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Abstract

A locally compact group G is said to be C*-simple (resp. has the unique trace property) if its
reduced group C*-algebra C;(G) is simple (resp. has a unique tracial state). After Powers’ 1975
article containing a proof that the non-abelian free group of rank two was C*-simple with unique
trace (acting on a suggestion by Kadison), de la Harpe realized, among others, that part of Powers’
proof could be applied to a variety of different groups to yield a large class of groups with the very
same traits. In this thesis we will look into what effects C*-simplicity or uniqueness of trace has on
(mainly) discrete groups, the most intriguing being that the only normal, amenable subgroup is the
trivial subgroup. It is still an open question whether any converse holds in general. We will also
give several sufficient criteria for a discrete group to be C*-simple with unique trace, by considering
classes of groups with certain combinatorial properties, the first of which will be the class of Powers
groups originally coined by de la Harpe in 1985. Since then, authors such as Boca, Nitica and
Promislow have relaxed the defining property of a Powers group, resulting in new properties that
retain C*-simplicity and unique trace, and we consider the advantages of working with these weaker
variants. Moreover, we provide an extensive overview of the ultraweak Powers groups of Bédos
and their connection to reduced twisted crossed products, and we also establish some of the known
permanence properties of C*-simplicity and uniqueness of trace. Finally, we prove for n > 2 that
subgroups of the projective special linear group PSL(n,R) containing PSL(n,Z) are C*-simple
with unique trace.

Resumé

En lokalkompakt gruppe G siges at veere C*-simpel (hhv. have entydigt spor) hvis dens reducerede
gruppe-C*-algebra C; (G) er simpel (hhv. har entydigt spor). Efter Powers’ artikel fra 1975, hvori
han viste at den frie gruppe af rang 2 var C*-simpel og havde entydigt spor (ud fra et forslag fra
Kadison), opdagede de la Harpe, blandt andre, at dele af Powers’ bevis kunne anvendes pa mange
andre grupper til at konkludere C*-simplicitet og entydighed af spor for disse. I dette speciale
undersgger vi konsekvenserne af C*-simplicitet og entydighed af spor pa (hovedsageligt) diskrete
grupper. En af de mest interessante af disse er, at den eneste normale, amenable undergruppe af en
gruppe, der enten er C*-simpel eller har entydigt spor, er den trivielle undergruppe. Det er stadig et
ulgst problem hvorvidt dette geelder den anden vej generelt. Vi giver ogsa forskellige tilstraekkelige
betingelser for at en diskret gruppe er C*-simpel med entydigt spor, af hvilke hovedparten opnas
ved at kigge pa klasser af grupper med specielle kombinatoriske egenskaber. Den fgrste af disse,
der gennemgas, er den af de sdkaldte Powers-grupper, oprindeligt defineret af de la Harpe i 1985.
Siden da har andre, heriblandt Boca, Niticd og Promislow, taget de egenskaber, der er essentielle
for at bibeholde C*-simplicitet og entydighed af spor, for Powers-grupper ud for derpé at definere
nye tilsvarende begreber, og vi undersgger fordelene ved at arbejde med disse varianter. Endvidere
diskuterer vi ultrasvage Powers-grupper (defineret af Bédos) og deres forbindelse til reducerede
krydsprodukter, og vi redeggr ogsa for visse stabilitetsegenskaber for C*-simplicitet og entydighed
af spor. Specialet rundes af med et bevis for, at der for n > 2 geelder, at undergrupper af den
projektive specielle linezre gruppe PSL(n, R) som indeholder PSL(n, Z) er C*-simple med entydigt
spor.
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PROLOGUE

This thesis revolves around the topics of C*-simplicity and the unique trace property, two properties
of groups grounded in the theory of C*-algebras that have steadily gained attention over the last
four decades. If G is a locally compact group, we say that G is C*-simple whenever its reduced
group C*-algebra C(G) is a simple C*-algebra, and that G has the unique trace property whenever
C}(G) has a unique trace (i.e., tracial state). Since Powers proved that the non-abelian group on two
generators satisfied both of these properties, a heap of other discrete groups have been shown to have
these properties, with proofs of varying complexity but always grounded in the proof of Powers.

Seeing as the reduced group C*-algebra of a discrete group is a much more manageable object than
that of a non-discrete group, it is no surprise that all known C*-simple groups are considered with the
discrete topology. It does however call attention to the following question:

Question 1. Does there exist a non-discrete locally compact group that is either C*-simple or has the
unique trace property?

Even if one agrees to consider only discrete groups, there are still a number of questions that have not
been answered. One of the most immediately gripping arises from the fact that so far, any discrete
group that is C*-simple has also been shown to have the unique trace property. It is therefore natural
to ask the following.

Question 2. Does there exist a discrete group that is C*-simple but does not have the unique trace
property, or vice versa?

The study of C*-simplicity and the unique trace property has of course also brought to light some
interesting traits of groups with these properties. One of the most illuminating (if we are allowed to
extend the metaphor) is the fact that all C*-simple groups with unique trace have trivial amenable
radical, i.e., the largest, normal, amenable subgroup is the subgroup containing only the identity
element. Recently, it has been proved by Poznansky in [59] that if T' is a countable, linear group, then
the following three properties are equivalent:

(i) T is C*-simple.
(ii) I has the unique trace property.
(iii) T has trivial amenable radical.

However, as of now the following question is still unanswered:

Question 3. Does there exist a (countable) discrete group with trivial amenable radical that is not
C*-simple or does not have the unique trace property?

This thesis does not attempt to answer any of the above three questions. Instead, we wish to give a
general overview of the terrain, so to speak, by giving proofs of the most essential results related to the
two main topics and provide interesting enough examples to motivate further investigation, mainly by
means of combinatorial considerations, but also by using hyperbolic and algebraic geometry as a tool
in our research. Our approach is inspired by two papers of de la Harpe (|32] and [31]), but we will also
consider results by Boca and Niticd ([12]), Bédos ([5], [6], [7]) and Popa (|57]) in this regard.

Let us now give a short runthrough of what this thesis covers. Chapter 1 functions as an introduction
to the reduced group C*-algebra of a locally compact group and to the two central topics of this thesis,
namely C*-simplicity and uniqueness of trace. The main objective of the chapter is to prove that any
C*-simple locally compact group contains no non-trivial amenable, closed, normal subgroups, greatly
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affecting the possible traits of such groups. Along the way, we provide an alternate characterization of
C*-simplicity, expressed by means of weak containment of unitary representations. Finally, we provide
some motivation for turning to discrete groups in order to obtain the greatest degree of positive results
on both C*-simplicity and uniqueness of trace.

In Chapter 2, we investigate the Dixmier property for unital C*-algebras. The property itself was
originally applied by Dixmier to von Neumann algebras to give a description of their ideals, and it
is central to our studies because the reduced group C*-algebra of a discrete group is simple and has
unique trace if and only if it satisfies the Dixmier property; we give a proof for unital C*-algebras in
general. Seeing as the proof requires a bit of knowledge of finite, properly infinite and full projections
in C*-algebras, we have included an appendix in which we prove the most important facts about these.

Chapter 3 first and foremost concerns the class of Powers groups, yielding the first examples in the
thesis of discrete groups with simple reduced group C*-algebras with unique trace. We give a few
easy examples and discuss permanence properties of Powers groups, before turning to the chief tool for
finding Powers groups: examining group actions on Hausdorff spaces. We then give an introduction
to the group PSL(2,R) of Méobius transformations on the extended upper half plane H and prove that
all non-elementary subgroups of PSL(2,R) are in fact Powers groups. Finally, we discuss how to relax
the Powers property in order to obtain nicer permanence properties and retain both C*-simplicity and
unique trace, resulting in the notions of weak Powers groups and PH groups.

Chapter 4 provides an exposition of reduced twisted crossed products of C*-algebras by discrete groups.
The motivation for this is to look into ultraweak Powers groups, i.e., groups that contain a normal
weak Powers subgroup with trivial centralizer. A central structure theorem for twisted crossed products
gives us a means to show that ultraweak Powers groups are in fact also C*-simple. We then discuss
how ultraweak Powers groups can provide a lot of pretty permanence properties for C*-simplicity in
general. For the question of whether unique trace is preserved under the same circumstances, we turn
to a von Neumann algebra variant of reduced twisted crossed products, namely regular extensions, for
which we prove a lot of essential structure theorems. The final section of the chapter is devoted to
showing that uniqueness of trace indeed has the same permanence properties as C*-simplicity as found
earlier.

Chapter 5 is an intermezzo of sorts, giving us the opportunity to investigate permanence properties
of C*-simplicity and uniqueness of trace in general. We consider direct products and inductive limits,
before turning to finite index subgroups. Here we provide a gentle entrance to the study of indices of
subfactors, our approach based on the work of Jones, Pimsner and Popa, and the notion of a subfactor
having finite index turns out to be instrumental in proving that both C*-simplicity and uniqueness of
trace are preserved by passing to subgroups of finite index.

Finally, Chapter 6 is devoted to the topic of projective special linear groups and a proof of the fact that
all subgroups of PSL(n,R) containing PSL(n,Z) are in fact C*-simple with unique trace. To realize
this, we first give an introduction to these groups and their action on the real projective space P"~1(R).
We then give a quick runthrough of the basic and not-so-basic facts about the Zariski topology, as the
proof uses the properties of this particular topology to great effect. The main result of this section is
due to Bekka, Cowling and de la Harpe from 1994 (see [§]). Finally, we wind up the thesis by using
the techniques of this chapter to prove that certain subgroups of PSL(2,C) are in fact Powers groups.

Of course, as the reader may by now have gathered, there are important results aplenty related to the
two chief topics that we have not included in this text. In particular there is a heap of examples of
C*-simple groups with unique trace that go entirely unmentioned. The reason is twofold: first, timely
constraints are what they are, and second, most of these results require too far a deviation from the
central objects of study in order for us to fully explain them. It is our hope that the reader is incited
just a little bit to delve further into these topics.
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PREREQUISITES

The purpose of this unnumbered chapter is to briefly introduce the chief objects of study in the thesis.
In order for the next six chapters to make sense, this is also the place where we put notation for
these objects, along with an introduction to the properties that are the most relevant (for the thesis,
at least). There will be no proofs; instead references will be given to literature where proofs for the
non-well-known results can be found. Most of the concepts covered here are also described in greater
detail in the chapter of prerequisites in [15].

