi) — D(ey)i) = hm(x e, D(1)) = lilI}n<a:ev,D(i)> = (z, D(i)),

because D € ZYZ,%") and D(i) is continuous, and hence D]z = D. D is linear by linearity
of D, and D is bounded: for unit-normed z € X, a € A and for v € V|, we have

|{z, D(eva) = D(ev)a)| < 2|[Dllllalllles|[[|z[] < 2[|D] sup [|e.
v

so that ||D|| < 2||D||sup, ||es|| as well. It then only remains to show that D actually is a
derivation. Let a,b € A, i,j € T and = € X. Because D is a derivation,

(jxi,D(a)) = lin}n (xi, D(eya)j — D(ey)aj)
= lign (xi, D(eyaj) — eyaD(j) — D(eyaj) + ey D(aj))
= (i, D(aj)) — (wia, D(j))
— tim (o, D(ac,) ~ (aia, D))
= li1r)n (jxi, D(aey)) + liqr]n (xiaey, D(j)) — (zia, D(j))

= lim (jxi, D(aey)) ,

12
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because iae, — ia, and because of neo-unitality of X, (z, D(a)) = lim,(z, D(ae,)) for all
x € X. Let (fu)wev = (ey)vev. By continuity of D, D(a(be,)) = lim,, D((afw)(eyb)) for all
v €V, and so

(z,D(ab)) = liir)n<:U,D(abev)>

- liin hlf)n <:L', D((afw)(bev))>
= lilr)n lilIUn (beyx, D(afy)) + 1i11)n 1il£n (xafuw, D(bey))

= lim <bevx, D(a)> +lim <liq}jn:cafw, D(bev)>

= liin <bevx, b(a)> + liqr)n (xa, D(bey))

= (x,D(a)b) + (x,aD(b)),
by continuity of all D(i) for i € Z. Hence D € Z'(A, X'). O
Using the above two theorems, we now finally reap the harvest we have sown.

Theorem 1.12. Let A be an amenable Banach algebra, and let T be a closed two-sided ideal
in A. Then T is amenable if and only if T contains a bounded approzimate identity.

Proof. The “only if” part follows from Theorem 1.6. Assume that Z contains a bounded approx-
imate identity. By Lemma 1.10, it suffices to show that .#'(Z, X’) = {0} for any neo-unital
Banach Z-bimodule X. Let X be a neo-unital Banach Z-bimodule and D € Z1(Z,X'). By
Lemma 1.11, we make X into a Banach A-bimodule canonically such that D has a unique
extension D € Z L(A, X", possible because T has a bounded approximate identity. Since A is
amenable, D = d¢ for some ¢ € X', and so by restriction to Z, D = 04|z, making D inner. [

Thus all amenable closed ideals of amenable Banach algebras are characterized by having a
bounded approximate identity. Let us take it a step further:

Theorem 1.13. Let A be a Banach algebra and T a closed two-sided ideal in A containing
a bounded approzimate identity (ey)yev. Then A is amenable if and only if T and AT are
amenable.

Proof. The “only if” part is clear from Theorem 1.12 and Corollary 1.4.

Suppose then that Z and A/Z are amenable Banach algebras, and let X be a Banach
A-bimodule. Letting D € Z1(A, X’) gives D|z € Z%(Z,X’), and restricting the A multiplica-
tions on X to Z, making X a Banach Z-bimodule, gives us that there exists ¢ € X’ such that
D = 04 on I. Therefore we now just need to get the case for A/Z covered.

D — 64 is a derivation on A, and for all a € A, b€ Z, x € X, we have

=
(

since D = 4 on Z, so (bz, (D — d4)(a)) = 0 and (xb, (D — d4)(a)) = 0. Let

0 = (D — 3;)(ab) = (D — 6,)(@)b +a(D — 5,)(b) = (D — 55)(a)b and
0 = (D = 3,)(ba) = (D — ) (B)a+ b(D — 55)(a) = (D — 5,)(a),

Xz =span{az + ybla,be T, z,y € X}.
Then the above equations show that for all a € A, (y, (D —d4)(a)) = 0 for all y € X7 and thus
for all y € Y := Xz by continuity of (D — d,)(a). Hence D — §, maps A into Y.
Because X7 is a subspace of X, then so is )V, and )Y is easily seen to be a closed left and

right A-submodule of X. X/} is made into a Banach .4/Z-bimodule by defining

(a+D)(x+Y):=ax+Y, (z+V)(a+I):=xa+), acA zeX.

13
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Since the dual mapping 7* is a module isomorphism (X/)) — Y+, Y can be made into a
Banach A/Z-bimodule by defining

(2,p0) == (z+ Y, ja), (2,ap) = (x+V,ap), peV' acA/T, zeX,

where p(z + ) = p(z) for all z € X (since 7*~!(p) = p per the proof of Lemma 0.4).
Because D — 65 = 0 on Z, the mapping A : A/Z — Y+ by Ala +Z) = (D — 64)(a)
is well-defined; if a — b € Z, then (D — 64)(a) = (D — d4)(b). It is easy to see that A €
ZYA/Z,Y+), and by the assumption, there exists ¢ € Y+ such that A = §,. Letting
m: A — A/Z denote the canonical mapping, we have that D — 64 = Aonm = §, o7, and so
(z,(D —dg)(a)) = (z,m(a)p—¢mr(a))
(z+Y,7(a)@) — (x+ Y, ¢m(a))
= <xa+yv@> - <aw+~y7¢>
(
(

Thus D — 64 = 0y, and letting ¥ = ¢ + ¢, we finally obtain that D = dy. O

We finally prove a theorem concerning directed unions (conditions 1 and 2 of the theorem) of
subalgebras of a Banach algebra. We can actually conclude amenability of the Banach algebra
in which they are contained, provided they satisfy certain premises.

Theorem 1.14. Let A be a Banach algebra, and let {Ax| A € A} be a system of closed
subalgebras of A such that

1. A = U)\EA A,\,
2. if A, N € A, there exists p € A with A, O Ay U Ay;

9. if X is a Banach Ax-bimodule for all A € A, then there exists K > 0 such that for all
M€ A and D € Z1( Ay, X'), there is a p € X' such that D =6, and ||p|| < K||D|.

Then A is amenable.

Proof. Let X be a Banach A-bimodule and let D € Z'(A, X’). Defining A < p for Ay C A,
makes A into a directed set. Now, for all A € A, X can be made naturally into a Banach
Aj-bimodule and we naturally have D|4, € Z1(Ay, X'); thus for all A € A, choose a py € X’
such that D|4, = 8,y and pall < K[ Dla, | < K|ID].

The net (py)x in X' is thus bounded; inducing the w* topology on X’ and applying Ba-
nach-Alaoglu’s theorem, (py)x has a subnet (pu)uen, M C A, converging to a p € X'.

If a € Jycp An, then there is A € A such that a € Ay. Choosing p € M such that A < p
thus gives that a € Ay C A, C A, for all 0 € M such that u < 0. For all 0 € M such that
u < o, we thus have that for z € X that

(z, D(a)) = (x, D] 4, (a)) = (x,6,,(a)) = (za, po) = (az; ps),

converging by w* convergence to (za,p) — (ax,p) = (z,6,(a)). Hence D(a) = 6,(a) for all
a € Jyep A, and by continuity of D and 6, on A, we obtain D = ¢, on A. O

All in all, the theorems in this chapter should provide most of the framework in which we shall
now take various Banach algebras under examination, as well as familiarize the reader with
the most relevant concepts. The title of the next chapter is then really quite obvious!
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CHAPTER 2

Examples of amenable Banach algebras

The term amenable actually originates in group theory, first conceived in connection with the
well-known Banach-Tarski paradox by von Neumann. One might then wonder why the same
name for a property occurs in Banach algebra theory; the first thing that comes to mind is
that group theory does apply to (elements of) Banach algebra theory, but amenability itself
does obviously not directly translate into group language. However, the discrete group algebra
allows for an easy connection as we shall soon see, and with this connection, we are able to
prove amenability of a variety of Banach algebras; as was written in the first draft of the thesis:

If this whole bachelor thesis could be compared to The French Connection, this would be the car
chase. In other words, this is where everything really gets exciting, we take some chances and
wind up with some great results. The way that we introduce and deal with it here [however| may
come as a surprise...

2.1 Amenable groups

For any group G, ¢°°(G) denotes the Banach space consisting of all bounded functions from
G into C with pointwise addition and scalar multiplication and with the uniform norm

[ lloc = sup | f(s)].
seG

Any f € (°°(G) is called positive if f(g) > 0 for all g € G. For H C G, the indicator function
on H is the bounded mapping 1z : G — C that equals 1 on all elements of H and o everywhere
else; we will use the symbol 1, in terms of £>°(G), to denote the indicator function 1.

Definition 2.1. 1. Let G be a group and g € G. The left translation operator on {*°(G)
with respect to g is the mapping 7, : £°°(G) — (*°(G) defined by (14(f))(h) = f(g~'h)
for f € £°°(GQ), h € G, i.e. each f € £>°(G) defines a mapping h — f(g~'h).

2. A linear functional p : ¢*°(G) — C is called a mean on ¢(>°(G) if p(1) = 1 and p is
positive, i.e. if u(f) > 0 for all positive f € ¢°°(G). The set of means on ¢*°(G) is
denoted M.

3. A mean on ¢>°(G) is called invariant if it satisfies

w(tg(f)) = u(f), geq, fel>q),

i.e. if it is invariant under all left translations.

For any g € G, 7, is well-defined since |7,(f)(h)| = |f(gh™)| < ||f]|eo for any f € loo(Z) and
h € G, so that 74(f) € loo(G) with ||74(f)]|oc < ||flloo; additionally, since for any h € G we
have |f(R)| = |f(g7 (gh))| = |m5(£)(gh)| < [ITg(f)lloo, Ty is actually an isometry. Also, 7, is
linear, and for positive f € loo(Z), 1o (f)(k) = f(k—n) > 0, so 7, preserves positivity; finally,
(1) = 1.

The previous definitions then culminate in this one:

Definition 2.2. A group G is amenable if there exists an invariant mean on ¢*°(G).
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It is not clear from the definition what an invariant mean on a group actually has to do with
the term mean, or with taking means for the matter. The following theorem makes it clearer.

Theorem 2.3. Any finite group G is amenable.
Proof. The linear functional p : £°°(G) — C defined by
n() =167 flo)
geG

is an invariant mean of ¢>°(G), since u(7,)(f) = p(f) for any h € G. O

In this light, an amenable group is then a group over which it is possible to take the mean
of a bounded function’s values over all elements in G, an operation it is not hard not to be
familiar with. This mean-taking operation indeed makes such a group seem less abstract, and
the term amenable, now for groups with invariant means and not Banach algebras, becomes
quite appropriate too.

As invariant means are linear functionals on ¢*°(G) for a group G, it would be interesting if
the set 9 of means has some useful topological properties in (£>°(G))’. As the next theorem
proves, it is indeed so.

Theorem 2.4. Mg is a non-empty w*-compact convex subset of the unit ball of (¢*°(G)),
with all elements of Mg having norm 1.

Proof. We proceed in five steps:
(1) M is non-empty. For any g € G, define §(f) = f(g) for f € ls(G). § is clearly linear and

furthermore, it’s bounded, since |§(f)| = [f(g)| < || f|loo, S0 § € (¢*°(G))’. Since g(1) =1 and
g(f) = f(g) > 0 for any positive f € {-(Z), § is a mean, so Mg is non-empty.

(2) Mq is convex. First, let pi, s € Mg, for any a € [0, 1], define

4a(f) = ap(f) + (1 = a)ua(f)
for all f € loo(G). Then

19a(f)] < alp (N + (1 = @) p2(f)] < aflp]l + (1 = a)|[pe]]

for all f € loo(G) with [[fllec < 1, 50 ga € (lo(G))’. Because p; and pg are means and

a € [0,1], then if f € {o(G) is positive, then

ao(f) =am(f)+ (1 —a)p2(f) 2 -0+ (1-a)-0=0

and ¢o(1) = ap1 (1) + (1 — a)uz(l) = a+ (1 — @) = 1. Thus g, € Mg, so M is convex.

(3) M is weak*-closed. Now, let p be an element of the closure of Mg in (£>°(G))" equipped
with the w* topology. Then there is a net of means (pq)yey converging to g in the w*
topology, implying that wu,(f) — p(f) for all f € £o(G). We want to show that m(f) > 0 for
any positive f € £ (G) and that (1) = 1.

