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Recall for C*-algebras A and B that we have defined a C*-seminorm ||z||,, = sup{||7oew(x)|| |
peSA), pyeSB)}forallz e AGB.

Proposition 1.45. The C*-seminorm || - || is a cross-norm, and all linear functionals in A* © B*
are bounded with respect to || - ||«

Before beginning the proof, we first consider the unique linear map A: A® B — B(A*, B) defined
by A(a ® b)(¢) = ¢(a)b. The map x — A(z) is an injection, since by choosing z = >, a; ® b; with
linearly independent b; one finds that A(z) = 0 implies ¢(a;) = 0 for all ¢ € A* and 4, meaning that
x = 0. Now define a norm

A(z) = [|A(z)]]-

Then for z = )", a; ® b; we have

Z

A(z) = sup{[[A(2)(@)[| | ¢ € (AT)1} = {| 190€(A*)1}

—sup{ng a; )y cp € (A, Ye(B) }

=sup{|(p @ ¥)(x)|: ¢ € (A")1, ¥ € (B)1}.

For the same reason that the projective tensor norm is a cross-norm (Proposition 1.37), A is a
Cross-norm.

Proof of Proposition 1.45. Let f € A* = (A**), and g € B* of norm 1. Then by Proposition 2.45
there is a partial isometry U € A** and a state F' € A* such that f(a) = F(aU) for all a € A. By
Kaplansky’s density theorem, we may let (u,) be a net in (A); such that u, — U ultraweakly. Then

F(auy) — f(a)

for all @ € A. Similarly, we find a net (vg) in (B); and a state G € B* such that G(bvg) —
g(b) for all b € B. Now for all z = > ;a; ®b; in A® B and ¢ > 0, let ap and [y such that
| f(ai)g(bi) — F(aua,)G(bivg,)| < & for all i. We have

Zf a;)g(b;)| < ZF(aano)G(bi’Uﬁo) +e

< sup{|(F®G)(at(a® b))l la € (A, be (B)r, ¢ €S(A), ¥ € S(B)}
< sup{[lz(a®@b)|lx [ a € (A)1, b€ (B}
< s

I(f ®g)(x

Since f € A* and g € B* were arbitrary, we have A(z) < ||z|,. Since C*-seminorms are sub-

-cross-norms and A is a cross-norm, || - ||, is a cross-norm. Moreover, any linear functional of the form
f®gfor f e A* and g € B* is evidently bounded with respect to A\, and therefore bounded with
respect to || - ||, as well. O

We next prove the following result:

Theorem 1.50. For C*-algebras A and B, let Ay resp. By be the C*-algebras obtained from A resp.
B by adjoining an identity if it is non-unital. Then there is a one-to-one correspondence between
C*-norms on A® B and C*-norms on Ay ® B.



In the following, let A, B, A; and B; be as above.

Lemma 1. Let ¢: A® B — C be an algebraically positive linear functional. Then ¢ = ||¢|lagt for
an algebraic state : A© B — C, and if A and B are unital, then p(1 ® 1) = ||¢||alg-

Proof. We may assume that ¢ # 0. Notice that the linear functional ¢;: a — ¢(a®b) is bounded for
fixed b € B. Indeed, for b € B,, the map ¢y is positive, hence bounded, and since B = spanB,, the
claim follows. Define bounded linear functionals ©,: b — ¢(a ® b) for a € A as well. The collection
of maps {pp | ||b|| < 1} satisty |pp(a)] = [¢a(b)| < ||¥a|| for all a € A, so the Uniform Boundedness
Principle yields K > 0 such that

lllaig = sup  [p(a®@Db)| = sup [[¢p] < oo.
a€(A)1,be(B)1 be(B)1
Hence ¢ = ||g0||;1;<p is an algebraic state. The second assertion follows from Proposition 1.39. O

Lemma 2. Let p: A© B — C be an algebraically positive linear functional. Then ¢ has a unique
extension to an algebraically positive linear functional $: Ay © By — C such that ||¢|ag = ||¢]|ag-
Moreover, for bounded approzimate identities (ey) resp. (fs) of A resp. B, we have $(1 ® b) =
lim, ¢(eq ® b) for allb € By and ¢(a® 1) = limg $p(a ® f3) for all a € Ay, as well as

P(191) = limplea © )

Proof. We may assume that ||o|laz = 1. Let m: A ® B — B(H) be the non-degenerate GNS
representation of ¢, and let m: A — B(H) and my: B — B(H) be commuting representations
such that m(a ® b) = mi(a)m2(b) for all a € A and b € B [Brown-Ozawa, Theorem 3.2.6]. No-
tice that these are uniquely determined. Indeed, for (e,) and (fg) as above, then we must have
1g = lim, m1(eq) = limg m2(fg) in the strong operator topology by m being non-degenerate (so that
vectors of the form ), m(x; ® y;)§ span a dense subspace of H). Hence we have

mi(a) = liénﬂ(a ® fg), ma(b) = lién(ea ®b), a€A beb.