For a set X and a subset S C X, we define the characteristic function 1g: X — {0,1} by

1 ifzesS
1“@—{0 ifrgs,

If X is a normed space and r > 0, the ball with radius » > 0 centered at 0 is denoted by
(X)r ={z e X[[lz] <7}
Groups. If T is a group, the identity element of I' will always be denoted by 1.

> If all conjugacy classes bar {1} in a group I' are infinite sets, we say that I' is icc (short for
infinite conjugacy classes).

> The centralizer of a subset S C I is the set of all elements x € T" that commute with all elements
of S, i.e., x € T" such that zs = sz for all s € S. The center of I' is the centralizer of I" in I

Hilbert spaces. All Hilbert spaces in this thesis are usually denoted by H or &, and the inner product
on a Hilbert space H of two elements &, 1 € H is denoted by (£, 1) or just (£,n) if the Hilbert space
is clear from the context. The C*-algebra of all bounded linear operators on the Hilbert space H is
denoted by B(H). If ' is a group, we will often want to consider the Hilbert space £2(T") of all maps
&: T — C such that > - [£(s)|? < oo.

> For all s € T, we define the Dirac point mass (or Dirac measure) ds: I' — C by
1 ift=s
&®{01H¢&
and one can show that the family (Js)ser constitutes an orthonormal basis of ¢2(I"). Hence all

elements in ¢?(T') are of the form > _ 2,05 where (24)ser is a family of complex numbers such

sel’
that Y op [2s]* < oo,

> If D CT is any subset, the closed subspace M C ¢?(T') consisting of all functions ¢ € ¢?(I") such
that £(s) = 0 for s ¢ D will be denoted by ¢?(D), so that we identify the Hilbert space ¢?(D)
with a closed subspace of ¢?(T"). The orthogonal complement of ¢2(D) in ¢*(T') is of course the
closed subspace /2(T'\ D).

C*-algebras. The C*-algebras in this thesis are usually named A or B. We will often work with
unital C*-algebras, i.e., C*-algebras with a multiplicative identity. If A is a unital C*-algebra, the
multiplicative identity will always be denoted by 1 4, or just 1 if there is no danger of misunderstanding.

> All ideals of C*-algebras are assumed to be two-sided, unless otherwise stated. If A is a
C*-algebra, we say that A is simple if the only closed ideals of A are {0} and A itself.

iv
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> The spectrum o 4(a) of an element a € A is the set of all A € C such that A1 4 —a is not invertible
(i.e., does not have a multiplicative inverse) in A. We will write o(a) instead of o4(a) if the
C*-algebra is clear from the context.

> Let A be a unital C*-algebra. An element a € A is said to be

» self-adjoint if a = a*, and the set of all self-adjoint elements of A is denoted by As,.

»+ positive if there exists © € A such that a = x*z, and the cone of all positive elements of A
is denoted by A..

B+ a projection if a> = a = a*, and the set of projections of A is denoted by P(A).

B+ ynitary if a*a = aa* = 14, and the group of unitary elements of A is denoted by U(.A).

> Ifa,b € Asy and b — a € A, we will write a < b. The relation < on Ay, defined in this manner
is a partial ordering.

> A *-homomorphism of a Banach *-algebra into a C*-algebra is always contractive [6g}, Proposition
Ls.2].

> Let A and B be C*-algebras. Then a map ¢: A — B is said to be positive if o(A;) C By. A
bounded linear functional ¢ € A* is therefore positive if it maps positive elements to positive
numbers.

»» A positive bounded linear functional ¢ € A* is called a state if ||¢|| = 1, and the space
of states on A is denoted by S(A). If A is unital, then ¢ € A* is a state if and only if
¢(1a) = llell = 1 |72, Theorem 13.5].

» If p, 9 € A* and ¢ — @ is positive, we say that ¢ majorizes ¢ and write ¢ < 9.

»+ A positive linear functional ¢ € A* is said to be faithful if p(a*a) > 0 for all non-zero a € A.

»+ If A is a C*-algebra and ¢ € A*, then ¢ is called a trace (or a tracial state) if it is positive,
lell = 1 and p(ab) = ¢(ba) for all a,b € A.

> Let A be a Banach *-algebra and let H be a Hilbert space. A *-homomorphism 7: A — B(H) is
called a representation of A on H. Letting .# = w(A), then if the closed subspace of H generated
by all vectors of the form x€ for x € # and £ € H equals H itself, we say that m and .# are
both non-degenerate. Moreover, if £ € H and

» H is the closure of the subspace .Z¢, then £ is said to be cyclic for
» & = 0 implies © = 0 for all a € #, then £ is said to be separating for A ;
»r if (xy€, &) = (yx&, &) for all z,y € A, £ is called a trace vector for A .

> For any positive linear functional ¢ on a C*-algebra A there exists a Hilbert space H,,, a repre-
sentation m: A — B(H,) and a unit vector {, € H such that ¢, is cyclic for 7(A) (that is, the
closed subspace generated by m(A)&, is H) and

o) = (e (2)80, &p), T €A

The triple (7, Hy, &) is called the GNS triple (or the GNS representation) for ¢ — it is one of
those constructions where the proof that it holds is just as important as the construction itself.
It is well-known that any C*-algebra has a faithful (i.e., injective) representation on some Hilbert
space, and it is typically proved by means of the GNS representation [15, p. x].

> If Ais a C*-algebra and p, g € P(A), we say that p and ¢ are (Murray-von Neumann) equivalent
and write p ~ ¢ if there exists v € A such that p = vv* and ¢ = v*v. We say that p and ¢
are subequivalent and write p 3 ¢ if there exists a projection ¢o € P(A) such that p ~ gy < q.
Finally, p,q € P(A) are orthogonal if pg = 0.

> A projection p in a C*-algebra A is said to be

»+ finite if it holds for all ¢ € P(A) that ¢ ~ p and ¢ < p imply ¢ = p.

» properly infinite if there exist mutually orthogonal projections e and f such that e ~ f ~ p,
e<pand f <p.

»+ abelian if the *-algebra pAp is commutative.
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A unital C*-algebra A is itself said to be finite (resp. properly infinite) if the identity 14 is a
finite (resp. properly infinite) projection.

Von Neumann algebras. If H is a Hilbert space, a von Neumann algebra is a *-subalgebra .4
of B(H) that is closed in the strong operator topology and contains the identity map 13 : H — H.
All von Neumann algebras will usually be denoted by .# or .4, and the identity element of a von
Neumann algebra .# C B(#H) will either be denoted by 1_4 or 13, depending on the perspective.

> The commutant .7’ of any subset ./ C B(H) is the *-subalgebra of B(H) of elements commuting
with all elements of .. If . is a self-adjoint subset, .’ is a von Neumann algebra. If .# C B(H)
is a von Neumann algebra and .#N.#" = C1_,4, then .# is said to be a factor. The von Neumann
algebra Z(A) = M N.A' is called the center of .#, and projections in Z(.#) are called central
projections.

> The predual #, of a von Neumann algebra .# is the Banach space of all normal, i.e., ultraweakly
continuous, linear functionals on .Z. It is a well-known result that .# itself is isomorphic as a
Banach space to the dual space (., )*.

> Any isomorphism of von Neumann algebras is automatically normal, i.e., ultraweakly-to-ultra-
weakly continuous [15, Proposition 2.49].

> Any C*-algebra A has an enveloping von Neumann algebra A**, often called the bidual since it is
identifiable with the double dual space of A, in a way such that the canonical injection of A into
the double dual space A** becomes an injective *~-homomorphism. It has the property that any
non-degenerate representation 7: A — B(H) extends to a surjective normal *-homomorphism
A** — 7w(A)" (if we consider A as a subalgebra of A**). Any bounded linear map ¢: A — B
of C*-algebras extends to a normal linear map ¢**: A** — B** with ||[¢**|| = |¢||, and if ¢
is positive (resp. a *-homomorphism), then ¢** is also positive (resp. a *-homomorphism) [15,
Proposition 3.13].

> If # is a von Neumann algebra, the central support c(x) of an element x € .# is the smallest
central projection p in .# such that the range of z in H is contained in the range of p, and it
satisfies ¢(z)z = zc(x) = . For more information on central supports, consult |15, Section 2.3].

> A von Neumann algebra .# with identity element 1 is said to be of

»+ type I if it contains an abelian projection with central support 1, and more specifically of
type I, if 1 is the sum of n equivalent abelian projections where n € N U {co};

#»+ type 11 if it contains no non-zero abelian projections but does contain a finite projection
with central support 1 — we say that .# is of type 11y if 1 is finite and of type 11, if 1 is
properly infinite;

»+ type III if it contains no non-zero finite projections.

In general, a von Neumann algebra .# need not be one of the above types, but it can always be
decomposed into a direct sum

M= M D M, B A, D A

where ; is either a type i von Neumann algebra or {0} for ¢ € {I,1I;,I1,IIT}. A factor is
always of ezactly one of the these four types. A type I factor is even isomorphic to B(H) for
some Hilbert space H, so a finite factor .Z is always either of type I,, for n < oo or type II;.
Moreover, and this is absolutely essential knowledge, a finite factor .# always has a unique trace
7: M — C that is also faithful and normal. For proofs and more results of the same calibre, we
refer to [70].



CHAPTER 1

C*-SIMPLICITY OF LOCALLY COMPACT GROUPS

In this first chapter, we will mainly focus on the topic of locally compact groups and results on
simplicity and uniqueness of trace of their reduced group C*-algebras. This gives us an opportunity to
construct the reduced group C*-algebras from scratch, which we will take, as it gives us a great means
to completely understand the conditions that simplicity imposes on them.

Throughout this next long overview, G will always denote a locally compact group, i.e., a topological
group whose topology makes it into a locally compact Hausdorff space.

1.1 Recalling L}(G)

Recall that if X is a locally compact Hausdorff space, then a Radon measure 1 on X is a Borel measure
satisfying the following properties:

(i) p(K) < oo for all compact K C X.
(ii) For all Borel sets E, u(E) = inf{u(U) |U open, E C U} (outer regularity).
(iii) For all open sets U, pu(U) = sup{p(K) | K compact, K C U} (inner regularity).