Let f € loo(G) be positive. Assume that pu(f) < 0andlet B={z € C||z—u(f)| < |u(f)|}
that is a neighbourhood of u(f) in C. Then for all v € V,

|10 (f) = (] = po(f) = () = =p(f) = ()],

so py(f) ¢ B for all v € V. This implies that pu,(f) doesn’t converge to u(f) since there is
a neighbourhood B of u(f) such that (uy(f))vev isn’t eventually in B, contradicting the fact
that p,(f) — p(f) for all f € loo(G); hence u(f) > 0.
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Finally, assuming that u(1) # 1, there exists € > 0 such that |u(1) — 1| > . Then for
all v € V, un(1) — p(1)] = |1~ p(1)] > ¢, implying that (1) ¢ {z € C| |z — u(1)| < e},
a neighbourhood of p(1), for any v € V. This implies that p,(1) does not converge to u(1)
which is again a contradiction. Thus p(1) = 1, and we conclude that p € Mg, so that Mg is
weak*-closed.

(4) Me is contained in the unit ball of ((°(G))'. Let p € Mg. We will first prove that
l(f)] < ||flloo for real-valued f € 5 (G) and then to go on to the general case. Therefore, let
f € £ (G) be real-valued. Because |f(g)| < || f]lo for all g € G, then the functions ||f||ccl £ f
are positive, so

[flloo + 1(f) = wlllfllocl + ) 2 0, [[flloc = u(f) = pllfllocl = f) = 0,

because p is linear. This yields £u(f) < || flloos 80 [(f)] < |f]lco-

For complex-valued f € (o (G), take A € C with |A| = 1 such that |u(f)| = Au(f) = w(Af).
Let fi = ReAf and fo = ImAf. Now u(f1) +iu(f2) = u(fi +ifz) = p(Af) = [u(f)] = 0. This
implies that p(f1) +iu(f2) € R, so pu(f2) = 0. Finally, since |fi(g)| < |Af(g)| for all g € G,
then

()] = (M) = p(f1) < filleo < N[Aflloo = [1f[loo;

because fi is real-valued and |A| = 1. Therefore, p is bounded with norm < 1. Since u(1) =1,
we also have ||u| > 1, so ||u|| = 1.

(5) M is w*-compact. By Banach-Alaoglu’s theorem, the unit ball of (¢*°(G))’ is compact in
(£>(@))" equipped with the w* topology. Since Mg is a weak*-closed subset of the unit ball
of (¢>°(@G)) by (3) and (4), it is therefore weak*-compact. O

Not all groups are amenable; an example is the free group Fy of two generators. However, a
well-known large class of groups are amenable.

Theorem 2.5. Let G be an abelian group. Then G is amenable.

Proof. Let M = Mg. For g € G and ¢ € ({*°(G))’, consider the map f — ¢ o 74(f),
f € 0>(G). Tt is linear and furthermore, |p(7,(f1))| < [lellllTg(f1)lloo = Il filloo, SO @0 T4 is
bounded.

For all g € G, we now define maps T, : ({>°(G))" — (¢>(G))’ given by Ty(p) = ¢ o 74. For
g € G, peMand f € £°°(G), note that Ty(u)(1) = p(ry(1)) = u(l) =1 and Ty(p)(f) =
p(tg(f)) >0, since p is a mean and 7,4(f) is positive. This implies that T, () is a mean itself,
so Ty(91) C M. This implies that F' = {Ty|m | g € G} consists of maps M — M.

We now prove in steps that all maps in F' are (1) continuous, (2) affine and (3) commute.

(1) For any g € G, let py, uo € M. Then

[ Tglom (1) = Tglon(p2) [l = N1 © 79 = p2 o 74l| = [|(11 — p2) o 74| < flpr — pafl,

since we proved when defining T, that || o 74|| < ||¢]| for all ¢ € (¢°°(G))’. This implies that
all Tylom, g € G, are continuous linear operators 9t — 1.

(2) For a € [0,1] and p1, po € M, we have that apg + (1 — a)pe € M since M is convex. Thus
Tylom(opr + (1 = )p2)(f) = ((ps + (1 = a)p2) 0 79)(f)
= () (7(f) + (1 = @)p2)(74(f))

)
p2))(f)

= au(ry(f) + (1 — a)pa(r,

(
= a(Tglon(pa) + (1 — a)Tym(
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for all g € G and f € £°°(G), so Ty|on is affine for any g € G.

(3) For g,h € G, p € M and f € (*°(G), we first have

To(mh(P)) (k) = 74(f)(h'k) = flg™'h ™ k) = f(h™ g™ k) = T (f) (g™ 'k) = mh(7y(f)) (k)
for all k € G, so 74(7h(f)) = Th(74(f)). This in turn implies that

(TglonThlon (1) (f) (k) = ((ro7n) o) (f) (k)
1(Th(7g(f))) ()
1u(7g (1 (f))) ()
((wo7g) o) (f)(K)
= (ThlomTylon () (f)(K),

because T, (M), T}, (M) C M, so all elements of F' commute.

Applying Markov-Kakutani’s fixed point theorem (Theorem D.6) to 9 (that indeed satisfies
all the requirements, by Theorem 2.4) and the family F' of functions 9t — 9, there exists a
p € M which is fixed by all Ty|op for g € G: thus this p satisfies po 75 = Tglm(p) = p for all
g € G, so p is invariant and G is therefore amenable. O

This is a great result, and we will use it in abundance throughout the chapter. However, we
are going to keep digging for just a little while.

2.2 The discrete group algebra

We now turn our heads back to Banach algebraic territory. For a group G, we define ¢}(G) to
be the set of functions f : G — C for which

S (s)] < o

seG

With pointwise addition and scalar multiplication, and equipped with the norm

1A= 1)

seG

?*(G) becomes a Banach space. We make ¢!(G) into a Banach algebra, the discrete group
algebra on G, by making convolution the product, that is

= Zf(t)g(tils), s €@q.

teG

The reason why we define this Banach algebra will become apparent in a short while; it is
quite wonderful. The first question one should ask concerning ¢!(G), however, isn’t about
reasons for defining it but rather about whether it is actually possible to sum over a perhaps
uncountable set.

The answer is that, yes, it 4s possible. We can define the sum over G in terms of nets, as
the limit of the net of sums over finite subsets of G. This is possibly the strictest way to define
the sum; for this cause, we define P(G) to be the set of all finite subsets of G. However,
since the series with which we operate have finite sum, we often have the possibility to take
the easy way out and note that every function f € ¢!(G) has countable support: indeed, if we
let A, ={se G ||f(s)] >1/k} for k € N, then

lcardAk <D G <D 1f(s)] < o0,

sEAy seG
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so supp(f) = Upen Ak is a countable union of finite sets and thus countable. Hence all our
standard rules for manipulating with series over countable index sets also hold for series over
uncountable ones, as long as we operate with the ones with finite sum.

Definition 2.6. Let A be a Banach algebra. A non-zero linear functional ¢ : 4 — C is
multiplicative if it satisfies the equation

o(ab) = o(a)o(b), a,be A.

In Appendix A, it is proved that any multiplicative linear functional o over any Banach algebra
is bounded, with ||o| < 1.

Lemma 2.7. Let A be an amenable Banach algebra and let o be a multiplicative linear func-
tional on A. Then there exists F' € A"\ {0} such that (0, F) =1 and

(fa,F)=0o(a){f,F), ac A, feA.
Proof. We make A’ into a Banach A-bimodule by defining multiplications
(m,ap) == o(a){x,9), (x,pa):= {ax,), z,acA pecA.
For a € A, then because o € A, we have ao = o(a)o and
(x,0a) = (azx,0) = o(a)(z,0) = (x,0(a)o), =€ A,

so aoc = oa = o(a)o. Now consider Co. Co is an A-submodule of A’: it is clear that Co is a
subspace of A’ and letting a € A, Ao € Co, we obtain that

a(Ao) =o(a)do € Co, (z,(Ao)a) = Naz,0) = (x,\o(a)o), z€ A,

so (Ao)a = (Ao(a))o € Co. Finally, Co is closed: let (A\,0) € Co converge to a f € A'. Now
A —An| = [lol|7HIAme — Ano|| for m,n € N, so ()\,) is Cauchy and thus converges to a A € C.
It is now clear that for n — oo,

Ao — Aol = [\ — Al||e]| — 0.

We therefore define the Banach quotient space B = A’'/Co and let 7 denote the canonical
mapping A — B. B is a Banach A-bimodule, and the dual mapping 7* : B’ — A" defined
by 7 (¢) = ¢ om is an A-bimodule monomorphism (by Lemma 0.4). As 0 < ||o|| < 1, we can
now choose f € A” with (o, f) = 1 by Hahn-Banach (choose g € A” with (o, g) = ||o| and let
f =l tg), and we make A” into a Banach A-bimodule the usual way, that is

(p,aF) == (pa,F), {(p,Fa):={ap,F)=0, acA pec A FecA.

Let 6 : A — A” denote the inner A”-derivation given by §(a) = af — fa. Now for a € A, we
have

<075(a)>: <U7af_fa>:<0aaf>_<a07f> :<0a7f>_<0a7f>:07

by what we found earlier. Thus d(a) is a linear functional on A’ that vanishes on Co which
means that 6(a) € (Co)* = 7*(B’) by Lemma o0.4. Since 7* is injective, this means that for
every a € A there exists a unique g, € B’ such that 7*(g,) = d(a). Define D : A — B’ by
D(a) = gq-

D is a bounded B’-derivation; indeed D(a) = g, is bounded and linear for a € A, and for
any a,b € A and ¢ € A’ we have

<b907 CLf> - <(pa’7 fb> = <(b90)a’ f) - <b(80a)7 f> =0,
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80 because 7* is an A-bimodule homomorphism, we obtain

(p, 7" (D(ab))) = (p,d(ab))
= (p,(ab)f) — (¢, f(ab))
= (pa,bf) — (by, fa)
= (pa,bf) — (pa, fb) + (bp,af) — (bp, fa)
= (byp,d(a)) + (pa,d(b))
= (p, 7 (D(a))b) + (p,am™(D(b)))
= (p, 7 (D(a)b+aD(D))).

Thus 7*(D(ab)) = 7*(D(a)b+ aD(b)), and D(ab) = D(a)b+ aD(b) because 7* is injective.
Because A is amenable, D must be an inner 98’-derivation and so there exists h € B’ such
that D(a) = ah — ha for all a € A. This in turn means that

a(r*(h)) — (7*(h))a = 7*(ah — ha) = 7*(D(a)) = §(a) = af — fa, a€ A.

Now let F = f—n*(h); then F € A” and (0, F) = (o, f)— (o, 7*(h)) = 1—(n(0), h) = 1 (which
of course means that F' # 0), and furthermore the above equation tells us that aF = Fa, so

that (fa, F') = (f,aF) = (f, Fa) = (af, F) = (o(a) [, F) = o(a)(f, F). 0
Perhaps these next definitions arrive a little late; however, we have not needed them until now.

Definition 2.8. A unit element or identity in an algebra A is a non-zero element e € A such
that xe = ex = «x for all z € A. An algebra with an identity is called unital.

Definition 2.9. Let A be a unital algebra, and let a € A. A left inverse of a is an element
b € A such that ba = 1, and a right inverse of a is an element ¢ € A such that ac = 1. An
inverse of a is an element of A that is both a left inverse and a right inverse of a. We say that
an element of A is invertible if it has an inverse.

If a has a left inverse b and a right inverse ¢, then b = bl = bac = 1c = ¢ and a is invertible.
This also shows that all elements of unital algebras have at most one inverse. We denote the
unique inverse of a € A by a~! and the set of invertible elements in A by Inv(A).

Before we go on to prove possibly the most important theorem of this thesis, we need to
introduce some notation. Let G be a group, and let B = ¢}(G) in the following.

For any g € G, let g denote the function G — C defined by g = 1¢,. It is clear that
g € B and ||g|| =1 for all g € G. Furthermore, recalling that the algebra product in B is the
convolution (f % g)(h) = > e f(t)g(t™1h) for f,g € B, we have

(fxg)(h) = f(hg™"), (gxf)(h)=f(g'h), feB,ghed.

These functions in B have some very useful properties. Letting e denote the neutral element
in G, it follows from the above formulae that e is the identity of B, and furthermore, the
mapping ¥ : G — Inv(B) given by ¥(g) = g is a monomorphism. Indeed, any g € B is
invertible with inverse g~1, as

(gxg ") (h) = 1-13(g~'h),

1 -1

which equals 1 iff h = e and 0 otherwise, so g * g~

(¥(a) * ¥(b))(h) = 1y (a”"h)

which equals 1 iff b = a=1h or h = ab, and thus v¥(a) * 1(b) = 1(ab). Because g = e implies
g = e, ¥ is injective. Thus the subset G = {g|g € G} of B is a multiplicative group.