We may then extend 7; and 75 to unital representations #1: A; — B(H) and 72: By — B(H). As
these commute, we may define an extension & = 71y X a1 A1 ©B1 — B(H) of m, and ¢(z) = (7(x)E, &)
for z € A1 ® By where £ € H is the unit vector from the GNS representation of . Then ¢ is clearly
an algebraic state extending ¢. Moreover, for (e,) and (fg) as above we have m1(e,) = 1 = 71(1) in
the strong operator topology, so that

Plea @b) = (m1(ea)m2(b)E, &) — (M1 (1)72(b)E, &) = ¢(1©b)

for all b € B;. Similarly, one sees that ¢(a ® fz) = ¢(a® 1) for all a € A;.
If g: Ay © By = C extends ¢ and ||glaig = ||¢]|alg, let (vg) be a contractive approximate identity
of B. For all a € A, we have

9la®1) > gla®@vg) = pla@vp) = (T1(a)m2(vp)¢, ) = (T1(a)m2(1), &) = pla @ 1).

Hence p(a® 1) < gla®1). If some a’ € Ay with ||a'|| < 1 satisfies § :=g(a’ ® 1) — p(a® 1) > 0,
then for all @’ < a” with ||a”’|| <1 we have

[ellatg — @@’ ®@1) > g(a” ®1) — ¢(a” ®1) = g((a" —a) @ 1) = p((a” —a) @ 1) +6 > 4.
Letting b, =1 — (1 —a) for n > 1, then b, > a’ and ||b,|| < 1, so that
”‘P”alg = 7}520 @(bn) < HQPHalg — 4,

a contradiction. Therefore g(a ® 1) = ¢(a ® 1) for all a € A and hence for all @ € A. Similarly one
sees that g(1®0) = ¢(1® ) for all b € B. As glaes = ¢|aop by assumption, one concludes that

g=¢. O
From here onward, we let ¢ denote the unique extension of an algebraically positive linear func-

tional ¢: A ® B — C to an algebraically positive linear functional A; ©® By — C with the same
algebraic norm.



Lemma 3. Letx € A1 @ By. If ey =0 for ally € A B, then x = 0.

Proof. Let m1: A — B(H;) and mo: B — B(H3) be faithful non-degenerate representations; if A or
B is unital, let the corresponding representation be unital. Now m; and 7y extend to faithful unital
representations of 4, and Bi, the tensor product representation 7 = 71 @ mo: A1 ©B1 — B(H1 ® Hj)
is unital and faithful (Corollary 1.22), and 7|45 is non-degenerate. As xy = 0 for all y € A® B
implies 7(z)w(y)n = 0 for all y € A® B, we have n(x)¢ = 0 for all £ € H; ® Hy by 7| aop being
non-degenerate, so x = 0. U

Lemma 4. Let p be a C*-norm on A®B. ThenT = {¢ € S(A10B81) | ¢ € S,(A®B)} is a separating
subset of S(A1 ® By), and thus defines a C*-norm p = pr on Ay ® By. Moreover, p|acs = p-

Proof. For x € A; ® By, pr(z) = 0 implies
76 (a*2)|| = llmg ()] < pr(z)* =0

and ¢(y*a*zy) = ||me(z*)||||7s(y)Es > = 0 for all ¢ € S,(A® B) and y € A; ® By. In particular,
p(y*z*zy) =0for all p € S(A®B) and y € A® B, so p(ry) =0 and 2y =0 for all y € A® B by
Proposition 1.41. Since x = 0 by the preceding lemma, pr is separating and is therefore a C*-norm.
Moreover, I' is evidently convex.