Definition 1.1.1. A measure p on a locally compact group G is said to be left invariant resp. right
inwvariant if it holds that

W(sE) = u(E) vesp. u(Es) = p(E)
for all Borel sets E C G and s € G. A left (right) Haar measure on G is a non-zero left (right) invariant
Radon measure on G.

The following theorem is well-known:

Theorem 1.1.2 (Haar measure). Any locally compact group G has a left Haar measure p. Moreover,
W is unique in the sense that if v is another left Haar measure on G, then there exists ¢ > 0 such that
V= cp.

It holds that yu is a left Haar measure on G if and only if the measure
W(E)=pE™Y), EC G Borel, (1.1.1)

is a right Haar measure. Hence from the above theorem it follows that any locally compact group also
possesses a right Haar measure, unique up to a scalar.

If 1 is a left Haar measure on G, then for all s € G we can define a measure pu; on G by ps(E) = u(Es)
for all Borel sets E. This is a left Haar measure in itself, so by uniqueness of Haar measure there exists
A(s) > 0 such that ps = A(s)p. The map A: G — Ry arising from this consideration is called the
modular function of G. Important facts about the modular function include that it is independent of the
choice of left Haar measure, that it is a continuous group homomorphism of G into the multiplicative
group R+, and that

dji(s) = A(s™) du(s),
where [ is defined as in .

Unless otherwise mentioned we will always let 1 denote a fixed left Haar measure on G and let A be
the modular function of G. For any function f: G — C and s € G, we define functions s.f, f.s: G — C
by

(s.1)(t) = f(s7t),  (f-9)(t) = f(ts), teq.



2 CHAPTER 1. C*-SIMPLICITY OF LOCALLY COMPACT GROUPS

We will also make use of the function f: G — C given by f(z) = f(z—1).

For 1 < p < oo, we consider the Banach spaces LP(G) of Borel-measurable functions on G that are
p-integrable with respect to p (identified modulo null sets), equipped with the usual norm:

i1 = (| If(t)Ipdu(t))l/p.

For measurable functions f,g: G — C, we define the convolution
(F+9)(s) = [ 10919 du(t)

for all s € G such that the integral is well-defined. If f € L'(G) and g € LP(G), then the integral is
well-defined for almost every s € G, and f * g € LP(G) with ||f % g||, < ||fll1]lg]l,- Note that this also
applies for p = co. Hence the convolution defines a product on L'(G) satisfying ||f * gll1 < || f]l1llgllx
for all f,g € L*(G). Moreover, if f € LP(G) and a function g € L'(G) has compact support, then
(f * g)(s) is also well-defined for almost all s € G and f * g € LP(G). Finally, it is easy to see that

s.(fxg)=(s.f)xg, se€G, f,gec L' Q).
By defining
F(s)=F(&)A™), fell(@), sed,

one can check that f* € L'(G) for all f € L'(G) and that f ~ f* is an isometric involution on L!(G),
making it a Banach *-algebra. We call L!(G) the group algebra of G.

Before going on to establish important results about L!(G), we will first discuss some important
properties of the function spaces LP(G), basically following from being able to work with the Haar
measure.

Lemma 1.1.3. If U,V C G are neighbourhoods of 1, then UV is a neighbourhood of all s € U and all
teV.

Proof. For any s €¢ U and t € V, sV C UV resp. Ut C UV are neighbourhoods of s resp. t. O
Proposition 1.1.4. Any locally compact group G has an open and closed o-compact subgroup.

Proof. Let V be a compact neighbourhood of 1 and define U = V NV ~!. If we now define compact
subsets

—

n times

for all n > 1 and let H = |J°_, U, then H is clearly a o-compact subgroup. Moreover, H is open,

n=1
since Upy1 = U,U is a neighbourhood of all s € U, by the above lemma. As the complement
G\ H = Uzng xH is also open, H is closed as well. O

Let H be the open, closed and o-compact subgroup of G arising from Proposition and choose
a left transversal T for H in G, i.e. a subset T'C G such that G = {J,cptH and t; H = to H implies
t1 =ty for all t1,t € T (this is made possible by the axiom of choice). Then we have the following
interesting result:

Proposition 1.1.5. Let E C G be a Borel set. Let I = {t € T|ENtH #0}. Then E CJ,c,;tH. If
I is countable, then pu(E) =, ., p(ENtH). If I is uncountable, then u(E) = oc.

Proof. 1f I is countable, then since the sets tH are disjoint for all t € I, then pu(E) = >, ., u(ENtH)
by o-additivity of . If I is uncountable, note that by outer regularity we can assume that F is open.
Therefore, we have u(ENtH) > 0 for all ¢ € I and thus

I= U{te]‘u(EﬁtH)>1}.

n
n>1
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In particular there must exist some n > 1 such that A = {t € I|p(ENtH) > L} is uncountable and
hence infinite. Therefore, if N > 1, then by taking ¢1,...,ty € A we get

N

N
Z (ENt;H) > —
= n’
Since N was arbitrary, we have u(E) = oco. O

Corollary 1.1.6. If f € LP(G), then f vanishes outside a o-compact subset of G.

Proof. Define F,, = {s € G||f(s)[P > 1} for all n > 1 and note that

1
u(E) =n [ du<n [ 17 an < oc.

Hence there exists a countable subset I,, C T" such that F,, C J,c; tH by Proposition 5t Defining
I =J,>4 In, then f vanishes outside the o-compact subset |, tH of G. O

The above result has an important consequence regarding Fubini’s theorem. Normally we have to
take serious precautions, as Fubini’s theorem only applies to products of o-finite measure spaces.
Therefore we cannot know for sure whether we can reverse the order of integration in the double
integral [ [ f(s,t)du(s)du(t), where f: G x G — C is some Borel-measurable function. There is an
easy way to work around this, however. If f vanishes outside some o-compact subset E of G x GG, then
there exist o-compact subsets F1 and Fy of G such that E C E; x FEs. Therefore the measure spaces
(E1, 1) and (Eq, u) (where p is naturally restricted) are o-finite, and as the domains of integration of
the above integral can be changed to F5 and FE; respectively, Fubini’s theorem applies. Most of the
time we will indeed want to use Fubini’s theorem on functions (s,t) — f(s,¢) with this property. A
typical situation could be if
f(s,t) = g(s H)h(t), s,teq,

where g € LP(G) and h € L9(G) for numbers p,q > 1. In this case, Corollary yields o-compact
subsets A, B C G such that g vanishes outside A and h vanishes outside B, in which case f vanishes
outside the o-compact subset BA™! x B of G x G.

From here onward, we will use Fubini’s theorem by implicitly restricting to o-compact subsets. We
define the support of a function g: G — C to be the closed subset

suppg = {s € G|g(s) # 0} CG.

The space of all continuous functions G — C with compact support is denoted by C.(G), and it is
a *-subalgebra of L'(G) with respect to the *-algebra structure defined earlier. Moreover, it is easy
to show that if g: G — C is some function and A C G is a closed set, then g(G \ A) = {0} implies
suppg C A.

Lemma 1.1.7. If 1 <p < oo and f € LP(G), then ||s.f — fllp = 0 and ||f.s — f|l, = 0 for s — 1.
Proof. Let U be a fixed compact neighbourhood of 1, let f € LP(G) and let ¢ > 0. Note that
l[s-fllp = [If]lp and

[1ssipante = [1feramane = [1roPamAG)din = a1,

so that | f.s|, = A(s)~/?||f||, for all s € G. Since the function s — A(s)~!/P is continuous and U is
compact, there exists a K > 0 such that A(s)~"/? < K for all s € U, so that ||f.s||l, < K| f||, for all
s € U. By [26, Proposition 7.9], C.(G) is dense in LP(G), so there exists g € C.(G) such that

13
If—gllp < SR+

Defining
A = (suppg)U " UU(suppy),
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then A is compact, suppg C A and for all s € U we have supp (s.g) € A and supp (g.s) C A. Since g
is left and right uniformly continuous [26, Theorem 11.2], there is a neighbourhood V of 1 such that

€
max{[[s.9 — gllcc; [|9-5 = gllc } < W

for all s € V. Hence for all s € U NV, we have
Is-f = Fllp < lls-f = s.9llp + l1s-9 = gllp + lg = Fllp < 201 = gllp + 1(A)/P[l5.9 — glloe <&

and

1f-s = Fllp S NCf = 9)-sllp + llg-s = gllp + llg = Fllp < (K +DIf = gllp + 1(A) 7[5 = glle <&,
from which the wanted convergence follows. U

Proposition 1.1.8. Let U be a neighbourhood base of the unit in G, ordered by reverse inclusion. For
each U € U, let ey be a measurable function on G such that supp ey is compact and contained in U,
ev(s™') = ey(s) for all s € G, ey > 0 and [eydu = 1. Then (ey)veu is a net in LP(G) for all
1 <p< oo such that ||f*xey — fll, = 0 and |ley * f — f|l, = 0.

Proof. Note first that each ey belongs to LP(G) for all 1 < p < oo by Holder’s inequality, as

p—1
[ 1ewtdn < ewl" Il s = ( / Xdu> — p(supper)! < oo,

where x is the characteristic function for supp ey;. For all f € LP(G), then f x ey (s) is well-defined for
almost all s € G and

freu(s) - f(s) = / F(t)ew (ts) du(t) — £(5)
- / F(tew (s~ du(t) - / F(s)ew (t) dp(t)
- / (f(st) — £(5))ew (1) dpu(t).

Note that s — (f(st) — f(s))ey(t) belongs to LP(G) for all t € G and

J 12~ Devt@lpdn) = [ 15 Fluev®)du(®) < sup{lf = Fll| ¢ € suppen) < Klfl, < oo
for some K > 0. Hence it follows from Minkowski’s inequality for integrals [26, Theorem 6.19] that

1f*ev = fllp < sup{|[f-t = fllp [t € suppeu} < supf|[ft— fl,[t €U}

Since supp ey is compact, it follows that f x ey € LP(G) for all U € U. By Lemma there exists
a neighbourhood V of 1 such that || f.t — f||, < e for all t € V. Taking Uy € U such that Uy C V, then
for all U € U with U C Uy, we have ||f * ev — f||, < ¢, proving that || f x ey — f[|, — 0. A similar

argument applies to show that |ley * f — f||, = 0. O

The above proposition yields approximate identities aplenty, as long as we choose them according to
“the rules”. For instance, recall that a neighbourhood U of 1 is symmetric if U = U~!, and that all
neighbourhoods U of 1 contain the symmetric neighbourhood U N U~!. We can then let I/ be the
directed system of compact, symmetric neighbourhoods U of 1 and define

1

eu(s) = WlU.