= e; likewise g7 * g = e. Finally
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We claim that for f € B, the series Y . f(g)g converges to f in norm. Define vy : G — C

by k1(9) = Y seq f(5)s(g). 1t is clear that ky € B since |kq(9)| = |f(9)g(9)| = |f(g)| for all
g € G. Now for F' € P¢(G), we have that

Hf =D S| =D |f(5) =Y _fo)s(s)| = Y ),
sEF seG geEF SEG\F

since > o f(9)g(h) = f(h) for h € Frand ) . f(9)g(h) =0 for h € G\ F. Letting e > 0

and choosing Fy € Py(G) such that 3 . g, | f(9)] < € (possible since }° . | f(s)| < oo) thus

implies that f = > e f(g)g by definition of convergence of nets. Hence B has the dense

subset

spanG =4 > f(9)g| FEPHG), FEB =40 > Ag| FEPHG), A\g€C
geF geF

From this also arises the following lemma.

Lemma 2.10. Let A be a unital Banach algebra containing a bounded group G with algebra
product as the composition. There exists a mapping ¢ : £1(G) — A that is a continuous algebra
homomorphism, satisfying ¢(g) = g for all g € G.

Proof. Let S > 0 be the constant bounding G. Define ¢(> A\sg) = > Agg for all Y~ \;g €
(Y(G), g € G. This map is well-defined, since any ¢! (G) function has countable support, so we
only need consider countable sums > o0 | \,gn € ¢}(G), and since

n=1

by the triangle equality, >_ A, g, converges in A. ¢ is obviously linear and continuous on ¢! (G)
since by the above inequality, |[@(D>_ A¢g8)|l < S| D A¢gll, and furthermore it is an algebra
homomorphism on all finite sums, i.e. elements of span G. Consider the set

{(a,b) € £1(G) x £1(G) | p(ab) = p(a)p(b)}.

It is clearly closed on ¢! (G) x £}(G) because of continuity of ¢ and product of A, and it contains
all elements of span G x span G. Since span G x span G is dense in /1(G) x (1(G), the set
contains /1(G) x £}(G), ¢ is a continuous algebra homomorphism on £!(G). O

Now comes the absolute zenith of this chapter.

Theorem 2.11. Let G be a group. Then the group G is amenable if and only if the discrete
group algebra (*(G) is amenable.

Proof. Let A = (*(G). Define o(a) = > gecalg) fora € ?1(G). The proof of Lemma 2.10 can
be modified to yield that ¢ is well-defined and a continuous algebra homomorphism A4 — C,
and thus a continuous, multiplicative linear functional on A.

Now suppose that A is amenable. By Lemma 2.7, there exists F' € A"\ {0} with (o, F) =1
and (fa,F) = o(a)(f, F) for f € A, a € A. For any m € {>°(G), let m’ denote the linear
functional on A defined by

geG

For any m € ¢°°(G), m’ is bounded, since for any a € A, we have

[{a,m)] = | algym(g)| < D lalg)m(g)] < [mlocllal.

geG geG
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The mapping m — m’ is linear as well; it is also an isometry because for m € ¢>°(G) and
g€@q,

> g(hym(h)
heG

and so ||m|e < ||[m/||. Now, for g,h € G and m € (*°(G), we have 7,-1(m) € £>°(G) and
(14-1(m))(h) = m(gh), whereupon

(a, (rg1(m))) =Y a(s)mlgs) = Y _alg~')ym(t) = Y (g a)(t)m(t) = (g * a,m’)

seG teG teG

Im(g)| = = (g, m)] < [|m']],

for any a € A. Make A’ into a Banach A-bimodule the usual way. Then (7,-1(m))" = m'g.
Now define ¢ : ¢>°(G) — C by ¢(m) = (m/,F). Then obviously ¢ € (¢*°(G))’; because
(a,1") = o(a), then (1,¢) = (0, F) = 1 and for any g € G,

(rg-1(m), d) = ((14-1(m))', F) = (m'g, F) = o(g)(m', F) = (m', F) = (m, ).

Hence (1, ¢) = 1 and ¢ is invariant under left translations. It follows from Lemma C.1 that G
is amenable.

Suppose now that G is amenable. Then ¢°°(G) has an invariant mean u. Let X be a Banach
A-bimodule and let D be a bounded X’-derivation. Furthermore, making X’ into a Banach
A-bimodule the usual way, we let S be a constant such that

leall < Sllelllall,  llapll < Slallllel, o€ A ¢eX

For any g € G, g7! € A, and so D(g™1) € X'. From left A-module multiplication, we obtain

the linear functional gD(g~1) € X’. Letting x € X, we let x be the complex-valued function
on G defined by

x(g) = (z,gD(g™ ")), g€G,
and so we have

Ix(a)ll = (gD(g™") (@)l < SlglllD(g™ Ml < SIDll|x]),

implying that x € £*°(G). Now define the mapping f : X — C by f(z) = u(x). Because u is
linear, then so is f, and thus f € X’ (since ||| = 1 by Lemma 2.4). We claim that D = §;.

Fixx e Xand g € G; let z=2g —gr € X. For h € G, then
2(h) = (- hD(h 1)) = (zg, hD(h 1)) — (gz, hD(h 1)),

because hD(h~1) € X’. We wish to reduce this considerably and notice that because D is an
X’-derivation, then D(h™! xg) = D(h™1)g + h=1D(g) for h € G, and we thus have

~(hD(h™h)g = ~h(D(h7)g)
= —h[Dh'xg)—h'D(g)]
= D(g)-hD(h 'xg)
= D(g)—g(g ' *h)D((g ' xh)™),
and
—(gz,hD(h™')) = —(z,(hD(h™1))g)
= —(z,D(g)) + (v,g(g ' *h)D((g" " xh)™))
= —(z,D(g)) + (zg, (g " *h)D((g " +h)™"))
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for h € G, by using the A-module multiplications in X’. If we now let y = zg € X, we obtain

z(h) = D(h™h)) — (gz,hD(h™"))
DY) —(y, (" *h)D((g™" +h)™")) + (2, D(g))
y(g~h) + (z, D(g))

79(y)(h) + (2, D(g))

for h € G. Thus z =y — 74(y) + (z, D(g))1, 1 being the identity of £>°(G). Because p is an
invariant mean, we have

(2, ) = u(z) = wly) — ul7g(y)) + (=, D(g))u(1) = (z, D(g)),

(y,
(y,
= y(h
= y(h

h
h

) -
) =

and so

<$,D(g)>:<$g—g$,f>:<1L‘g,f>—<gl‘,f>:<$,gf—fg>, xe%,gGG.

Finally, because a = ) 9eG a(g)g for all a € A, then by continuity of D and module multipli-
cations, (z, D(a)) = (z,af — fa) = (x,0) for all a € A. Hence A is amenable. O

Our first well-known example of a Banach algebra that is actually amenable now follows.
Corollary 2.12. C is an amenable Banach algebra with the usual product and norm.

Proof. Let A be the amenable Banach algebra £1(0), 0 denoting the trivial group. Define
amap ¢ : A — C by o(f) = f(0); it is clearly an isomorphism and furthermore, it is an
isometry, since |@(f)| = |f(0)] = ||f]|]1 for all f € A. Apply Theorem 1.3. O

Another useful theorem is quickly derived from Theorem 2.11.

Theorem 2.13. Let A be a unital Banach algebra containing a bounded, amenable group G
(with the algebra product as the composition) with span G dense in A. Then A is amenable.

Proof. Apply Theorem 2.11, Lemma 2.10 and Theorem 1.3. O

For any compact Hausdorff space X, let C'(X) denote the Banach space of all continuous
functions from X into C with pointwise addition and scalar multiplication, equipped with the
uniform norm. C(X) is made into a Banach algebra with the pointwise product

(fg)(z) = f(z)g(z), f,g€C(X), zeX.

Theorem 2.14. Let X be a compact Hausdorff space. Then C(X) is amenable.

Proof. Let C(X,R) denote the space of all continuous functions X — R. Let G denote the
bounded group {e|h € C(X,R)} (all elements have norm 1) in C(X) with pointwise multi-
plication as composition, i.e. the space of functions = — e for h € C(X,R). G is obviously
abelian, so G is amenable by Theorem 2.5 and the Banach algebra ¢!(G) is amenable. Let
¢ : (Y(G) — C(X) be the continuous, contractive algebra homomorphism defined in Lemma
2.10:

)= flo)g(t), fel(G),teX

geG

Now let B = p(£1(G)); we're aiming at showing that B = C(X) by using the Stone-Weierstrass
theorem (Theorem D.4). B is a subalgebra of C(X), since ¢ is a homomorphism and closures
of subalgebras in Banach algebras are subalgebras (this is checked routinarily by continuity of
the algebra product).
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If we let h =0 and b = €, then 1 = e'* = p(b) € B, where b is the embedding of b € G
in £}(G). Finally, all g € G are equal to the complex conjugate of exactly one o € G, so that
g=a=g ' Hence for f € (}(G),

(N6 =D fl@gt) = f@at) =Y f@alt) = e(g)(1),
geqG acG aeG

by continuity of complex conjugation, defining g(a)) = f(@) for a € G. Obviously g € £}(G),

Y gl = [f@|=)_1f(9)| < oo
acG acG geG

Hence o(f) is contained in p(¢1(G)) for any f € ©(f(G)). For f € 9B, let the sequence
(fn) € ©(t*(G)) converge uniformly to f; we find that |f(t) — fu(t)| = [f(t) — fu(t)] for all
t € X, and therefore (f,) converges uniformly to f for n — oo. Thus 9B is self-adjoint.
Finally, if x,y € X and z # y, there exists a function h € C(X,R) such that hA(z) = 0 and
h(y) = 1 by the Urysohn lemma, (Theorem D.7); letting g = e gives us ¢(g)(z) # »(g)(y),
so B separates points. Thus by the Stone-Weierstrass theorem, B = C'(X), and by Theorem
1.3, C(X) is amenable. O

Already, this dribbling back and forth between group properties and algebra properties seems
to do us an immense amount of good, and it is a good time now to widen our perspective a
little.

2.3 Hereditary properties of amenable groups

We turn our attention back to groups in order to uncover some of the more complicated exam-
ples of amenable Banach algebras. A thing to ask would be if one could conclude amenability
of a group from a normal subgroup and the corresponding factor group. And, why, sure.

Theorem 2.15. Let G be a group containing a normal subgroup N such that N and the factor
group G/N are amenable. Then G is amenable.

Proof. Let pg : °°(H) — C be an invariant mean on ¢*°(H), let = € £>°(G) and consider the
map & : G/H — C defined by

(9,2) = (1g=1 ()|, pra),

where g = gH = Hg. The map  is well-defined: if g1, go € G satisfy g7 = ga, then go = g1h
for some h € H, and so

(a, 7'92_1(x)> = (gea,x) = (g1ha,z) = <h(L,Tgl—1(fE)> = (a, Th_l(Tgl_l(x))), a € G,
on top of this,
(a, mp—1(T

9171(30)\H)> = (ha, Tg;1(x)\H> = (ha,Tg;1(ac)> = (a, Th—l(Tgl—l(.T)», a€H,

and so that
Tt (7,1 @)ar) = 71 (7,1 (2)) |,

so that, finally,
it (2 @)a) = s (7 (7,1 (@) ) = g (7,2 () 1)
because of left translation invariance of pg. Actually, & € (*°(G/H), since by Lemma 2.4,

2(9)| = |1 (g1 (2)|o)| = sup [7g-1(2)(h)] < [#]|oo-
heH
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Because G/H is amenable, there exists an invariant mean p : (*°(G/H) — C on (>*°(G/H).
Define p(z) = p1(2) for all = € £°°(QG); this is the desired invariant mean on ¢*°(G). Clearly
 is linear, positive because if x € £°>°(G) is positive, then so are & and u1(z), and p(l) = 1.
In order to show that p is an invariant mean of ¢*°(G), we just need to show that it is left
translation invariant. Therefore, let h € G and x € (*°(G); if T; denotes the translation
operator on (°>°(G/H) with respect to h, then

—

<§7 Th—1 (.’L’)) = <7—g*1(7—h*1 (':U))‘HHU’H> = <7—(hg)*1 (x)|HaMH> = <@7 §:'> = <§a Tﬁ*1(£)>

o —

for all g € G, so that (15,1 (), u) = (Tp-1(z), p1) = (L1 (2), p1) = (T, p1) = (z, w). O

This next theorem was originally proved in [5] and becomes quite essential in the next section
because of the corollary after it.

Theorem 2.16. Let G be a group. If G is a directed union of a system of amenable groups
H,, in the sense that G =, Ho and for any H,, Hg, there exists Hy O Ho U Hg, then G is
amenable.

Proof. For each a, let o be an invariant mean on £*°(H,). Define jiq(x) = pq(z|m,) for each
a; these are clearly means on ¢°°(G), and moreover, every [i, is left translation invariant by
elements of H,.