Now for ¢ € S,(A® B) and y € Ay ® By, then as $(y*z*zy) < ||z]|*@(y*y) for all x € A; ® By,
we may assume that ¢(y*y) > 0 if we are to prove that the conditions of Lemma 1.42 hold. Defining
P(z) = ¢y*y) Lp(y*ry) for x € A ©® B, then 1 is an algebraic state on A ® B. Since ¢/'(z) =
S(y*y) " rp(y*ry), v € Ay © By defines an algebraic state on A; © By extending ¢, we see that Y =1
by uniqueness, and hence @(y*zy) = $(y*y)ih(z) for all z € A, © By. To see that ¢) € I, simply note
that ¢ is bounded with respect to p by assumption, so that ¢ is bounded with respect to p as well,
ie., ¢ € Sp,(A® B). Moreover, we see that

pr(z) = sup{p(z*z)'/? : ¢ € S,(A© B)}
for all x € A; ® By, which completes the proof. O

For any positive linear functional o: A — C, let 6 = o if A is unital, and let 6(a+al) = p(a)+a||p]]
if A is non-unital. Then & is the unique positive linear functional on A; extending o and having
the same norm as A [Master’s thesis, Corollary 1.5.5]. Moreover, if A is non-unital, define a state
ia: A1 > Cbyig(a+al)=afora e Aand aeC.

Proof of Theorem 1.50. We are done once we prove that any C*-norm p on 4; ® B; satisfies p = py,
where po = plaes.

With this notation, then let ¢ € S,(A; ©® B1) and ¢ = | 405. Suppose that B is non-unital.
As in the proof of Lemma 2 we have $(a ® 1) < ¢¥(a ® 1) for all a € A,. Define the positive linear
functional p: A — C by

pla) =v(a®1) — pla®1),
andlet p=p®ig: Ay © By — C.

Let (eq) be a bounded approximate identity for A (letting e, = 1 if A is unital). For ' = b+ 51 €

By positive, then by Proposition 0.3, we find that

(@+p)(1@V) =lim@(ea @)+ p(1)8
= lim(¢(ea ©b) + fP(ea © 1) + Hp(ea))
= lim( (ea ®b) + Prh(eq ® 1))
= lim ¢(ea ® V) <y(1eb).

We may then define a positive linear functional oy: By — C by 01(b) = ¢(1®b) — (¢ + p)(1 ® b) for
b€ By. If Ais unital, let = 0; if not, let 4 = i4 ® o1. We then claim that

Y=9+p+p

Note first that ig|s = 0, so that we always have p|4,08 = 0. If A is unital, let a € A, b € B and
B € C, and note that

@+ ) (a® (b+B1)) = p(a@b) + B@(a® 1) + p(a)) = (a® (b+ BL).



If A is non-unital, then for «’ = a + al € A; and b’ = b+ 1 € By we have

@(a"@b') + Bp(a’
¢(a' @)+ Bp(d’
¢la@b') + B(pla
Pla@b) + Bp(a
Y(a a
U

® 1) +aoi (V')

@1 +ap(l@b) —ap(l®b) —ap(le )
) +allpl]) + av(1 @) — pllas
® 1)+ Bp(a) + ey (1@ b')
@1)+ap(1®1)

(@+p+p)(db)

®b) + Bi(
a@b).

With T' as in the preceding lemma, then ¢ is continuous with respect to (po)r = pp. For any
positive linear functional §: A — C, then the linear functional : A; — C is continuous. Therefore
d®ip is bounded with respect to ||-||., due to Proposition 1.45. Since ||-||, is the minimal C*-norm, it
follows that the previously defined algebraically positive linear functional p: A; ® By — C is bounded
with respect to py. In a similar manner one sees that u is also bounded with respect to py. Taken all
together, it follows from our above considerations that ¢ = ¢ + p + p is bounded with respect to pg
as well, so that

Sp(A1 © By) C Sy, (A1 © Br).

By Proposition 1.41, we have p < po. (If B happens to be unital, the proof is completely analoguous.)

Conversely, if ¢ € Sp, (A © B), let us assume that both A and B are non-unital. For a € A, b€ B
and 7,6 € C, let (e,) and (fs) be bounded approximate identities for A resp. B. Now for a’ = a+~1
and b' = b+ 41, then (o' @ V')(eq ® f3) € A® B and

o(a @) =lim(pla®@b+veq ®b+a®dfs +ydeq @ fz) = lirg o((a' @) (ea ® f)).

a,f

This also holds if at least one of A and B is unital (in which case we replace the associated approximate
identity by the identity element). For x € A; @ By such that p(z) < 1, this means that @(z*z) =
limg g @(z*2(ea ® f5)), but we also have

(@ a(ea ® £3))] < pola*(ca ® f)) = ple*(cq ® f3)) < pla*a) < 1.
Hence ¢(z*z) < 1. As found in the preceding lemma, we now have
po(x) = sup{p(z"z)'/ 1 p € S (A B)} < 1,

so that py < p. This ends the proof. O