It is also possible to choose continuous ey’s: indeed, letting U be the system of symmetric neighbour-
hoods of 1, then for all U € U the locally compact version of Urysohn’s lemma [26], Lemma 4.32] gives
us a function gy: G — [0,1] with gy = 1 on a compact neighbourhood Ky C U of 1 and gy = 0
outside a compact subset of U. Defining fi: G — [0, 00) by

fu(s)=gu(s)+gu(s™"), seq,
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then each fy is continuous with compact support and ||fy|l, > p(Ky)'/? > 0. By normalizing in
LP(G), we obtain a family with the wanted properties.

Before going any further, we need to get one problem out of the way: how L'(G) relates to L>=(G).
If we were only to work with locally compact groups G whose Haar measure makes the group into a
o-finite space, then it is a classic result of measure theory that the space L (G) of essentially bounded
measurable functions on G is in fact isomorphic to the dual space of L (G) by means of the isomorphism

fe@a/mw)ffmemv@. (1.1.2)

However, when the group is not o-finite, this is not necessarily true. We are therefore going to modify
the usual definition of L*°(G) in order to obtain this duality no matter which locally compact group
we consider; for further discussion, see [25, Section 2.3]. We will say that a subset E C G is

> locally Borel if EN F is Borel for all Borel sets F' with finite measure, and

> locally null if E'N F has measure zero for all Borel sets F' with finite measure.

We then say that a function f: G — C is locally measurable if the pre-image f~1(B) is locally Borel
for all Borel sets B C C. We now let L>°(G) denote the space of locally measurable functions G — C
that are bounded except on a locally null set, in which functions are identified if they differ only on a
locally null set. Defining a norm on L*°(G) by

I fllcoc = inf{c > 0| there exists N C G locally null such that |f(z)| < ¢ for all z € G\ N}

sure enough turns L>°(G) into a Banach space, and it is in fact isomorphic to the dual space of L' (G)
by means of the isomorphism described in . For a proof, the reader can consult the author’s
notes in [16]. Finally, note that if G is o-finite with respect to its Haar measure, then our new definition
of L*>(G) coincides with the original one.

1.2 Unitary representations of locally compact groups

We must now take one step further back, in order to reveal the secret behind the representations of
L'(G) on Hilbert spaces, bringing us closer to constructing C*-algebras related to L!(G). It requires
the following well-known notion:

Definition 1.2.1. Let G be a locally compact group and let H be a Hilbert space. If p: G — U(H) is
a strongly continuous group homomorphism, we say that (p, H) is a unitary representation of G. By
requiring p to be strongly continuous, we mean that the map s — p(s)¢ should be continuous for all
& € H. If (p/,H') is another unitary representation of G and there exists a unitary operator U: H — H’
such that Up(s) = p/(s)U for all s € G, we say that p and p’ are equivalent.

It is then utterly crucial that we consider these next two important examples of unitary representations:

Example 1.2.2. (i) f X =C and 1g: G — U(H) maps all elements of G to the identity map, then
1¢ is a unitary representation of G on C, called the trivial representation.

(ii) Consider the Hilbert space L?(G) with the inner product

U@z/mw,mﬁﬁw»

By left invariance of y, we have s.f € L?(G) and (s.f,s.9) = (f,g) forall s € G and f,g € L*(G).
Hence we can define a group homomorphism \g: G — U(L*(G)) by

Ag(8)f =s.f

for all s € G and f € L?(G). Lemmaeasily applies to show that A\g is also strongly continu-
ous, 50 \g is indeed a unitary representation of G on L?(Q), called the left-reqular representation.
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To prove the next big theorem, we need to be acquainted with the concept of vector-valued integra-
tion, and more specifically, the notion of a Bochner integral. Bochner integration is in fact a logical
extension of Lebesgue integration of complex-valued functions over a measure space, to integration
of vector-valued functions. If (X, A,v) is a measure space and Z is a Banach space, we say that a
function s: X — Z is simple if it is of the form

n

s@)=3"1a @)y z€X,

i=1
where Ay,..., A, € A are pairwise disjoint with finite measure, and y1, ..., ¥y, are vectors in Z. The
integral of the above function s is then defined as

n

/B sdv =Y v(A)y:.

=1

(We write [ B to distinguish Bochner integrals from other types of integrals.) One can check that the
integral is independent of the representation of s, just as in the complex-valued case. Equipping Z
with the Borel o-algebra, we say that a measurable function f: X — Z is Bochner-integrable with
respect to v if there exists a sequence (s,),>1 of simple functions such that [ ||f — s,||dv — 0. It
then follows for any Bochner-integrable function f: X — Z that the integrals of the sequence (sp)n>1

approximating f converge to an element
B
/ fdv ez,

called the Bochner integral. This element is in fact independent of the choice of sequence [20, Proposi-
tion B.6.1], and the Bochner integral of a complex-valued function is just the usual Lebesgue integral.
Additionally, if f: X — Z is Bochner-integrable and T' is a bounded linear operator of Z into another
Banach space ), then T o f is Bochner-integrable and

T</deu> :/BTofdy. (1.2.1)

Two other results related to Bochner-integrability need to be mentioned:

(i) If X is a locally compact Hausdorff space, then all continuous functions on X with compact
support are Bochner-integrable with respect to any Radon measure.

(ii) If G is alocally compact group and p is a left Haar measure, then for all f € C,.(G) and g € L'(G),
the function G — L'(G) given by s — f(s)s.g is Bochner-integrable and

B
fxg =/ f(s)s.gdp.

We refer to [2zo, Corollary B.6.4 and Lemma B.6.5] for proofs of these statements.

Let us forget Bochner integrals for a moment. If G is our favourite locally compact group with fixed left
Haar measure ;1 and H is a Hilbert space, we will let L!(G, B(H)) denote the set of maps f: G — B(H)
satisfying the following two conditions:

(i) For all £, € H, the function G — C given by s — (f(s)£,n) is measurable.
(ii) The function s+ || f(s)|| is contained in L(G).

It is clear from the get-go that L'(G, B(#H)) is a complex vector space. If f € L'(G, B(H)), then the
map

() s / (F()€,m) du(s)

is clearly a sesquilinear form on H x H. Hence by the Riesz representation theorem, there exists a
unique operator T' € B(H) with ||T|| < [ ||f(s)|| du such that

(Te,n) = / ()6 m) duls), Ene .
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We shall write T = [ fdp in this case and call [ fdu the operator integral of f, and it is then easily
verified that the map f — [ fdu is linear. Note moreover that if f € L*(G, B(H)) and Sy, 5> € B(H),
then the map s +— S1 f(5)S2 also belongs to L' (G, B(H)) and

/Slf )Sa dpu(s (/fdu) Ss. (1.2.2)

Still, the question remains: do these operators obtained from functions in L'(G, B(H)) have anything
to do with Bochner integrals? In fact they do:

Lemma 1.2.3. Let f € C.(G), (p,H) be a unitary representation of G and & € H. Then the function
h: G — H given by h(s) = f(s)p(s)¢ is Bochner-integrable and

[ = (o)

where the integral on the right hand side is the operator integral of the function s — f(s)p(s).

Proof. Since p is strongly continuous and f is continuous with compact support, h is itself continuous
with compact support and hence Bochner-integrable. On the other hand, s — (f(s)p(s)n1,n2) is
continuous and hence measurable for all 11,72 € H, and || f(s)p(s)|| = |f(s)|, so s — f(s)p(s) belongs
to L'(G, B(H)). For all 5 € H, yields

(f vtven) = [ = ((f o))

using the definition of the operator integral. Thus the proof is complete. O
We are now ready to prove a very beautiful theorem:

Theorem 1.2.4. Let (p, H) be a unitary representation of G. Then the map 6,: L*(G) — B(H) given

by
f) = / £(5)p(s) du(s)

is a nondegenerate representation of L*(G). Moreover, the map p — 0, is a bijection from the set of
unitary representations of G in H onto the set of nondegenerate representations of L*(G) in H.

Proof. First and foremost, p is strongly continuous, implying that the map s — (p(s)&, n) is continuous
and hence measurable. Given f € L'(G), we therefore conclude that the map s — (f(s)p(s)€,n) is
measurable, and furthermore, the map s — | f(s)p(s)|| = |f(s)| belongs to L'(G). Hence the map
s+ f(s)p(s) belongs to L' (G, B(H)), so 0, is well-defined. Moreover, 6, is clearly linear, and since

10, < /If(S)IdN(S) = [Iflh

for all f € L*(G), we see that 6, is continuous.

To see that 6, is a representation, it only remains to check that 6, is adjoint-preserving and multiplica-
tive. For all f € L'(G) and &, 1 € H, the calculations

(& 0,(f)m) = (0,(f*)n, &)

— [ @)ps)€m) duts)
— (8,(NEm)
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yield that 6,(f*) = 6,(f)* for all f € L'(G). Additionally, for all f,g € C.(G) and &,1 € H, note that
and Fubini’s theorem tell us that

(0,(f*g)&.m) = // p(s)€,m) dpu(t) du(s)

= [ [ttt 5)(5)€.m) dus) dutt
= [ [trOats)ptts)g.n) duts) dute)
- [ 1 / p(5)E, p(t)"n) dpa(s) du(t)

- / FO6,(0)E, p(t) ) dpu(t)

- / (f®)p()0,(9)€,m) dpu(t)
= (0,(f)0,(9)&,m).

Since 6, is continuous and C.(G) is dense in L'(G) with respect to || - ||1, it follows that 6, is multi-
plicative. Hence 6, is a representation of L!(G).