The set A, of means on £°°(G) that are left translation invariant under H, is w*-compact in
(>°(G))" by Lemma 2.4: if the A, sequence (A, ) converges to A, then it converges pointwise,
implying that A, is closed in the set of means on ¢*°(G). Additionally, the collection of all A,
has the finite intersection property: for any finite subcollection of Ay, {Aqa,,---,Aa, }, there
exists Hg D U | Ha,, and fig is a mean on ¢*°(G) that is left translation invariant under all
H,,, s0 (i Ao, # 0.

Hence A = (), Aq is non-empty, since the set of means on £>°(G) is w*-compact (whereupon
any collection of closed subsets with the finite intersection property is non-empty). Take pu € A;
w is a mean on ¢>°(G), and for all h € G and x € £>°(G), there exists H, containing h and so
i € A, thereby implying that p(7,(x)) = p(x) so that p is invariant. O

Corollary 2.17. Let G be a group. If every finitely generated subgroup of G is amenable, then
G is amenable.

Proof. The system of all finitely generated subgroups of G make up a directed union of G. [

2.4 Compact operators on Hilbert spaces

As mentioned earlier, the results of the previous section could be useful, and they become that
right here. We recall that a Hilbert space is a vector space equipped with an inner product
such that it becomes complete with respect to the norm induced by the inner product. In this
section, the inner product on a Hilbert space H will be denoted by (+,-) and the Banach space
of bounded linear operators H — # is denoted by £(#). Some theorems for Hilbert spaces
are assumed in the section to be known to the reader.

Definition 2.18. An operator A € L(H) on a Hilbert space H is compact if the closure of
A((H)1) is compact in H. The set of all compact operators on the Hilbert space H is denoted
by K(H).

An operator F' € L£L(H) on a Hilbert space H is finite rank if the image of F' is finite-di-
mensional in H. The rank of F, rk F', is defined to be the dimension of the image.
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All finite rank operators are obviously compact. It won’t be proved here that compact operators
on Hilbert spaces are limits of finite rank operators (for a thorough proof of this, consult |4,
Theorem 5.9]) and thus have separable image. The identity operator is only compact on
finite-dimensional spaces. We refer to Appendix B for a proof that the adjoint operators of
compact operators are compact; the adjoint of a linear operator A is denoted A*.

Let #H be a separable Hilbert space with orthonormal basis (e;);cn. We define the projection
operator P, : H — H for n € N by P,(z) = > |(x,e;)e;; it is linear and bounded, with
| Pn|| = 1 for all n € N. Projection operators are defined analogously in the finite-dimensional
case. It can easily be seen that P, has rank n.

The set of compact operators K(H) on H is a closed two-sided ideal in the Banach algebra
L(H) with composition as product, and thus a Banach algebra itself.

Lemma 2.19. For a separable Hilbert space H, (P,) is a bounded approximate identity for
the Banach algebra K(H).

Proof. Let A € K(H) and € > 0. A((#H)1) is compact in H, and so there exists a finite
number n of open £-balls with centres z1,...,z, covering A((H)1). Since P, — I in the
strong operator norm topology (pointwise) on the Hilbert space H, then for all j = 1,...,n
there exists N; € N such that n > Nj implies || P,z — x| < §; let N = max{N;}"_;.

For any = € A((H)1), there exists x; with 1 < j <n such that ||z — z;|| < 5, and so
[Pt — 2]l | Pala — 25) + Paj -+ — | < 2

for n > N. Thus for all z € (H)1, |P,A(x) — A(z)| < e forn > N, and so |P,A— A|| < e
for n > N. Thus P,A — A in norm. Because A* € K(H) and (P,A— A)* = A*P, — A*, we
have B*P, — B* in K(H) for all B € K(H). Since the map B +— B* is bijective, we obtain
AP, — Afor all A € K(H) in norm, so P, is a bounded approximate identity. O]

For i,j € N, we define the elementary operator E;; : H — H by E;jx = (x, e;)e;; it is obviously
linear and bounded, and moreover, of rank 1.

Let A be a compact operator on ‘H and let \;; = (A(e;),e;) for all i, j € N. Then

n

PuAPy(z) =) (APu(z) e)ei = Y ) (x,e5)(Aley),ei)es = > > NijEij()

i=1 i=1 j=1 i=1 j=1
for x € H, and so P, AP, € span{E;;|i,j € N} for all n € N. It follows from Lemma 2.19 that
|P AP, — A|| = ||P.(AP, — A) + P,A— Al < ||AP, — A|| + ||P,A—A|| =0
for n — 00, so A is contained in the closure of the linear span of elementary operators.

We now consider two important groups. Extract all permutations 7 : N — N from the
permutation group on N, Sy, that satisfy m(n) = n except for finitely many n € N. The set
of these, which we denote by S§ , is obviously a subgroup of Sy. The set o of all mappings
N — {—1,1} is a group with pointwise product as the composition with the constant function
1 as neutral element, and extracting the mappings € : N — {—1,1} such that {(n) = 1 except
for finitely many n € N, obviously gives us a subgroup of y2, which we will denote by x4 .

For a Hilbert space H, consider the subalgebra K(#H) @ CI; it is closed in L(H) by Lemma
B.3, and thus a Banach algebra itself.

Theorem 2.20. Let H be a separable Hilbert space. Then K(H) @ CI is amenable.
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Proof. We assume first that # is infinite-dimensional. Let A = K(#H) @ CI. Since H is
separable, there exists an orthonormal basis (e,)nen for H. Now, given € € x4 and 7 € Sf,
define T¢ » : H — H to be the bounded linear operator determined by

T&ﬂ- <Z )\nen> Z )\ng 7r(n
n=1

specially satisfying the equations T¢ r(e,) = § (n)e,r(n for all n € N; boundedness is valid
because for z =Y 7 | Ape, in H, such that >~>7, [A,]* < oo, we have

Z >\n§ = Z ’(/\nf(n)ew(n)a err(n))}2 = Z ’/\nf(n)|2 = Htz (2'1)
n=1 n=1

Because T¢ r — I is a finite rank operator and thus compact, T¢ » is contained in A.

| Te = (

Consider now the subset G = {T¢ . | £ € x5, 7 € SL} of A, and let £ € x4 and 7 € SK. Since

T£77r71 (Taﬂ-(en)) = T&ﬂ-(Tsﬂrfl <6n)> = €n

for all n € N, T . is invertible. If we additionally let ¢’ € x4 and 7’ € S, we see that
T§77T(T£’,7r’(€n)) (f 6)( ) (n'(n)) = Té’é,ﬂ'oﬂ*’(en)a (2'2)

and thus obtain that G is a group contained in .A. Considering the subset J = {T¢ .| £ € x3'}
of G, where e is the identity of S&, it is seen from (2.2) that .J is an abelian subgroup of G. .J
is normal; indeed, letting &, & € x& and 7 € SE, we see that

Ten(Ter o(Tg p—1(en))) = E(n)E' (N)E(N)er(r1(n)) = Ter e(€n)-

This allows us to define the factor group G/J. Consider the surjective map ¢ : G — Sg
defined by ¢(T¢ ) = m; it is well-defined because for T¢ » = T¢s -, then for all n € N, we have
§(n)eqmy = '(n)eq(n) and m(n) = 7'(n) because (e,) is a basis. It is also a homomorphism
because
O(Te 7 Ter 7)) = (Tergnnt) = 71" = @(Ten)o(Ter 1),

with kernel {T¢ .| € € x4} = J; hence by the first isomorphism theorem, G/.J ~ S. Since ev-
ery finitely generated subgroup of S is finite and thus amenable, SI{? is amenable by Corollary
2.17. Thus G is an amenable group by Theorem 2.15.

Now let B = spanG. It is obvious from (2.1) that [|T|| = 1 for any T € G, and thus by
Theorem 2.13 it suffices to prove that B is dense in A. Since it is obvious that I € G and
thus CI C ‘B, then it suffices to show that all elementary operators E;; are contained in ‘B;
if so, then for all f € K(H) and for any ¢ > 0, there exists F' € span{E;;j} C B such that
|f — F|| <e, so that f + Al is approximated by F' + A for all A € C.

Therefore, let i,5 € N. Let 7y be the permutation transposing i and j. Let {1(n) = 1 for all
n € N, let &(n) = 1 for n # i, &(i) = —1, and let Ty = Ty, 5, and Ty = T¢, »,. Then for
r €H,

Ty(z) — To(2) = Y (2, en)(1 = &2(n))eny(n) = (z, ) (1 — L2(i))eny ) = 2, ei)e; = 2Ey5(x),

n=1

proving that E;; = %(Tl —Ty) € B.
If H is finite-dimensional, then G as written above is finite and thus amenable. Since A = H,

as all operators H — H are finite-rank by the rank-nullity theorem and thus compact, span G
is dense in A, using the same method as above. O
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The intricate interplay between abstract group theory and Banach algebra theory that ame-
nability offers is very much visible in the above proof. It also provides the following corollary:

Corollary 2.21. Let H be a separable Hilbert space. Then K(H) is amenable.

Proof. K(H) is a closed two-sided ideal in £(H) and thus K(#) @ CI containing a bounded
approximate identity by Lemma 2.19. Apply Theorem 2.20 and Theorem 1.12. O

Corollary 2.22. The Banach algebra M, (C) of linear maps C™* — C™ (with composition as
the product) is amenable.

Proof. K(C") is isometrically isomorphic to M,,(C). O
We are now ready to take the biggest step of all in this section.
Theorem 2.23. Let H be a Hilbert space. Then K(H) is amenable.

In order to prove this, recall that orthogonal projections on Hilbert spaces are self-adjoint and
continuous; this proves useful in the next lemma.

Lemma 2.24. Let X C Y be closed subspaces of a Hilbert space H. The orthogonal projections
on X and Y, denoted Px and Py respectively, satisfy PxPy = Px = PyPx.

Proof. 1t is clear that PyPy = Py, since Px(z) € X C Y for any x € H. The other equality is
proven by adjoints: Py = Py = (PyPx)" = Py P}, = PxPy. O

Lemma 2.25. Let A be a separable subspace of a normed space X. Then A is separable.

Proof. A contains a countable dense subset 98, and this subset is dense in the closure of A as
well. Indeed, for any z € A and ¢ > 0, choose a € A such that ||z —a|| < § and b € B such
that |la — bl| < §; then ||z — b <e. O

Proof of Theorem 2.29. We have already proved this for separable Hilbert spaces, so assume
that H has dimension strictly larger than Rg. The proof comes in four parts. Let {H) |\ € A}
be the system of all closed, infinite-dimensional separable subspaces of H, and for A € A, let
Py, denote the orthogonal projection on H, and let Ay denote the subalgebra of K(#) given
by

.A)\ = {P)\BP)\ ’ B e K(H)}

This groundwork gives a hint that Theorem 1.14 is the one to use here.

Part 1. We first prove that Ay = K(H),) isometrically. Let A € A, and define p)(F) = F’
for F' € Ay, where I'(x) = Fy, (z) for x € Hy. ¢y is clearly linear, and moreover maps into
K(Hy), since F'((Hy)1) = F((Hy)1) is compact for F € Ay. Indeed, F((H))1) C F((H)1)
which has compact closure in H, so F'((#)1) has compact closure in H and thus #, as well.

Actually, ¢y : Ay — K(H)) is an isometric algebra isomorphism. It is easily seen that ¢y
preserves products. Letting G € K(H,) and G*(z\ + xy) = G(z) for x\ € Hy, v € Hy
defines a linear operator G* on H with norm ||G||; it is compact, since the closure of the image
G*((H)1) = G((Hx)1) is compact in Hy and thus in H. Tt is easily seen that p)(P\G*Py) = G,
S0 ) is surjective. Finally, it is clear that || (F)|| < ||F||; the opposite inequality is obtained
by seeing that for any F = PyAP, € A,,

[1F(2)[| = [PAAPA(2)[| = [PAAPAPA(z)[| = [[FPa(2)]| = [loa(F) (Pa(@)]] < lea ()]l

all projections having norm 1.
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Part 2. Let o, 8 € A, and let 9 be the closure of H, + Hpg by Lemma 2.25. 9 is separable

by Lemma 2.25, and so there exists A € A with 9T = H,. Let A € A, and B € Ag; we aim to

show that A+ B € Ay. There exists F,G € K(H) such that A = P,FP, and B = P3GP3.
Let H=A+ B € K(H), K(H) being an ideal in £(#). Then by Lemma 2.24,

A+B=P,FP, + PBGPﬁ = P\P,FP,P) + P)\Pngﬁp/\ = P\HP) € Ay,
proving that for any «, 8 € A, there exists A € A such that A, U Ag C A,.