We now let (ep)yey be any approximate identity for L!(G) obtained by means of Proposition m
Fix s € G, and observe that for any £ € ‘H and € > 0, strong continuity yields a neighbourhood Vj of s
such that [|p(t)€ — p(s)¢|| < € for all t € V. Taking Uy € U such that Uy C s~ 1V, then for all U € U
with U C Uy it is evident that ey has support inside U by construction. Hence s.eyy has support inside
sU C Vp. Letting n € H such that ||n|| = 1 and

((0p(s.ev) = p(s))§,m) = [[(0,(s.ev) — p(s))&]l;
we then get from

Since U C Uy and s € G were arbitrary, it follows that 6,(s.e;) — p(s) strongly for all s € G. The
case s = 1 yields that 6, is nondegenerate. Moreover, if (p’, H) is a unitary representation of G' such
that 6, = 6,/, then 0,(s.ery) = 0, (s.ey) = p'(s) for all s € G, implying that p = p’. Hence the map
p — 0, is injective.

It only remains to show that the map p — 6, is surjective. Let 0: L'(G) — B(H) be a non-degenerate
representation, and let Ho be the linear span in H of all vectors of the form 0(f)¢, where f € L'(G)
and £ € H. Then by the assumption of non-degeneracy, Hg is dense in H. If s € G, then we have

[(s-ev) * f—s.flli=llev*f— fllL =0

and hence

16(s-e0)8(f) = 0(s- )l = 0

by continuity of 8. This observation allows us to define a linear operator p(s): Ho — Ho given by

) (Z 9<fi>si> = 0(s.f:)¢
=1 =1
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This operator is well-defined: indeed, if Y7, 6(f;)¢ = 0 for functions fi,..., f, € L'(G) and vectors
513'~-7£n S H, then

;0(5.]2)@ = (ljigg[;@(s.e[])ﬁ(fi)& = lim 0(s.cv (Ze f:)€ )

For any n € H of the form >_1" | 0(f;)& with fi,..., f, € L'(G) and &,...,&, € H, observe that

10(s-ev)nll < lls-evllxllnll = [Inll-

By continuity of the norm, this implies that ||p(s)|| < 1, allowing us to extend p(s) to a bounded linear
operator on H of norm less than or equal to 1, which we will also denote by p(s). Letting s,¢ € G and
f € LY(G), we now have

p(st)0(f) = 0((st).f) = 0(s.(.f)) = p(s)0(t.f) = p(s)p(1)6(f)

from which we deduce that p(st)n = p(s)p(t)n for all n € Hy, and thus for all n € H by continuity.
Since p(1)0(f) = 6(f), we similarly deduce that p(1) = 14,. Finally, if (sg)scp is a net in G converging
to s, then
p(sp)0(f)E = 0(sp.f)§ = 0(s.f)E = p(s)0(f)E, [ e LNG), E€H,

by continuity of the map s +— s.f (Lemma. Consequently, p(sg) — p(s)¢ for all £ € H. Finally,
since lp(s)]| < 1, p(s) 1 = p(s~) and [I¢] = (s )p(s)é]| < llo(s)€]] for all € € H, we conclude that
p(s) is a linear surjective isometry H — H and hence a unitary for all s € G. This proves that p is a
unitary representation of G in H.

We now claim that 6, = 6, and this is where the Bochner integrals finally enter the picture. Let
f€C(G), g€ LY(G) and £ € H. Then the map L!'(G) — H given by h — 6(h)¢ is a bounded linear
operator, so by and Lemma we now see that

0(£)(0(9)¢) = 0(f * 9)¢

B
0 ( / f(8)8~gdu(8)> ¢

/9 5)5.9)€ dp(s)

= [ st gpeancs)
B
— [ U@ne)eo)Ean
= 0,(f)0(9)¢-
This implies that 6(f) = 6,(f) on Ho and thus on H by continuity. Since C.(G) is dense in L*(G)
with respect to || - ||1, continuity finally yields = 6,, and hence the map p — 6, is surjective. This
completes the proof. O

When passing from a unitary representation (p, H) of G to its associated representation on L*(G), we
will usually denote the two by the same symbol, i.e., the representation L'(G) — B(H) obtained by
means of Theorem will also be called p.

Example 1.2.5. We now examine the unitary representations of Example in light of Theorem
=4

(i) Consider the trivial representation 1g: G — C given by 1g( ) =1 for all 8 € G. The associated
representation 1¢: L'(G) — C is a character satisfying 1¢(f) = [ f(s) ) for all f € LY(Q).
Conversely, if ¢: L'(G) — C is a character, then there exists a umtary representatlon x: G — C,
which is in this case a continuous homomorphism of G into the unit circle T, such that

o(f) = / () F(s)du(s), f e L'(G).

Not coincidentally, continuous homomorphisms G into T are also called characters.
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(ii) The left-regular representation A\g: G — B(L?(G)) was defined by A(s)(g) = s.g for all s € G
and g € L?(G). The associated representation Ag: L*(G) — B(L?(G)) then satisfies

Na(f)g,h) = / (F(s)s.g. ) du(s)
- / / (F(5)g(s~ )R(D) du(s) du()

- / (f * 9)(O)(E) dpa(t)
= <f*gvh>

for all f € L*(G) and g, h € L?(G) by Fubini’s theorem, so that for any f € L*(G) the operator
Ac(f) acts on L?(G) by left convolution.

Moreover, the representation A\g: L'(G) — B(L?*(Q)) is actually faithful as a *-homomorphism
of Banach *-algebras. Indeed, if f € L'(Q) satisfies f x g = 0 for all g € L?(G), then for any
approximate identity (ey)uey obtained by means of Proposition [1.1.8) we have || fxey — f|l1 — 0,
so that f must be the zero element.

With what we now know, we are in fact able to construct a C*-algebra from L!(G) and determine
some of its most important properties almost right away.

1.3 The group C*-algebras of a locally compact group

We now employ the fact that L'(G) is a Banach *-algebra along with Theorem [1.2.4] from the previous
section and general C*-algebraic results to obtain the central objects of study in this thesis.

Let A be a fixed Banach *-algebra with a contractive approximate identity and define ||-||": A — [0, c0)
by
|z||" = sup{||w(x)| | 7 is a representation of A}, x € A.

Then x > ||z||" is a seminorm on A such that
lzyll” < ll=l'lyll’, N2 =ll=ll’,  llz*2ll" = (|=]I")?

for all z,y € A [22, Proposition 2.7.1]. Letting 3 C A be the set of x € A such that ||z|" = 0, we see
that J is a closed, two-sided and self-adjoint ideal of .A. Then the map x +J — ||z||’ is a well-defined
norm on the *-algebra A4/J. Letting B denote the completion of .4/J with respect to this norm, then
B is a C*-algebra, called the enveloping C*-algebra of A. The map j: (A, || - ||) = (B,] - ||’) given
by j(x) = x 4+ J is then a contractive homomorphism with dense image. If A is a C*-algebra, then
I-11=1"1, so that B = A.

Definition 1.3.1. The enveloping C*-algebra of L!(G) is called the full group C*-algebra of G and is
denoted by C*(G).

Note that because L'(G) admits the faithful representation A as seen in Example f=Ifllisin
fact a norm on L' (G), and C*(G) is just the completion of L'(G) with respect to this norm. Moreover,
C.(G) is dense in C*(G) with respect to the norm on C*(G), since || f||’ < || f|| for all f € L}(G).

It will be useful now to know how representations of C*(G) arise. To see this, we have the following
result.

Proposition 1.3.2. Let A, B and j be as above. For any representation w of A, there exists exactly
one representation p of B such that m = po j, in which case p(B) is the C*-algebra generated by w(A).
The map m™ — p is a bijection of the set of representations of A onto the set of representations of B.
Moreover, 7 is nondegenerate if and only if p is nondegenerate.

Proof. Let 7 be a representation of A. Then 7 vanishes on J and hence induces a representation 7’ of
A/T given by 7'(z + J) = w(x), so that |7’ (x + J)|| = ||7(z)| < ||z||' = ||z + J||. Since A/7J is dense
in B, ©’ extends to a unique representation p on B such that 7 = po 7. This immediately implies that
m(A) is dense in p(B), and since p(B) is a C*-algebra |72, Theorem 11.1], it is the C*-algebra generated
by m(A). The map 7 — p is clearly injective, and the map p — po j is its inverse.
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Supposing now that 7 represents .4 on the Hilbert space H, then 7 (resp. p) is nondegenerate if and
only it T7¢ =0 for all T € 7(A) (resp. T € p(B)) implies £ = 0 for all £ € H. By a standard density
argument, it is then clear that nondegeneracy of 7 is equivalent to nondegeneracy of p. O

Remark 1.3.3. As an additional fact, note that
|lz||" = sup{||w(x)|| | 7 is a cyclic representation of A}, z € A.

Indeed, fix z € A and let 7: A — B(H) be some represenation of A. Letting A, be the closure of
w(A) in B(H), then A, is a C*-algebra. Then there exists a state ¢ on A, such that

p(m(z*z))| = [|m(z"2)].

If (m,, Hy, &) is the GNS triple associated to ¢, we then have

[w(@)|? = [7(z*2)|| = lp(n(z*2))| = [(mp(m(z*2))Ep, Ep)| < Mo (m(a™2))|| = |7y 0 ()|
Since the representation 7, o 7 has a cyclic vector &, the equality clearly follows. *

Corollary 1.3.4. Any unitary representation (p,H) of a locally compact group G induces a unique
nondegenerate representation p: C*(G) — B(H), such that

o) = / £(5)p(s) du(s)

for all f € LY(G). Conversely, any nondegenerate representation of C*(G) arises from a unitary
representation in this way.

Proof. This follows from Theorem and Proposition O

Remark 1.3.5. If a unitary representation (p, H) of G has a cyclic vector £, € H, i.e., H equals the
closed subspace generated by vectors of the form p(s)&p for s € G, then & is also a cyclic vector for
the corresponding representation p: C*(G) — B(H), as we found in the proof of Theorem that
0,(s.err) — p(s) strongly for certain bounded approximate identities (ey)yey for L*(G). *

Another imposing question is how the positive linear functionals on C*(G) arise, and this can also be
answered almost right away.

Lemma 1.3.6. Let A be a Banach *-algebra with an approximate identity. Then

2] = sup p(z*x)'/?, € A,

peX
where X is the set of continuous positive linear functionals of norm less than or equal to 1.