Part 3. Let A € K(H). A(H) is separable and there exists an « € A such that H, = A(H).
Likewise, A*(H) is separable by Theorem B.2, with a § € A such that Hg = A*(H). Hence
P,A = A and PgA* = A*. Now, choose A € A such that A, UAg C A,. Since

A= (A*)" = (PgA*)" = AP} = AP,
then A = P,APg = P\P,AP3P\ = P\AP) € Ay, and K(H) = U,y Ax.

Part 4. This last part is a smorgasbord of previous proofs. For all A € A, H, is isometrically
isomorphic to the Hilbert space of square-summable sequences in C, ¢5. In order to use
Theorem 1.14, we will have to prove the last and third condition, which can then be modified
by Part 1 to the statement that for all Banach K (¢2)-bimodules X, there exists a K > 0 such
that for all D € Z1(K(f3),X') there is a p € X’ such that D = 4§, and ||p|| < K| D]

Let X be a neo-unital Banach K ({3)-bimodule X (Theorem 1.10) and D € Z1(K({3),X’).
What to do now? Let A = K({2) @ CI, and notice that by the proof of Theorem 2.20 that
there exists an amenable group G with dense span in A.

By Theorems 2.10 and 2.13, let ¢ : £1(G) — A be a dense, continuous homomorphism with
norm 1, norm 1 arising from the fact that obviously, ||¢(f)] < ||f|| and assuming that [|¢|| < 1
contradicts that ||¢(g)|| = 1 = ||g|| for all g € G. By neo-unitality of X, then since K({2) is
a closed two-sided ideal of A containing a bounded approximate identity (Lemma 2.19), we
make X into a Banach A-bimodule with D extended to D : A — X', by Theorem 1.11.

It is clear that D is inner when restricted to ¢(¢'(G)), by continuity of ¢ and D. Let p be
the invariant mean on *(G). If we take a look at how we construct the generator of D on
©(£1(@)) using the proof of Theorem 2.11, remember that we for 2 € X define

x(g) = (v,gD(g™')), ge€G.

Defining p(x) = p(x), we found that D = &, on p(£*(G)). It follows from the definitions that
lp(@)| < [lplllx] < S|ulll|Dlll|z]| for x € X, where S > 0 is the bounding constant of the
Banach A-bimodule X, so [|p|| < S| Dl ayll < SIDJ.

Since ¢(¢1(Q3)) is dense in A, then by continuity of the extension D, D is inner on A with
generator p and thus, by restriction, on K (¢2) with [|p|| < S||D||. Theorem 1.14 now applies,
and K (H) is amenable. O

2.5 The group algebra of R

Let L'(R) denote the vector space of equivalence classes (under equality almost everywhere) of
Lebesgue-measurable functions that are integrable over R with pointwise addition and scalar
multiplication, to wit the measurable functions f : R — C for which

[ 1l <.

L'(R) is a Banach space with the norm || |1 := [ |f(s)|ds and is made into a Banach algebra
by using convolution as product, that is

(F+9)) = [ fals =0t fgeL'®).seR.
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Convolution is commutative, making L!(R) a commutative Banach algebra.

L>°(R) denotes the Banach space of equivalence classes (again, under equality almost ev-
erywhere) of essentially bounded Lebesgue-measurable functions with pointwise addition and
scalar multiplication, i.e. the measurable functions f : R — C for which there exists an S > 0
such that {z € R||f(z)| > S} is a null set.

L'(R) is called the group algebra of R. The reason for this name is that L!'(R) is really just
a special case of a general Banach algebra, L'(G), where G is a locally compact topological
group, called the group algebra. Using the so-called left invariant Haar measure y on G, L(G)
denotes the Banach space of functions on G integrable under this measure, with convolution
as product given by

(f % g)(s /f g(t1s)du(t), seG,

whereupon L!(G) becomes a Banach algebra [1, Example 1.20]. By defining a locally compact
group G to be amenable if there exists a left invariant mean on the space of bounded, right
uniformly continuous functions G — C, B. E. Johnson proved a beautiful theorem |7, Theorem
2.5] stating that L!(G) is an amenable Banach algebra if and only if G is amenable (a definition
of right uniformly continuous functions is given in [5, p. 21]).

Theorem 2.27 will prove a specific case, namely that L!(R) is an amenable Banach algebra,
using that (R, +) is an abelian and thus amenable group by Theorem 2.5. We won’t dwell on
the more general case, and we’ll just mention that the proof can be generalized to all locally
compact groups G for which there exists a countable bounded approximate identity, making
possible use of Lebesgue’s dominated convergence theorem, essential for this proof.

It can be shown that (L!(R)) is isometrically isomorphic to L>°(R) by the mapping 1 + 1),
L®(R) — (LY(R)), where

(40) = [ odm, fer'®), (23)
We won’t prove this fact; consult |4, Theorem 1.46] for a proof.

Lemma 2.26. L'(R) has a countable bounded approzimate identity.

Proof. For n € N, f;, : R — C defined by f,, = nly,-1; does it; we won’t prove this, and we
do not even need a specific approximate identity in order to prove the next theorem. O

The next theorem then ends the chapter in grand fashion.
Theorem 2.27. L'(R) is amenable.

Proof. Let A= L'(R), and let 2 be the vector space £}(R) @ A with coordinatewise addition
and scalar multiplication. To make 2l into an algebra, we already have the usual convolutions
for the two spaces that make up 2, and we need only to define a multiplication of elements of
('(R) with elements of A. For any ¢ € (*(R) and f € A, we know that ¢(t) = > g ¢(s)s(t)
and this motivates the definition

(o= f)(t)=(f =3 p(s)ft—s), pel(R), feA

seR

Both of these functions are integrable over R, since they have countable support and thus in
the case of the first function,

/Iw*f!dm</2|<p Ft—s)ldt <3 s I/\ft—sldt<\|f||!<p||

seR seR
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We make 2 into an algebra by defining

(p1+ f1) * (w2 + fo) == o1 % o2+ (1% fo+ fx o+ fix f2), 1,902 € L(R), f1,f2 € A,

and finally into a Banach algebra by defining the norm || + f|| = [|¢|l1 + || f]|1 for ¢ € £2(R)
and f € A. Since ¢ * f and f * ¢ are contained in A for ¢ € /1(R) and f € A, A is a closed
ideal in 2. Why this construction is needed becomes apparent in four steps, and we shall use
the notation used in (2.3) for this.

Part 1. For any f1, fo € A, b € L (R),

(f1* f2, 0 /1/1 (f1* fo)(t)dt = //1/1 )V f1(s) f2(t — s)dsdt.

Because of absolute integrability, since by Tonelli’s theorem,

Aéwmmww—mmwsw&év@%yw—ﬂwngw@mmmm

we can then change the order of integration by Fubini’s theorem, such that

i o0 /f1 /w fzt—sdtds—/ﬁ (5% fo, P)ds

Part 2. Let X be a neo-unital Banach A-bimodule. X can then be made into a Banach
2A-bimodule canonically by Lemma 1.11. Fix z € X and F € X’. The function A — C defined
by f + (fx, F) is linear and bounded; thus there exists ¥ € L>°(R) such that (f, V) = (fz, F)
for all f € A. Let f = f1 * fo for f1, fo € A; then

F(fi(fox)) = F((fi* f2)z) = (f1* f2, ¥ /fl (s * fo, U)ds

:/fl s(fox), F)ds

and since x and F were arbitrary, it holds for all z € X and F' € X’. Because X is neo-unital,
all y € X can be written y = fa for some f € A, x € X, and so

(fy, F /f (sy, FYds, feAyeX FeX.
We show analogously that
(yf, F /f (ys,F)ds, feAyeX FeX.

Part 3. Let D € Z'(A,X’), X a neo-unital Banach A-bimodule, and extend D to 2l by Lemma,
1.11 again. Using the notation of the embedding of an z € X in the second dual X", we have

<$7D<f)>:<D(f)7@>v reX, feA

Defining D*(y)(f) := y(D(f)) for y € X" and f € A defines the dual mapping D* : X" — A/,
so that for a fixed = € X and arbitrary f1, fo € A, there exists a ¥ € L>°(R) such that

(o # o, D*(2)) = (fr % fo, @ /fl (5% fo, @ ds—/fl (s % fo, D*(2))ds,
and therefore

(2, D(f1  f2)) = (f1 * fo, D*(i /ﬁs*hD* @—/ﬁ (. D(s * f2))ds
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for all x € X, f1, f2 € A. Now, let (e,)nen be a bounded approximate identity for A. Then

(x,D(f)) = nli_>rrolo<m,D(f % ep)) = hm / f(s){x, D(s xey))ds

for all n € N and f € A, by continuity of D. We want to evaluate the above limit, and this
we do by using Lebesgue’s dominated convergence theorem. Fix z € X, and let ¥ € L*(R)
such that (f, D*(2)) = (f, ¥) for all f € A. For n € N and fixed f € A, consider the function

s+ f(s){(z,D(s*en)) = f(s)(s*xep, D / F()¥(t)en(t — s)dt.

Every section ¢t — f(s)¥U(t)e,(t — s) for s € R is integrable and (s,t) — f(s)¥(t)e,(t — s) is
measurable because of measurability of projections and f, ¥ and e,, so the above function is
measurable, and moreover, bounded.

By the extension of the derivation, we have by the proof of Lemma 1.11 that

(,D(a)) = lim (x, D(axxey)), a€A zeX.

n—oo

Hence f(s)(z, D(s)) = limy 0 f(s)(z, D(s*e€y,)). Finally, since [ |en(t—s)|dt = [; |en|dm <
S for all n € N and some S > 0 by boundedness of (e;,), the mappings s — |f(s){x, D(s*ey,))|
have the integrable upper bound S||V¥||« f for all n € N, so

(z, D(f)) = lim f(8)<$7D(S*6n)>d8=/Rf(SM%D(S»dS

n—oo R

by Lebesgue’s dominated convergence theorem.

Part 4. Let X be a neo-unital Banach A-bimodule, and let D € Z'(A, X'), extended canoni-
cally to 2. X can be treated as a Banach ¢*(R)-bimodule, and so the restriction of D to ¢}(R)
is a bounded X’-derivation on ¢!(R) and thus an inner derivation (since R is an abelian and
thus amenable group). Thus there exists g € X’ so that D(s) = sg — gs for all s € R. For any
f € A, then by Parts 3 and 2 we have

(. D(f)) = / £(s)(x, 58 — gs)ds
= /f (xs,g) — (sz,g))ds

:/f xsgds—/f (sx,g)d

= <,fg—gf>-

Thus D is inner as a derivation 20 — X', and by restriction, inner as a derivation on A. By
Theorem 1.10, A is amenable. O
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CHAPTER 3

Hochschild cohomology in Banach algebras

This last chapter turns the attention to Hochschild cohomology groups of a Banach algebra
A of higher order than 1 and draws a surprising connection to the first cohomology group.
In order to prove it, we introduce tensor products over duals of Banach spaces, laying the
groundwork for a construction that eases the proof of the connection considerably.

3.1 Higher order Hochschild cohomology groups

Let us take it easy and go back to the basics for a while.

Definition g.1. For n € N and Banach spaces Aj, ..., Ay, X, a bounded n-linear mapping is
a mapping ® : Ay x --- x A, — X linear in all n variables, satisfying for some S > 0 that

|P(a,...,an)| < Sllai]l - |lan], ai€Aiyi=1,...,n,.

L(A1,...,Ay; X) denotes the linear space of all bounded n-linear mappings A; X - - - x A, — X
made into a Banach space with the norm

lell = sup{llp(ar,...,an)lllai € (Ai)1, i =1,....n}, @€ L(A..., An, X).

IftA =--=A, = A we define L"(A;X) := L(Aq4,...,Ay; X) and additionally define
LOA;X) = X.

We will now make swift progress towards defining a higher order Hochschild cohomology group.

Definition 3.2. Let A be a Banach algebra and X a Banach A-bimodule. For n € N, we
define the n-coboundary operator 6" : L 1(A, X) — L"(A, X) by

1 (®)(a) =a® —Da, P X, acA
for n =1, and
n—1 4
"(®)(ay,...,an) = a1P(ag,...,an)+ Z(—l)ZCI)(al, e Qi QgL ey )
i=1
+(=1)"®(ai,...,an—1)an,
for n > 2, where p € L 1A, X), a1,...,a, € A
These operators look quite complicated, manifested in this important lemma.

Lemma 3.3. The coboundary operators satisfy 6”1 o 6™ =0 for all n € N.

Proof. The result comes from a long, tedious bunch of calculating and cancelling out terms
equal to zero in the resulting sum. For n = 1, then assuming ® € X, a1,a2 € A, we have

(01 (®))(a1,a2) = @18 (®)(az) — 6'(®)(araz) — 6" (®)(ar)as
= —a1a9P + Pajas + al(agfb — (I)CLQ) — ((Il(D — <I>a1)a2
= 0.

33



CHAPTER 3. HOCHSCHILD COHOMOLOGY IN BANACH ALGEBRAS

The process in obtaining the result for n > 2 can be described as follows. Let a1,...,a,11 € A
and ® € L7Y(A4,X). Then 6""1(6"(®))(a1,...,ant1), once we write it out, has terms by
which a; is multiplied from the left that cancel out and some by which a1 is multiplied from
the right that cancel out as well. Left are the terms that contain no A-module multiplications
except for inside the (n—1)-tuples of which the image of ® is taken. Some of these (n—1)-tuples
have coordinates in which three successive a;’s are multiplied, and these cancel each other out
as well, which is easily seen by expanding §"*1(6"(®))(ay,...,ant1) one term at a time.
Now left are only the terms involving (n — 1)-tuples with two coordinates equal to a;a;+1
and ajajq for some ¢,j with distance 2 at least. It is clear that for all ¢,5 € {1,...,n}
satisfying this, the image ®(a1,...,aiai+1,...,a;jaj41) occurs only twice in the sum overall,
since we can switch ¢ and j around and only do that to order to obtain this very term; the
question is whether the signatures of these images are different. They are: fix i = 1,...,n
and let j = 1,...,n with |¢ — j| > 2. Then the signature of ®(ai,...,aiai11,...,ajaj41) is
(—=1)%(=1)7Yif j > i and (—=1)(—1)7 if j < i. Symmetry ends the proof. O

The previous proof may then be tedious, but our reward comes right now. Let A be a Banach

algebra and X a Banach A-bimodule. It follows from the previous lemma that for any n € N,

any ¢ € ran 0" satisfies 6" T!(¢) = 0, and therefore ran §" is a linear subspace of ker 6" 1.
Now we note that for ¢ € L1(A, X) and a1, a9 € A, we have

5%(¢) (a1, az) = arp(az) — p(araz) + ¢(ar)as.

Thus if ¢ € ker 62, then ¢(a1a2) = a1p(az) + ¢(a1)as for all ay,as € A, and therefore ker 62
consists of all bounded X-derivations and is equal to Z!(A4,X). It is also clear from the
definition of ¢! that ran ' = B!(A, X). This inspires us to define

ZY(A, %) :=ker 6", B"(A,X%X):=rand", neN,

thus providing a well-defined extension of the cohomology group concept: staying true to the
definition of the first Hochschild cohomology group, we define

H"(AX) = Z2"(A,X)/B" (A, X)
which is called the nth Hochschild cohomology group of A with coefficients in X.

One wouldn’t believe this theorem at first sight.

Theorem 3.4. Let A be an amenable Banach algebra. Then 7"(A,X') = {0} for all Banach
A-bimodules X and all n € N.

It is indeed quite remarkable that it is so, even though the idea behind the proof is very
simple. Assuming the Banach algebra A is amenable, it would be natural to look for a Banach
A-bimodule Y such that the nth Hochschild cohomology group with coefficients in a dual
Banach A-bimodule X’ would be isomorphic to #1(A,)"), equal to {0}.

Let us therefore introduce the following mapping right away, to remove some obstacles imme-
diately. Let A be a Banach algebra and X a Banach A-bimodule. For n € N and k € Ny, we
define the mapping o : L"F(A; X) — L™(A; LF(A4; X)) by

(o2 (@) (a1, .-y an)) (b1, bk) = @,y an, by b)), 9 € LVR(AX),  ai, by € A

Hence for ¢ € L"*(A; X) and a € A", we have o(a) € LF(A; X).
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It will come in handy to make £¥(A; X) into a Banach A-bimodule. For k € N, we shall from
here onward make £¥(A; X) into a Banach A-bimodule under the multiplications

(ap)(ai,...,a) =ap(al,...,a),

e

-1

(30(1)(04, s ,Clk;) = QD(a(ll, SRR ak) + (_1)]90((1’ Aly-e o AjQ5415 .-, ak)
1

+(_1)k@(aa A1y ak—l)aka

.
Il

for ¢ € LF(A;X), a,a1,...,ar € A, whereupon for n € N, we can legitimitely define A7
to be the n-coboundary operators 6" with X replaced by £¥(A, X); hence A} is a mapping
LA LF(A; X)) — L7(A; LF(A; X)), defined as in Definition 3.2.

Lemma 3.5. o} : L"F(A; X) — L"(A; LF(A; X)) is an isometric A-bimodule isomorphism.

Proof. o} is easily checked to be an A-bimodule homomorphism, and for ¢ € £L"*(A4; X) and
ai,bj S (A)1,
(o (@) (a1, .. an))(br, ... o)l < [l

so that ||o2(¢)(a1,...,a,)| < |l¢| by remembering that o (¢)(a1,...,an) € LF(A;X), thus
giving [lof ()| < llg. Conversely,

H@(alv"'7an7b17""bk)” < Ho-l?(90>(a17"‘7an)|| < HUZ(SO)Hv

so ol is an isometry and thus injective. For ® € £L(A; LF(A; X)), o7 (p) = ® where

o(at, ... anir) = (Plar,...,an))(@nt1y -y Onik), a; €A

¢ is easily seen to be linear in all n + k variables and bounded by ||®||. Hence o} is surjective.
O

Lemma 3.6. Forn € N, Al oo} = o 0 577,

Proof. We just calculate elementarily: for ¢ € £L"*=1(A; X) and ay, ..., an.x € A, we obtain

n—1

by letting b; = any; fori =1,...,k and ® = o, (¢)(a1,...,a,-1) that

5" () (a1, antr) = (AR (@) (@, -, ) (@ntts - s @ngr)
n+k—1 '
= > (=1)'®(an, ... 6041, Gngk) + (= 1) FB(an, .. an k1) anak
=n
( (I)an an—&-lw- anJrk)

k—1
— ( (anby, ..., by +Z an,...,bibiﬂ,...,bk)+(—1)k<1>(an,...,bk_1)bk>

=1
-1nH" @an(bl,...,bk)
— 0,

from the definition of the right .A-module multiplication on £¥(A; X). O

Theorem 3.7. Let A be a Banach algebra and X o Banach A-bimodule. For n € N and
k € No, H"F(A, X) and 77 (A, LF(A; X)) are isomorphic as linear spaces.

Proof. For k = 0, the two spaces are equal, and we therefore assume k € N. We’re aiming at
proving that the mapping "% (A, X) — (A, LF(A; X)) given by

@+ B"TH(AX) = o (@) + B (A, LF(A X)), e Z"H(AX), (3-1)
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is an isomorphism.

For any ¢ € Z"k( A, %), then by definition ¢ € ker 6"t*+1 and 6"+ *1(p) = 0. Obviously,
this occurs iff (o7 0 6"+ F1)(p) = 0, since o} " is injective, and so by Lemma 3.6, we have
(AP o o) (¢) = 0 and o3 (p) € 2™(A, L¥(A; X)). Thus we have proved

o€ 2" (A, %) o ol(p) € Z™(A, LF(A; X)). (3.2)

Now let ¢ € B"F( A, X) = ran 6"t*. There exists ® € L7*71(A; X) such that 6" (®) = ¢,
and so
() = (of 06" M)(®) = AR (o}~ (®)) € ran A} = B"(A, LF(A4; X)).

If p € L"F(A; X) such that o' (¢) € B"(A, LF(A; X)), there exists & € L1(A; LF(A; X))
such that A?(®) = o7 (). Since of is an isomorphism, there exists ¥ € L"~D+F(A; X) such
that o' (¥) = ®. Therefore

o (p) = (Af 0 op ) (V) = o (3" TH (W),
and since o is injective, ¢ = 6"*(W¥) € ran §"TF = B"TF(A, X). Hence
p € B"HAX) & afl(p) € B (A, LM(A; X)). (3-3)

From (3.2) and (3.3), we observe that (3.1) specifies a well-defined homomorphism; it is sur-
jective because of (3.2) and injective because of (3.3), and we are done. O

Our problem is thus reduced to considering the first Hochschild cohomology group of a Banach
algebra with coefficients in £, and with the next section, we come much closer.

3.2 Tensor products

Let us go right to the definition.

Definition 3.8. For n € N, let X1,...,X,, be normed spaces with Banach duals X/,...,%],.
Given z; € X;, 1 = 1,...,n, we let 1 ® -+ ® x,, denote the bounded n-linear functional
X} x - x X!, — C defined by

(371@®xn)(§01779071):901(*%1)@071(3771)’ 9016%@72:177”

The algebraic tensor product of X1,...,X,, denoted X1 ® --- ® X,,, is defined to be the linear
span of all elementary tensors r1 ® +++ Q@ xy, x; € X;, i =1,...,n, in L(Xq,...,%,;C); that
is, all finite linear combinations of tensor products, called tensors.

As a subspace of L(X1,...,%,;C), X; ® --- ® X,, inherits the norm || - || from it, and it is
clear from the definition that ||z; ® -+ ® z,|| < ||x1]| -+ ||zn|| for all z; € X, ¢ = 1,...,n.
Let 1@+ @, € X1 ® -+ - ® Xp; as a result of Hahn-Banach, there exists an ¢; € X, with
llpill = 1 and (x4, @;) = ||z;i|| for i = 1,...,n, so that

1 @ - @anll > (21 @ - @@n)(P1s- s o) = (21, 01) - (s on)| = 2]l - 2]

Hence ||z1 ® -+ ®@ xy|| = ||x1]| - - - ||zn]| for all z; € X;, i = 1,...,n; this property makes the
inherited norm a so-called cross norm on X1 ® --- ® X,,.
A key property of the algebraic tensor product is this:

Theorem 3.9. Let the mapping ¢ : X1 X --- X X, — Y be n-linear. There exists a unique
linear mapping o0 : X1 ® --- @ X,, = Y such that o(x1 @ -+ Q@ x,) = p(x1,...,2,) for all
v, €X,i=1,...,n.
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Proof. Omitted. Consult [1, Theorem 42.6]. O

Definition g.10. Let n € N and X1,...,X, be normed spaces. The projective tensor norm p
on X1 ®---®X, is defined for a € X1 ® --- ® X;, by

p(a) = inf {Z [EST R A

the above infimum is therefore taken over all (finite) representations of a in X1 ® - - ® X,,.

azZazi@'-‘@xf@, :L‘anf{mjmzl,...,n};
%

We do not actually know yet that p is a norm; let us check this. If we decompose a =
Yt @ @at, then Aa = Y ,(\a]) ® -+ ® 2%, and p(Aa) < |A|p(a) for A € C, since the
decomposition of a was arbitrary. For A # 0, p(a) = p(A~*Xa) < |A\"tp(Aa), so p(Aa) = ||p(a)
follows clearly. .

' qu a,be X ® - ®X,, write a = Zg':l:ciéé ®x; and b = Zleyi ® - ®y. for
i, Yh, € X, kzl,...,n; then a + b = fifzi@@z; where fori =1,...,n, 2" ="
form=1,...,5, 27" =y form = 1,..., k. Thus

J+k

J k
platb) <> =l lllznl =D Nl lnll + > lyill--- Mgl
i=1 i=1 i=1
and therefore p(a +b) < p(a) + p(b). fa € X1 ® - @ X, anda =Y ,2} ® - ® 2}, then

ja(er, - o)l = D er(@d) - pnlan)| < lloall - llenll Y- il llznll, o € X,
i i

and so |la|]| < p(a). Thus if p(a) = 0, then ||a|| = 0 and a = 0. From this, we obtain the
following.

Lemma 3.11. The projective tensor norm p is a norm on X1 ® - - - ®@ X,, satisfying ||a|| < p(a)
foralla € X1 ® - ® X, and especially ||z1| - ||zn| = p(x1 @ -+ @ x) for all z; € X,
1=1,...,n.

From this, we naturally form a Banach space. We remind the reader that a completion of
a normed space X is a Banach space to which there exists a dense isometric homomorphism
from X; every normed space has a unique completion up to isometric isomorphism.

Definition g.12. The completion of the normed space X1 ®- - -® X,, with the projective tensor
norm p is called the projective tensor product of X1,...,%, and is denoted X1 ® -+ ® X,.

It isn’t exactly clear how elements of X; ®---® X,, then look. The next theorem clears that
up.

Theorem 3.13. X1 ®---® X, can be represented as the linear subspace of L(X1,...,%,;C)

consisting of all elements of the form a =Y 2 2} ® --- ®@ x!, where Y oo, ||xi]| - [|2%| < co.
Furthermore, p(a) is the infimum of the sums Y .o, ||z4||- - - ||z || over all such representations
of a.