Proof. If m: A — B(H) is a representation of A, then

Im(z)| = sup |w(x)éll= sup (w(z*2)¢, &)
EE(H)1 EE(H)

for all x € A, so we obtain “<” since z — (m(z){,§) is a continuous positive linear functional with
norm < 1. Conversely, if ¢ is a continuous positive linear functional with norm less than or equal to 1,
then the GNS construction yields a nondegenerate representation 7, : A — B(H,) and a vector { € H
such that p(z) = (m,(2)€,, &p), in which case m,(eq) — 1y and @(eq) — [|€,||* for any approximate
identity (eq)aca in A. Therefore ||&, > = [|¢]| < 1, so

p(@* @) = ||mp(2)Ee|| < Imp (@) < |z
for all x € A, from which the reverse inequality follows. O

Proposition 1.3.7. Let A, B and j be as in Proposition[1.3.2 If ¢ is a continuous positive linear
functional on A, then there is a unique positive linear functional @ on B such that ¢ = ¢ o j and
Il = ll¢ll. The map m — p is a bijection of the continuous positive linear functionals on A onto the
set of positive linear functionals on B, and when restricted to bounded subsets it is a weak*-to-weak*
homeomorphism onto its image.
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Proof. Let ¢ be a continuous positive linear functional on A. For all € A we then have

. 1/2
* o)
Iw@NSH@W”ﬂwwV”SIw(|@”> < lelllel’

by the previous lemma, so ¢ extends to a bounded linear functional ¢ on B with ||@|| < |l¢l. If y € B,
then there exists a sequence (z,)n>1 in A such that j(z,) — y, so that

$(y*y) = lim o(z;2n) 20,
n—roo
yielding that ¢ is positive. Finally, for all € A, we have

(@) = @G @) < 2@ < llelliz]l,

so ||@]l = |l¢ll- By continuity, the extension of ¢ to B is unique, and it is clear that the resultant map
@ — ¢ is bijective with inverse o +— o o j.

Finally, let . be a bounded subset of the continuous positive linear functionals on A and let .¥5 be
its image under the map ¢ — ¢. Then .5 is bounded. If (¢;);cs is a net in . and ¢ € .7, then we
have ¢; 05 = ¢; = ¢ = @ oj in the weak™ topology on .7 if and only if ¢; — @ in the weak* topology
on .#5. Indeed, one implication is clear and the other follows from a standard “3 - £” argument using
that j(A) is dense in B and that .#3 is bounded. O

Remark 1.3.8. Suppose that 7: A — B(H) is a representation of the Banach *-algebra A. Then
for all £ € H, the linear functional p¢: @ — (7(2)§,§), © € A, is bounded and positive. Letting
7: B — B(H) be the representation of the enveloping C*-algebra B of A such that 7o j = 7 by
Proposition note now that by defining

Ge(y) = (T(W)&€,€), yeDB,

we have @¢ 0 j = @¢. Conversely, It now follows from Proposition[1.3.7/that there is a bijection between
positive linear functionals associated with m and the positive linear functionals associated with 7. %

For any unitary representation (p, H) of G, then the proof of Theorem 4| yields that the subset

{/f u(s)

is a *-subalgebra of B(#). Taking the norm closure, we obtain the group C*-algebra associated to p,
denoted by C(G). In fact, we also have

6) = { [ f9t5)auts)

By Corollary (p,H) also yields a non-degenerate representation p: C*(G) — B(H) with image
C,(G). Denoting the kernel of the surjective *-homomorphism p: C*(G) — C(G) by C* ker p, we
then have a *-isomorphism

ferll(G )} € B(H)

rec(e). (13.1)

cr (G)/C* ker p — C;(G)
given by x + C* ker p — p(z) for z € C*(G).

Before going any further, we will define two central structures in the study of operator algebras.

Definition 1.3.9. For any locally compact group G, the C*-algebra associated to the left-regular
representation \g of Example (ii) is called the reduced group C*-algebra of G and is denoted by
CH(@), ie

C2(G) = 3, ().

The group von Neumann algebra L(G) is the von Neumann algebra C*(G)"” C B(L*(Q)).

Having finally defined the reduced group C*-algebra, we can define the two notions that the thesis is
all about:
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Definition 1.3.10. Let G be a locally compact group. We say that G is C*-simple if the reduced
group C*-algebra C*(G) is a simple C*-algebra, and we say that G has the unique trace property, or
simply that G has unique trace, if C¥(G) has a unique trace.

It is immediate that the full group C*-algebra C*(G) is only simple whenever G is the trivial group,
as C*(@) always has a one-dimensional representation by Corollary applied to the trivial repre-
sentation. However, whether C}(G) is simple or not is another matter entirely. To shed some light on
this problem, we will from here onward attempt to find necessary and sufficient criteria for a locally
compact group G to be C*-simple.

It is appropriate at this point to discuss functoriality of the reduced group C*-algebra. It is not true
that any continuous group homomorphism ¢ of locally compact groups induces a homomorphism of
their reduced group C*-algebras; if we even assume that ¢ is injective, it need not be true. However,
we do have the following result:

Proposition 1.3.11 (Eymard, 1964). Let G be a locally compact group and let H be an open subgroup
of G. Then there exists an isometric embedding J: C;(H) — C:(G) such that J(Ag(f)) = Aa(f) for
all f € LY(H), where f is the natural extension of f € L*(H) to G obtained by defining f(s) = 0 for

allse G\ H.

Proof. Note first for any locally compact group G that C(G) is the C*-algebra generated by Ag (L' (G)).
Since A\ is an faithful representation of L'(G) on B(L?(Q)), it follows that C(G) is the completion
of L'(G) with respect to the norm || f|l¢ = |[Aa(f)||. Now, if we restrict the left Haar measure u of
G to H, we obtain a left Haar measure on H (which we also denote by p), in part because u(H) > 0.
In fact, if we were only to assume that H was a Borel measurable subgroup with p(H) > 0, then H
would automatically be open (cf. [36, Corollary 20.17]). Consider the embedding L*(H) — L*(G)
given by f + f. If we can prove that ||f||z = ||f||g for all f € L*(H), we then obtain the desired
*-homomorphism by passing to the completions of L!(H) and L(G) with respect to these norms.

Letting T be a right transversal for H in G, we will naturally consider L?(Ht) as a closed subspace of
L*(G) for all t € T, so that L*(G) = @, L*(Ht). Let t € T. Given f € L'(H), g € L?(Ht) and
w € G, then if g(s~!w) # 0 for some s € H we must have w € Ht, so that w ¢ Ht implies g(s~*w) =0
for all s € H. Hence for all w ¢ Ht we find that

(Aa(Hg)(w) = (f *g)(w) = /H F(s)g(s™ w) dp(s) = 0.

This means that A\g(f)g € L%(Ht), so that L2(Ht) is invariant under A\g(f). We then define unitary
maps U;: L?(Ht) — L*(H) by

(Ug)(s) = At)"?g(st™"), seq.

Now fix f € L'(H). For all g € L?(Ht) and w € H we then have

UL(F * g)(w) = A(t) 172 /H F(8)g(s~ wt ) du(s) = (f * Usg) ().

Therefore, if g € L?(G), then by letting P; denote the projection of L?(G) onto L?(Ht) for t € T we
see that

IMa(Ngllz =D 1PAG(N) Pglls = D IUAG(N)Pglls = D I a(£)U:Peglls < 1A (57 19l3-

teT teT teT

Conversely, for h € L?(H), take some t € T and let g € L?(Ht) such that U,g = h. Then

Az (HRI = T D)< (A (HIHIA]2-
Hence ||f||z = ||f]lg, as wanted. O

In fact, as long as we assume that H is an open subgroup of GG, we obtain similar results for the full
group C*-algebras and the group von Neumann algebras; we refer to [a5] for details.



14 CHAPTER 1. C*-SIMPLICITY OF LOCALLY COMPACT GROUPS

1.4 Continuous positive definite functions

In order to fully describe the conditions that C*-simplicity imposes on a locally compact group G, we
need to study the notion of a continuous positive definite function on G.

Definition 1.4.1. A continuous function ¢: G — C is said to be positive definite if the complex
matrix

[@(Si_lsj)mjzl
is positive in M,,(C) for all s1,...,s, € G. The space of all continuous positive definite functions ¢ on
G with ¢(1) =1 is denoted by P;(G).

Rephrasing the definition by virtue of the inner product on C”, a continuous function ¢: G — C is

positive definite if and only if
n

> (s s x>0 (1.4.1)
ij=1

foralln>1, s1,...,8, € Gand A\1,..., A\, € C.

Lemma 1.4.2. A continuous positive definite function p: G — C is bounded with ||¢|lcc = ¢(1) and
satisfies ¢(s) = ¢(s™1) for all s € G.