Proof Let a € X1 ®---® %, and € > 0. Since X; ® --- ® X,, is dense in ¥1 ®--- ® X,,, then
a = lim \,, for a sequence (\y,) in X; ® --- ® X,,. Pick out a subsequence (a,,) of (A,,) such
that p(a — am) < gags for m € N.

We want to write a as a sum of elementary tensors. Choose zj € X;, j = 1,...,n,
i=1,...,n1, such that a; =Y "', 2} @ --- ® 2, and

n1
. . £ 3
plar) <D [l ll=h ]l < plar) + 51 S pla) +pla—a1) + o5 < pla) + o3
i=1
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Since p(az —a1) < p(a —az) + p(a—a1) < 55 + 57 < 53, we can choose x; €EXm,i=1,...,n,
i1=mn1+1,...,n9, such that as — a1 :Z?:inﬂx’i@---@xfz and
22 € €
plaz—a) < 3 okl llah ) < plaz — ar) + (55 = plaz — ar)) = .
1=n1+1

Since p(az — az) < pla —a3) + pla — az) < % + 55 < 31, we can then choose z!

: ‘ i Ef{j,
j=1,...,n,i=no+1,...,n3,such that ag —ap =3 ;2 2/ ® --® ! and

1=n2+
o € €
plag—a2) < > il lah]l < plas —az) + (57 — plas — az)) = .
i=ng+1
Continue expanding, choosing z¢, € X,,, m = 1,...,n and estimating dlﬁerences for n > 4.

Now, let by = a1, b1 = ama1 — ap, for m € N, so that a=32 1bp=>2 1@ @,
and

o
DMl flapll < pla) + 5 < oo (3-4)
i=1

Hence Y 70, 2% @ - -+ ® o, converges absolutely. Let 7(a) denote the aforementioned infimum
over all representations of a; it follows from (3.4) that m(a) < p(a). But

o
() < Jim Zp @al) = 3 el - ekl
—00 i=1

so equation holds. Finally, if a = > 2% 2! ®--- @ 2%, where > 52, ||z} - - ||z} || < oo, then the
sum converges in L(X1,...,%X,;C) (a Banach space) and letting ay = Z,fil @@k, it
is obvious that p(a —ayn) — 0 for N — co. O

Therefore we only need to define properties for elementary tensors in X1 ® - - - ® X,, in order to
define them for the entire projective tensor product. For every ¢ € (X1 ®---®X,,)’, we define
the n-linear mapping A, on X1 X --- X X, by

Ap(z,...20) = (1@ Qan, ), z;€X,i=1,...,n
Since [Ay(z1,. .., 20)| < |l@llllz1] - - lznll, clearly Ay € L(X1,...,X,;C) and [[Ay| < [l

Lemma 3.14. The mapping (X1®---®@X,) = L(X1,...,Xn;C), ¢ — A, is an isometric
isomorphism.

Proof. The mapping is clearly linear and isometric, since ||z1|| - ||zn] = |21 @ - @ 2y |-
For any mapping A € L£(X1,...,X,;C), then by Theorem 3.9, there exists a unique linear
functional ® : X; ® --- ® X, — C such that ®(z1 ® -+ @ x,) = A(x1,...,zy) for all z; € X;,
i=1,...,n. ®is bounded; indeed for fixed a € X1 ® --- ® X,,,

= @(Zxﬁ@x%)| =

fora =Y,z ® - @, so that |®(a)| < ||Al|p(a), making ® a bounded linear functional
on the normed space (¥; ® - -+ ® X,,, p). By Hahn-Banach, we extend ® to a bounded linear
functional ®; € (X; ®---®X,)" such that ||®1]| = ||®| < ||A]| and

7
TR

)| S NAID Nl - llaill, 2 € %,
7

A(.’El,...,ﬂ?n) :(I)({E1®®J;n) :q)l(xl®®mn) =A<I>1($1,~-7$n)a

so that ¢ — A, is surjective, and we are done. O
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We prove just one more lemma before the real fun begins.

Lemma 3.15. The mapping L(X1,...,%X,;C) = L(X1,...,X0—1; X)), ¢ — Ty, where
(n, Tp(x1 @ @ Tp_1)) = @(@1,...,2n), T E€X1=1,...,n,

is an isometric 1somorphism.

Proof. Forall p € L(X1,...,%,;C), s € Xyandi=1,...,n—1, T (v1® - ®xp_1) is linear,
because of n-linearity of ¢, and bounded, since || T,(z1 ® - -+ @ zp—1)|| < |lellllz1] - - - |zn-1]l-
Therefore T, € L(X1,...,Xn—1;X),). T, is clearly linear and isometric from the definition. If
we let @ € L(X1,...,X,-1; X)), then define p: X1 x --- x X,, = C by

@(xla ) .%'n) = <l’n, ®($1 K- l’n71)>;
¢ is clearly linear and bounded, and T, = ®, so the mapping is surjective. O
Let A be a Banach algebra and X a Banach A-bimodule. For n € N, define

V=A® - ARX. (3-5)

n times

We make ) into a Banach A-bimodule by the module multiplications

(a1 ® - ®a,@x)a:=a1 @ @ ap, @ (za),
n—1

a1 ®- ®a,®1) = (001) @ Vap,@r+ Y (~1)aRa1 @ Qa1 @ ®a, @
=1

+(-D"a®a1 ® - @ (a,).
By Lemmas 3.14 and 3.15, we obtain the following result.

Corollary 3.16. For Banach spaces X, Y, the dual of the (n+1)-fold projective tensor product
X® -+ ®X®Y and the Banach space L*(X;Y') are isometrically isomorphic.

For a Banach algebra A and X a Banach A-bimodule, then Lemma 3.16 yields an isometric
isomorphism F: (A®---® A® X) — L"(A; X') given by

(, F(p)(at,...,an)) = {01 @ - Qa, @xz,0), a €A i=1,...,n, z€X.

F is actually an A-bimodule isomorphism, if we induce the usual module multiplications on
the dual on A®---® A® X; indeed, letting b = (a1, ..., ay),

(z, Flap)()) = (01 ®@ -+ @ an @ x)a, ) = (01 © -+ @ ap @ (20), ¢) = (x, (aF)(p)(D)),

for a,a € A and = € X, as a result of how we defined module multiplications on £F(A, X). It
is not hard to check that F' preserves right .A-module multiplications too. Hence F' makes )’
and L"(A; X') isometrically isomorphic as A-bimodules. This is not just fantastic; it helps us
prove Theorem 3.4.

Proof of Theorem 3.4. Let Y be the projective tensor product defined in (3.5). Then since Y
is a Banach A-bimodule, hence by Theorem 3.7,

ANAX) = AN (A LA X)) = (A V) = {0}
The result is obvious for the case n = 1. O

Thus, by introducing a seemingly extraneous construction, we obtain a surprising connection
between higher order Hochschild cohomology groups and the first.
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APPENDIX A

Multiplicative linear functionals

This appendix aims to show that all multiplicative linear functionals are bounded, with norm
less than or equal to 1.

A Banach algebra may or may not have an identity. However, we can always embed a
Banach algebra in an algebra with an identity as follows:

Definition A.1. The unitization of a Banach algebra A, denoted by A + C, is the Banach
algebra consisting of the set A x C with the obvious coordinatewise addition, scalar multipli-
cation and then the product defined by (z,«a)(y,8) = (xy + ay + Bz, apf) for all z,y € A,
a, B € C, together with the norm defined by ||(z, )| = ||=|| + ||

It is seen by routine checking that A+ C actually is a Banach algebra; furthermore, it has a unit
element (0,1) with norm 1, and the mapping a — (a,0) is an isometric algebra isomorphism
of A onto a subalgebra of A+ C.

The unitization of an algebra is a good aid, as it allows us to define certain properties for
algebras without unit elements by using their unitizations instead. We define the spectrum
o(A,a) of an element a of an algebra A with a unit element 1 as usual:

o(A,a) ={\ € C|\l —a € Sing(A)}.
We now define the spectrum o (8, b) of an element b of a non-unital algebra B to be the set
o(B,b) =0 (B +C, (b,0)).

For any element a of an algebra A, we then define the resolvent set p(A,a) = C\ o(A4,a).
Finally, for any Banach algebra A we define the spectral radius r4(a) for a € A by

ra(a) = inf {[le"|""}

Lemma A.2. Let A be a Banach algebra and a € A. Then r4(a) = lim, o ||a"||/".

Proof. Let & > 0. Then there exists k € N such that [|a¥||'/* < r4(a)+¢ (if there didn’t, 7 4(a)
wouldn’t be a greatest lower bound). Every n € N can be written in the form n = p,k + ¢,
with pn,qn € Ng, ¢, <k — 1. Now %qn — 0 for n — o0, s0 %pnk‘ — 1, and thus there exists
m € N such that n > m implies |||ak||1/”p”||a|]1/"q” — HakHl/’“‘ < e. This gives us

ra(a) < a7 = [[(a®)Prat || < Jla¥ | a0 < ot (] 4 & < rafa) + 26
Hence |||a"||1/" - ’I“A(a)’ < 2e for n > m. O

Lemma A.3. Let A be a unital Banach algebra and let a € A. Assume that r4(a) < 1. Then
1

1 — a is invertible, and (1 —a)™' =32 ; a”, where a° := 1.

Proof. Choose r4(a) < n < 1. Then there exists m € N such that ||a”||/" < n and thus
la™|| < n™ for n > m, because of the preceding lemma, so the series > °  [la"| converges in
R. Define by, = Y_," ,a™ for m € N. (by,) is a Cauchy sequence; for m > k

m m 00
o=l = 3 @< 3 fa"l< 3 flanl,
n=k+1 n=k+1 n=k+1
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and so (by,) converges in A to b= > ja". Now (1 —a)by, =1—a™" =b,(1 —a) for all
m € N. By continuity of multiplication, then because ||a"| — 0 and thus a" — 0 for n — oo,
we obtain (1 —a)b=0b(1—a)=1. O

Theorem A.4. Let ¢ be a multiplicative linear functional on a Banach algebra A. Then ¢ is
bounded, i.e. ¢ € A', and ||p|| < 1.

Proof. We prove the result first in the case where A is unital and then generalize it. If A has
a unit element 1, then (1) = 1, so ¢(z)¢(z~!) = 1 for any invertible element 2 € A and
o(x) # 0 for all invertible elements = € A.

Let a € A. Then for any A € p(A,a) we have A — p(a) = (Al —a) # 0, so ¢(a)
can’t be contained in p(A,a). Let a € A and A € C. If |A\| > ry(a), then it is obvious
that 1 > r4(A"ta). This in turn gives that A1 —a = A(1 — A~ta) is invertible (because of
Lemma A.3 and the assumption that 4 is Banach) and A € p(A, a). Therefore for any a € A,
lp(a)| < rala) <|al since p(a) ¢ p(A,a), so ¢ is bounded and ||| <1 for unital A.

If A is non-unital, let A + C denote the unitization of A (which is a Banach algebra).
Define ¢ : A4+ C — C by ¢(a, ) = p(a) + A for a € A, X € C; then ¢ is linear, and moreover

@((a, A\)(b,m)) = @(ab+na + Ab) + An = (p(a) + A)(p(b) +n) = $(a, \)p(b, ),

so ¢ is multiplicative. ¢ is then bounded and |@(a, )| < |la|| + |A| for any a € A, X € C, so
lp(a)| = |@(a,0)] < |la]| for any a € A and ¢ is bounded. Thus in all cases ||¢|| < 1. O
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Hilbert space results

A subset S of a normed space X is totally bounded if for every ¢ > 0 there exists a finite
number n of e-balls with centres x1,...,z, € S such that every x € S satisfies ||z — ;|| < ¢
for some i =1,...,n.

Lemma B.1. Let X be a normed space and let S C X be non-empty. If? is compact, then S
is totally bounded. If X is a Banach space, then S is totally bounded iff S is compact.

Proof. Let x1 € S. If all x € S satisty ||z — x1|| < &, we are done. Otherwise, let x2 € S such
that ||zo — z1]| > e. If every x € S satisfies ||z — z1|| < € or ||z — x2|| < &, we are done. If not,
choose x3 that doesn’t satisfy this and continue inductively for ¢ > 4. The lemma asserts that
we stop after a finite number of steps: indeed if not, we would have obtained a sequence (z;)
in S with all elements having distance at least ¢ from each other, thus having no convergent
subsequence, so that S is not compact.