Proof. Let s € G. If ¢ is positive definite, then the matrix

(252

is positive and in particular self-adjoint, yielding ¢(s) = p(s~1). By 1) we then get
M1 Pe(1) + 2Re Adop(s) + [ Ael*p(1) = 0

for all A1, Ao € C. Therefore ¢(1) > 0, and by choosing

o= ()

we immediately see that |o(s)| < ¢(1), completing the proof. O

Example 1.4.3. If (p,H) is a unitary representation of G and £ € H, then s — (n(s),§) is a
continuous positive definite function on G. Indeed, for all s1,...,s, € G and Aq1,..., A\, € C we have

2
n n

D (st s)E OXNN = D (m(s)E w(s)ENN = || > Nm(s;)E|| > 0.
j=1

4,g=1 1,j=1
We say that a positive definite function of this form is associated with p.
As we shall see now, all continuous positive definite functions arise from unitary representations:

Proposition 1.4.4. Let p: G — C be a continuous, bounded function. Then the following are equiva-
lent:

(i) ¢ is positive definite.
(ii) There exists a unitary representation (w,H) of G such that

p(s) = (n(s)€,8), se€d

for some vector & € H with ||€]]? = ¢(1).
(iii) The linear functional v: L*(G) — C given by

b(f) = / o(s)f(s)du(s), | € L\(G). (1.4:2)

is bounded with norm |||l and positive in the sense that P(f* x f) >0 for all f € LY(G).
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(iv) For all f € C.(Q), we have
[« 1)) dus) 2o, (143

Proof. We already have (ii) = (i) from Example We will prove that (i) = (iv) = (iil) = (ii).
Suppose that ¢ is positive definite and let f € C.(G) with K = supp f. By defining

F(s,t) = o(sT') f(s)f(1), s,t€G,

F is continuous and has compact support inside K x K. Considering F as a function on the topological
group G x G, we then know that F is left and right uniformly continuous [26, Proposition 11.2]. Letting
e > 0, there exists a neighbourhood Vy € G x G of (1,1) such that [F(s~'s',t7 ') — F(s',t')| < § for
all (s,t) € Vp and (s',¢) € G x G. Taking an open neighbourhood V of 1 in G such that V x V C Vj,
then if (sp,t9) € G x G we have |F(s,t) — F(s',t')] < € for all (s,t) and (s',t’) inside Vs x V.
Since K is compact, we can cover K by finitely many right translates of V, i.e., there exist distinct
$1,...,8, € G such that K C |J;_; V's;. Defining E1 = K NVs; and

Bi= K0 (Ujm Ve \UZ3 Vsy)

for alli = 2,...,n, we obtain a finite partition { E;}?_; of K consisting of Borel sets, such that E; C Vs;
for all i. We can safely assume that each E; is non-empty. Fixing s; € F; for all ¢ = 1,...,n, then
with the aid of Fubini’s theorem we see that

et 0 = [[ 0T 1 ) du(s)ntt)
— [ et TG st) ot
- / [ (s 0T 0 dutoute)

/ (5.0 dute)u)

where
R= Zl [ [, 0 = s autsu)

Since F; x E; CVs; x Vs; foralli,5 =1,...,n, it follows that

IR| < Z/ / Fsi,s7)] du(s)p(t) < p(K)2,

i,j=1

Hence by the assumption that ¢ is positive definite, we have

n

/<ﬂ(8)(f* * f)(s)du(s) = Y o(s; s () f(si)u(Ey) f(s5) + R = —ep(K)*.

ij=1
Because € > 0 was arbitrary, we obtain (iv).

Assuming now that (iv) holds, then because ¢ is continuous and bounded by assumption we know
that ¢ € L>(G). Hence defines a bounded linear functional ¢ on L'(G) with norm ||¢||c-
Since ¥ (f** f) > 0 for all f € C.(G) by , continuity yields that this inequality also holds for all
f € LY(G), making 1 positive with respect to the *-algebra structure of L!(G). Therefore (iv) implies

(ii).
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Finally assuming that (iii) holds, let (H,w, &) be the GNS triple associated to . Since 7 is nondegen-
erate, Theorem yields a unitary representation (p, H) of G such that

w(f) = / f(s)p(s) dus),  f € L\(G).

Hence for all f € L'(G) we have

/ o(5)F() du(s) = (f) = (m(F)E. &) = / (P(5)E. €) F(5) dps).

For any compact set K C G, we then deduce that ¢(s) = (p(s)¢, &) for almost all s € K and hence for
all s € K by continuity. This proves that (iii) implies (ii), and the proof is complete. O

Remark 1.4.5. Fix a unitary representation (p,H) of G and for all £ € H, define

pe(s) = (p(s)€,6), sed.

We have already seen that each p¢ is continuous and positive definite. Letting p: L'(G) — B(H)
be the nondegenerate representation by means of Theorem note that Proposition for any
& € H yields that the linear functional

Ge: f o / F($)pe(s) du(s) = (o(FE.€). | e LG,

is bounded with norm [|£]|? and positive. It is clear that any continuous positive linear functional on
L*(G) associated with p is of this form, so we obtain a norm-preserving bijection pg — p¢ of the set of
continuous positive definite functions on G associated with p onto the set of continuous positive linear
functionals on L!(G) associated with p.

The continuous positive definite functions on G constitute a convex cone in L*>(G), and the same goes
for the continuous positive linear functionals on L'(G) in (L'(G))*. With the above notation, this
allows us to extend the above bijection from the conic hull (i.e., sets of positive linear combinations)
of

{pe | (p, H) unitary representation of G, £ € H} C L™(G)
to the conic hull of
{pe | (p, M) unitary representation of G, ¢ € H} C (L'(G))*,
simply by letting >~ | Xi(pi)e; map to Y i Ai(pi)e, for all n > 1, positive numbers Ay, ..., A, unitary

representations (p;, H;) and vectors & € H; for 1 <4 < n. This map is evidently well-defined and it is
a weak*-to-weak® homeomorphism by construction. *

Lemma 1.4.6. For any continuous positive definite function ¢: G — C, we have
o(s) = ¢()]* < 20(1)(p(1) —Rep(s™'1)), s,t€G.

Proof. By Proposition there exists a unitary representation (7, H) of G and £ € H such that
(s) = (m(s)€,€) and [|€]* = ¢(1). Hence

lo(s) — e(B)|* = [(m(s)& — ()€, &)
< JIE[Pllm(s)¢ — m(t)€]?
= o) ([Im(s)E]1* + I7(£)E]]* — 2Re (x(£)€, w(s5)E))
= 20(1)([[¢]1> — Re (w(s~"1)¢,€))
= 2p(1)(p(1) = Rep(s 1)),

completing the proof. O
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Letting C(G) denote the space of complex-valued continuous functions on G, then for any compact
subset F' C G we define

pr(f) =sup|f(s)l, [feC(G).

SEF

If we let F be the collection of all compact subsets of G, then (pr)rer is a separating family of
seminorms on C(G), and it generates a locally convex Hausdorff topology called the topology of compact
convergence.

When we speak of the weak* topology on L*°(G), we mean the topology that L°°(G) inherits by
being isometrically isomorphic to the dual space L'(G)*. Hence a net (g;)ies in L°°(G) converges to
g € L*°(G) in the weak* topology if and only if

/ 6:(3)1(5) du(s) / 9(5)£(s) du(s)

for all f € L}(G). We will write
(0.1) = [ 99)£(5)duts)
for all g € L>°(G) and f € LY(G).
Now comes the central result of this section, originally put forth by Raikov in 1947.

Theorem 1.4.7. The subspace P (G) is closed in C(G) when the latter is equipped with the topology
of compact convergence. If we view Pi(G) as a subspace of L°(G) equipped with the weak® topology,
then the weak* topology coincides with the topology of compact convergence on Pi(G).

First recall the following. If X is a space equipped with two topologies 71 and 72 and all convergent
nets in (X, 1) also converge in (X, 79) with the same limit, then 7 is finer than 7.

Proof. Assume first that (¢;);cs is a net in P;(G) converging to ¢ € C(G) in the topology of compact
convergence. Then ¢; converges pointwise to ¢, so that ¢(1) = 1 and ||¢||o < 1, since @;(1) =1 for
alli € I. If f € C.(G) and K = supp f, then supp (f* * f) € K~'K, and so

‘/(f* * [)(s)(ils) — @(s)) du(s)| < Sup pi(s) = p(S)IIIf* * fllL = 0.

SsEK1
Thus ¢ € P;(G) by Proposition so that P;(G) is closed in the topology of compact convergence.
Note also that uniform boundedness of the net (¢;);er ensures that [ ¢;(s)f(s) du(s) = [o(s)f(s)u(s)
for all f € L'(G) by Lebesgue’s dominated convergence theorem, so that ; — ¢ in the weak* topology
on L*°(G). Hence the weak* topology is coarser than the topology of compact convergence on P (G).

To show that the topologies are in fact equal, let ¢y € Pi(G), FF C G be compact and € > 0. We
will show that there exists a weak*-open neighbourhood N of ¢g in P;(G) such that ¢ € N implies
lo(s) — @o(s)| < 7e for all s € F. This will imply that the weak* topology is finer than the topology
of compact convergence.

By continuity of ¢y and G being locally compact, there exists a compact neighbourhood U of 1 such
that

11— o(s)] = lpo(1) — wo(s)| < &
for all s € U. Set A = p(U) > 0 and define f = A\11 € L(G) and a weak*-open neighbourhood N;
in Pi(G) of g by
N ={p € P(G) | [{g, 1v) = {po,1v)| < A} = {p € Pi(G) | {0, ) — (w0, f)] <€}

Note now that for all ¢ € N; we then have

<

+

/ (1 - () du(s)
U

/ (1 - po(s)) dp(s)
U

/U (po(s) — () du(s)] <222 (1.4.4)
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If we also let s € G, we obtain

(F*0)(s) — (s)] = \Al [ ot auo - (o)

= [ = st anto)
<t [ et = (o)l aute).
Because ¢ is positive definite and ¢(1) = 1, it follows from Lemmas and that

lo(t71s) — o(s)] = lp(s ™) — p(s™)| < (2= 2Rep(t™1))"* = (2 — 2Re (1)) /2.

This last expression almost begs us to use Holder’s inequality when integrating it, and so we have

(F *@)(s) — p(s)] < A1 / (2 — 2Re (t))/? du(t)

U

<vat([a- Rew(t))du(t)>1/2 ([ du<t>)l/2

N (Re | a=ew) du(t))1/2

1/2
S\/§A—l/2 /

< 2e,

using ([1.4.4)) at the last inequality.

[ =t duts)
U

By continuity of the map G + L'(G) given by s + s~ 1.f (following from Lemma , the set
F' ={s7'.f|s € F} C LY(G) is compact. Hence there exist gi,...,g, € F’ such that

{g€ L") |llg—gilL <}

-

F' C

i=1

We now define another weak*-open neighbourhood Ns of ¢g in P;(G) by
Ny ={p € Pi(G)||{¢,9]) — (po,g7)| <eforalli=1,...,n}.
If we define §(s) = g(s7!) for all g € L°(G), then note that

(0. h) = / g(OREA®) ™ du(t) = / o(ORGET) dit) = / o(t YR di(t) = (3. 70)
and that
(h+ g)(s) = / B(t)g(t™s) dpu(t) = / W(st)g(t™Y) dp(t) = (3, s~ 1)

for all g € L*°(G) and h € L'(G). Hence if ¢ € Ny and s € F, there exists 1 < i < n such that
|ls~1.f — gill1 < e and thus
|(f % ©)(8) = (f * @0)(s)] = (@, 7. f) = (o, 7. f)]
< W@, s™Hf = gl + (@, 9i) — (@0, 90| + (20, 9i — 57 . 1)
<2|s7%f =gl + [, g7) — (0,97
< 3e.