Assume that X is Banach and S is totally bounded, and let (s,,) be a sequence of S. Let A,
be a finite collection of 27"-balls covering S. At least one of the balls of A; contains infinitely
many elements of (s,); choose one such, S;, and obtain a subsequence (s}) by throwing out
all s, not in S;. Now, at least one of the balls of Ay contains infinitely many elements of (s.);
choose one such, So, and obtain a subsequence (s2) by throwing out all s. not in Sy. Continue
this way inductively for all n € N. Let z,, be the first element of s. It is clear that (z,)
is Cauchy, since for any € > 0, there is n € N such that 27" < ¢, so that for k,m > n + 1,
|2k = 2m|| < 2-27*FD < ¢, By completeness of X, (2,,) is convergent, and S is compact. [J

Theorem B.2. Let H be a Hilbert space. If A € K(H), then A* € K(H).

Proof. Let ¢ > 0; we only need to show that A*((H);) is totally bounded by Lemma B.1.
Since A is compact, then by Lemma B.1, choose w1,...,z, € H; such that each x € (H);
satisfies ||A(z) — A(x;)| < § for some i = 1,...,n. Define the mapping B : H — C" by

B(y) = [(A(z1),9), -, (A(zn), y)] -

Since rk B < n, B is finite rank and thus compact. Choose y1,...,ym € (H)1 by Lemma B.1
so that any y € (H); satisfies | B(y) — B(y;)|| < 7 for a j € {1,...,m}. Then any z € (H):
satisfies

|(A(zi), 2) = (A(2:), 25)| < [|B(2) = B(z)]| < Z

for some j € {1,...,m} and alli=1,...,n. Let z € (H); and choose j € {1,...,m} so that
this applies. Furthermore, let € H and choose i € {1,...,n} so that ||A(z) — A(z;)[| < §.
Then

((A(@), 2) = (A@), )| < [(A@), 2) = (Az0), 2)] + |(A(2:), 2) — (A(22), 7))
H(A@), y5) = (A@), 95)]
< 2Y|A@) - A + -

Thus |(z, A*(2) — A*(y;))| < 2 for all 2 € ()1, and [|A*(2) — A*(y;)|| < & by Riesz-Frechet
[13, Theorem 6.8]. Hence A*((H)1) is totally bounded. O
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The next lemma proves that K (H)+ CI is closed in a Hilbert space H, I denoting the identity
operator on H.

Lemma B.3. Let S be a closed subspace and F be a finite-dimensional subspace of a Banach
space X for which SN F = {0}. Then S & F is closed.

Proof. Let ap, = s, + fn, € S & F converge to a € X. Assume || f,|| = co. Then

£l (50 + f) = 0;

because F is compact since it is finite-dimensional, there exists a subsequence (|| fn, || ™" fn,)
of the sequence (|| f,|| ™ fn) that converges to an f with norm 1. But then || fn, || *s5, = —f-
Since S is closed, —f € SN F = {0}, so f =0 — a contradiction. Thus (f,) is bounded, since
anything else would imply that a subsequence tending to infinity in norm would exist. The
linear projection P : S @ F — F defined by s+ f — f, s € S, f € F, is therefore bounded,
and so ||fn — fmll < | P|||lan — am||, making (f,) Cauchy and thus convergent to an element
¢, whereupon the sequence (s,) = (a, — fn) converges to a — ¢ contained in S, because S is
closed. Thusa e S & F. O
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A condition implying group amenability

This appendix deals with a quite peculiar, small detail in the proof of Theorem 2.11.

Lemma C.1. Let ¢ be a bounded linear functional on {>*°(G) such that ¢(1) = 1 and ¢ is
invariant under left translations. Then G is amenable, i.e. £>°(G) has an invariant mean.

We see here that the requirement of positivity is exchanged with an initial requirement that
the linear functional is bounded (which is indeed essential as we shall see).

In the following proof, we will therefore provide a construction of an invariant mean as well
as a very thorough and somewhat complicated explanation of why it is. Let Ra and Ia denote
the real and imaginary parts of a complex number a, respectively.

Proof. Let M = (5°(G), and for any x € {°(G), let
O(x) ={Ro(y) |y € £(G), |y| <z} C R
and define 0 : M — R by 0(x) = sup O(z). It is well-defined since for z € M, then

Ro)| < low)] < l@llllylloe < ll@lll2]loo

for all y € ¢>°(G) with |y| < x. We will show that 6 is (1) positive, (2) homogeneous, ()
additive, (4) left translation invariant and then (5) extend 6 to ¢°°(G) by using properties of
the complex numbers.

(1) 0 is positive. For any y € (*°(G) such that |y| < x, ©(x) contains both R(¢(y)) and
R(¢(—y)) = —Ré(y), and therefore 20(x) > Ro(y)+(—Reé(y)) = 0. Also, 0(1) = R(4(1)) = 1.

(2) 6 is homogeneous. Tt is clear that 6(0) = 0. Let 2 € M. For t > 0 and y € (*°(G) with
ly| < tz, then Rp(y) = tRp(t1y) = tR¢(a) for a = t 1y € £°°(G) which then satisfies |a| < .
Conversely, for t > 0 and a € (*°(G) with |a| < z, then tR(¢(a)) = Ro(ta) = R(p(y)) for
y = ta € £°°(G) which then satisfies |y| < tx. We thus obtain tO(z) = O(tx) and 0(tx) = t0(x)
for all t > 0.

(3) 0 is additive. Indeed, let a,b € M. For y; € (>°(G) with |yi| < a and yo € £>°(G)
with |y2| < b, then Ro(y) = Ro(y1) + Ro(y2) for y = y1 + y2 € £°°(G) which then satisfies
ly] < a+b. Hence Rop(y1) + Ro(y2) < O(a + b) for all such y; and ys, so taking supremums
gives 6(a) + 0(b) < O(a+ ).

The other way around is trickier. Let y € (*°(G) with |y| < a + b, and define y;(z) = y(x)
for all z € G such that |y(z)| < a(z), yi(x) = a(z)e!*8W®) for the case |y(z)| > a(x) and
finally yo = y — y1. Then y = y1 + y2 and |y1| < a. For € G such that |y(x)| > a(z), it
follows that

lya(2)] = ly(x) — y1(2)| = |(Jy(@)] — a(x))e’ 8@ | = |jy(2)| — a(x)| = |y(x)| — a(z) < b(=),
s0 |y2| <b. Now Ro(y) = Ro(y1) + Ro(y2) for these y1,y2 € £°°(G), and Ro(y) < 0(a) + 6(b),
so B(a+0b) <0(a)+6(b).
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(4) Finally, 0 is left translation invariant. Indeed, let h € G, x € (°(G). If 2z € O(x),
then z = Ro(m,(y)) for a y € £°°(G) with |y| < z, and letting a = 7,(y) € £>°(G), we have
|(7-1(a))(9)| < (g) and |a(g)| = |a(hh™"g)| = [(T4-1(a))(h"'g)| < x(h™'g) = (m(x))(g) for
all g € G, so |a| < 7,(z); hence z = Ro(a) for a a € £°°(G) with |a| < m,(x) and z € O(7,(z)).

If similarly z = Ro(y) for a y € °°(G) with |y| < 74(x), and letting b = 7,-1(y) € £°(G),
we have |b(g)| = |y(hg)| < (Th(x))(hg) = x(g) for all g € G, so |a| < T,(x); therefore z = Rep(b)
for a b € (*°(G) with |b| < z and z € ©(z). We thus have O(z) = O(7,(x)), meaning that 6

is translation invariant.

(5) The extension. It is clear that for any f € (°(G), f = (Rf)+ — (Rf)= +i(If)+ — i(1f)—,
with all four functions themselves bounded and positive. Therefore £*°(G) = M —M+iM—iM.
This inspires us to extend 6 to £°°(G) by defining

. 1 _ ‘

0(f) = 0] (O(Rf)+) = O((RS)-) +0((Lf)+) —0((1f)-))-

It is first and foremost clear that (1) = 1 and that 6 is positive. Additionally,  is translation
invariant because 0 is: indeed, for h € G and f € {*(G),

{ Rf(h~tg) if Rf(h"'g) >0

0 otherwise

(R7u(f))+(9) =

(Rf)+(h™'g)
= m(Rf)+(9),

and similar results follow for (Rf)_, (If)+ and (If)_, implying 0(m,(f)) = 6(f).

It only remains to show that 6 is a linear functional. Let A € C and z € £°(G). We split A
into four separate non-negative real numbers a, b, ¢, d such that A = a — b+ ic — id. Then for
g €G,

R(Az(9)) = (a=0)((Rz)4(9) — (Rz)-(9)) — (¢ = d)((Iz)+(9) — (z)-(9)) and

SO

(RAz)+(9) = aRai(g) +bRa_(g) + d(Iz)+(g) + c(Iz)—(g),

(RAz)_(g9) = bRz (g) +aRz_(g) + c(lz)+(9) + d(Iz)—(9),
(IA\2)+(9) = cRai(g) +dRx_(g) +b(Iz)+(g9) + a(lz)-(g) and
(IAz)-(9) (9) + a(lz) 4 (g) + b(Iz)(9).

)
= dRz;(g9) + cRx_
h

We thus obtain, with grace and with homogeneity of 6, that

0(\z) = [af((Ra)+) + bO((Ra)-) + dO((Iz)4) + cf((1z)-)]
+ [-00((Rx)4) — ab((Rx)-) — cf((Iz)+) — dO((1z)-)]
+ [icO((Rx)4) +id0((Rx)-) + iab((Iz)4) + ib0((1z) )]
+[—idf((Rx)4) — icf((Rz) ) — ibf((1z) 1) — iab((Ix)-)]
= A0((Rz)4) — O((Rw)-) + ib((Ix)+) — i0((Iz)-)]

= M(2).

Iz

(
(

Let x,y € £°°(G). By decomposing z + y in positive functions in two different ways, we obtain

Rz +9))+ — Rz +y)- +il(z +y)y — Iz +y)-))
= ((Ra)y — (Ra)-) +i((Ir)4 — (Iz)-) + (Ry)+ — (Ry)-) + i((y)+ — (Ty)-).
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Hence by “removing minuses”

Rz +y))+ + Rr)- + (Ry)- +i[(I(z +y))+ + (1)~ + (Iy)-]
(Rz)y + (Ry)+ + Rz +y))- + i [z +y) - + (o)1 + (y)+].

By additivity of 6, we thus obtain

O(R(z +y))+) +0(Rx)-) +0((Ry)-) = O((R(z +y))-) +0((Rz)4) +0((Ry)+) and
0((I(z +y))+) +0((Ix)-) +0((Ty)-) = O((I(z +y))-) + 0((12)+) + 6((Ty)+)-
By these two equations, we obtain 6(x + y) = 6(x) + 6(y). Therefore 6 is an invariant mean
O

on (*(Q).
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APPENDIX D

Outside theorems

Here we list some of the theorems used in the thesis for which proofs are not provided; for
most of the theorems, a reference to a proof from literature used in the thesis is given, and
Google Books should be the best of friends for the missing proofs.

Theorem D.1. Let A be a Banach algebra with a bounded net (e,) such that (eya, ) — (a,y)
forallae A and p € A'. Then A has a bounded left approzimate identity.

Proof. Consult [1, Proposition 11.4]: replacing e,a with ae, in Theorem D.1 likewise yields a
bounded right approximate identity. ]

Theorem D.2 (Banach-Alaoglu’s theorem). Let X be a Banach space. The unit ball (X')1 of
the Banach dual X' is compact in the w* topology.

Theorem D.3 (Hahn-Banach’s theorem). Let B be a subspace of the Banach space X. If
© € B, there exists ® € X' such that ®(b) = p(b) for all z € B and | P| = ||¢].

Theorem D.4 (Stone-Weierstrass). Let X be a compact Hausdorff space. If % is a closed
subalgebra of C(X) that is self-adjoint (i.e. f € % implies that % contains the complex
conjugate f), contains the constant function 1 and separates the points of X (i.e. if x,y € X

and x # vy, then there exists a function f € % such that f(x) # f(y)), then % = C(X).
Proofs of theorems D.2, D.g and D.4. Consult |4, Propositions 1.23, 1.26 and 2.40]. O

Theorem D.5 (Goldstine’s theorem). Let X be a Banach space. The unit ball of X is w*-dense
in the unit ball of X", in the sense that {Z|x € (X)1} s w*-dense in (X");.

Proof. Omitted. O

Theorem D.6 (Markov-Kakutani fixed point theorem). Let K be a non-empty convex compact
subset of a Hausdorff topological space X. Let F be a set of commuting continuous affine maps
f: K — K. Then there ezists a point in K which is fized by all elements of F.

Proof. Consult |2, Theorem C.1.1]. O

Theorem D.7 (the Urysohn lemma). Let X be a normal space; let A and B be disjoint closed
subsets of X. Let [a,b] be a closed real interval. There exists a continuous map f : X — [a, b

such that f(x) =a for allx € A and f(x) =0 for all x € B.
Proof. Consult |9, Theorem 33.1]. O

We use in the thesis that compact Hausdorff spaces are normal; this is proved in [g, Theorem
32.3].
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