Now N = Nj N N, is a weak*-open neighbourhood of ¢ satisfying the wanted properties. Indeed, for
all ¢ € N and s € F' we have

lp(s) = @o(s)] < le(s) = (fx @) (s)] + |(f x©)(5) = (f * o) (s)| + [(f * wo)(s) — @o(s)
< 2+ 3c+ 2 = Te,

completing the proof. O



1.5. WEAK CONTAINMENT OF UNITARY REPRESENTATIONS 19

1.5 Weak containment of unitary representations

As the previous section helped us establish a connection between unitary representations of a locally
compact groups and continuous positive definite functions, we now formulate this connection in a more
C*-algebraic manner, in the description of which the next notion becomes an important tool.

Definition 1.5.1. Let p: G — U(H) and o: G — U(K) be unitary representations of G in Hilbert
spaces H and K. We say that p is weakly contained in o and write p < o if for any € > 0, compact
subset F' C G and £ € H, there exist vectors 7y, ...,n, € K such that

n

Z )i i)

=1

for all s € F. If p and o are weakly contained in one another, we say that p and o are weakly equivalent
and write p ~ o.

The first thing we might note is that the above definition might be simplified in order to see ties with
Theorem

Lemma 1.5.2. Let G be a locally compact group and let (p, H) and (0,K) be unitary representations
of G. Then the following are equivalent:

(i) p<o.
(ii) For any unit vector & € H, compact subset F C G and € > 0, there exist vectors ny,...,n, € K
such that s — > . (o (s)n;, ;) belongs to Py(G) and

n
)= S o (s)me )

=1

<e

foralls e F.

Proof. First let £ € ‘H be a fixed unit vector and F' C G be a fixed compact subset. If p < o, then for
all £ > 1 there exist an mj > 1 and vectors nf, .. . ,77,’“,”9 € K such that

mi

(p(s)£,§> - Z< ( )nf’ﬁ5>

i=1

1
k

for all s € FU{1}. Defining Sy: G — C by Sk(s) = Y/"% (o(s)iF, 7F) for s € G, it is then clear that
Sk(1) — 1 and that

1 1
1—-—< S <1+-<2
A k(1) +k_
for all £ > 1. Letting € > 0, we can take an N > 1 such that

1 € 1 €
Let n = my and define n; = Sy (1)7*/23Y fori = 1,...,n. Then s+ 1 {o(s)ni,m:) = Sn(1) 1SN (s)
belongs to Py (G) and for all s € F, we have

n 6 n
Z $)Ni, i) | < 5t Sn(s) — Z<U(S)"7ia"7i>
1=1 i=1
£
=5 +1- Sn(1) 7SN (s)]
£ €
<3t *|5N(1)|
i<,
2 2

applying Lemma along the way. Hence (i) implies (ii).
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Assuming that (ii) holds, then if £ € H is a non-zero vector, F is a compact subset and £ > 0, there
exist 71, ...,7, € K such that

n

1 - €
o (P(s)€,€) — Z<U(3)77i,77i> <z
€]l -1 €]l
for all s € F. Defining n; = ||€||7; for all 1 <14 < n yields that p < o. O

The curious reader may wonder why we don’t just use condition (ii) of the above lemma as our definition
of weak containment, as it is that condition we will check for later in this section, but as is, our original
definition is often more convenient to work with.

Let A be a C*-algebra and let 7: A — B(H) be a representation of A. If we define we: B(H) — C by
we(T) =(T¢€,€), T e BMH),

then any positive linear functional on A of the form w¢ o 7 is said to be associated with w. In order to
relate weak containment of unitary representations to the reduced group C*-algebras associated with
them, we will need to prove the following proposition:

Proposition 1.5.3. Let A be a C*-algebra, let m: A — B(H) and p: A — B(K) be two representations
of A. Then the following are equivalent:

(i) kerp C kerm.
(ii) Any positive linear functional associated with © on A is a weak*-limit of finite sums of positive
linear functionals associated with p.

(iil) Any state associated with m on A is a weak™-limit of states which are finite sums of positive linear
functionals associated with p.

If &y € H is a cyclic vector for w, then all of the above conditions are equivalent to:

(iv) The positive linear functional x — (mw(x)&o, &) on A is a weak*-limit of finite sums of positive
linear functionals associated with p.

Note that if (e;);cs is a contractive approximate identity of A, then ¢(e;) — ||¢|| for all positive linear
functionals ¢ on A (cf. |15, Proposition 0.3]), in which case ||£]|?2 > ||¢||. If 7 is non-degenerate, then
we in fact have m(e;) — 13, and therefore ||£]|? = ||we o 7]

Our first goal is to determine what positive linear functionals on the unitization A of a non-unital
C*-algebra A look like.

Proposition 1.5.4. Let A be a non-unital C*-algebra.

(i) For any positive linear functional ¢ on A and any fized p > |||, define a functional o: A-=C
by
Pl +A)=p(x)+ I\, z€A AeC.
Then ¢ is a positive linear functional on A satisfying Pla = .
(ii) If o is a positive linear functional on A, then there exists a positive linear functional ¢ on A and
w> ||l such that
olx+Al)=¢(x)+, ze€A AeC.

Proof. (i) It is clear that ¢ is a well-defined linear functional on A extending ¢. Let z € A be
self-adjoint and A > 0. By defining y = (z + A1)?, we then have

P(y) = (2 + Az + \?1)
2?) + Ap(x) + Np
()12 = Mt 2)? 20! 2 op(a?)! 2 + Np(a)

)
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since —Ap(z) < [Ap(z)] < M|o||V20(x?)/? < A 2p(x?)/2. If € A is self-adjoint and A < 0, then
P((x = A1) = ((a®)'/2 + A" /2)? — 20 Pp(2®) V2 = M) 2 0,
since Ap(z) < [Xp(e)] <~/ 2p(a?)2.

Now, if y € A is positive, then we can write VY = x + Al for some x € A and A € C. Since /y is
self-adjoint, it follows that x is self-adjoint and A € R. By what we have already shown, it follows that

$(y) = d(Vy°) > 0,

so that ¢ is positive.

(ii) Let o be a positive linear functional on .A. Denote the restriction of o to A by ¢ and let p = ||o|| >
ll¢ll- Since ||o|| = (1) we have o(z + A1) = ¢(x) + Ap for all z € A and A € C. O

Corollary 1.5.5. Let o be a positive linear functional on a non-unital C*-algebra. Then ¢ has a unique
extension to a positive linear functional on A with the same norm, called the canonical extension of ¢

to A.

Proof. Define ¢(z+ A1) = p(x)+A||¢| for x € Aand A € C. By Proposition ¢ is a positive linear
functional extending ¢, and [|@|| = ¢(1) = ||¢||. If o is a positive linear functional on A extending ¢
and o] = lgll, then o] = lo]l = o(1), in which case

o(z+ A1) = ¢(z) + Mol = ¢l + A1), xze€ A AeC.
Hence ¢ is unique with this property. O

If m: A — B(H) is arepresentation of a non-unital C*-algebra A, then we define the canonical extension
of w to the unitization A by

Tz +Al)=7(z)+ ANy, xz€A AeC.
Clearly 7: A — B(#H) is also a representation, and if 7 is faithful then 7 is also faithful.

Corollary 1.5.6. Let A be a non-unital C*-algebra and let m: A — B(H) be a nondegenerate repre-
sentation. If & € H and ¢ is the positive linear functional on A given by p(x) = (7(x)§,&), then the
canonical extension @ of ¢ to A is given by

o) = (7(2),€), z €A

Proof. Tt is clear that ¢ is a positive linear functional on A extending ©. Since 7 is nondegenerate, we
have

llell = 1€ = &(1) = l|2ll,

so that ¢ is indeed the canonical extension of . O

Before we state the next lemma, let us introduce some notation. For a subset Hg of a Hilbert space H
and a *-subalgebra .# C B(H), [.#H,] denotes the closed subspace generated by all vectors of the form
x§ for © € A and £ € Hy. A representation m: A — B(#) is then non-degenerate if [7(A)H] = H.

Proposition 1.5.7. Let A be a C*-algebra and let m: A — B(H) be a representation. Then [m(A)H]
is invariant under © and [1(A)H]* consists of all € € H such that w(a)é =0 for all a € A.

Proof. Easy. O

Lemma 1.5.8. Let A be a unital C*-algebra and let X C S(A). Suppose that it holds for all a € As,
that w(a) > 0 for all p € X implies a € Ay. Then the convex hull of X is weak*-dense in S(A).

Proof. See |15, Lemma A.4] or [22, Lemma 3.4.1]. O

With the necessary preliminary results established, we can now safely embark upon a proof of Propo-

sition
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Proof of Proposition[1.5.5 If (ii) holds and a € ker p, then all positive linear functionals of the form
x — {(p(x)n,n) for n € K vanish at a*a. Hence for all ¢ € H we have ||71(a)¢|? = (r(a*a)&, &) = 0, so
m(a) = 0 and a € ker 7, hence proving that (ii) = (i). The implication (iii) = (ii) is clear.

We therefore assume that (i) holds and want to prove (iii). Let Ko = [p(A)K], let P € B(K) be the
projection onto Koy and define Q: B(K) — B(Ko) by Q(T') = PT|pc). Then Q is a *-homomorphism
and p; = Qo p is a nondegenerate representation. Let J = ker p; and B = A/ ker p;. Then p; induces
a nondegenerate faithful representation ps: B — B(Kp) given by ps(z + J) = p1(x).

We now split into two cases:

»+ If B is unital, then let X be the set of states of the form w¢ o p2, where £ € Ky is a unit vector.
If z € B is self-adjoint and we(p2(x)) > 0 for all unit vectors £ € Ko, then clearly pa(x) > 0 is
positive and therefore x > 0 by faithfulness of ps. Therefore the weak*-closed convex hull of X
is S(B) by Lemma [1.5.8

» If B is non-unital, we instead consider the unitization B and let X be the set of states on B of
the form w¢ o pa, where £ € Ky is a unit vector. Since ps is faithful, the same argument as above
yields that the weak*-closed convex hull of X is S(B). If we let ¢ € S(B), then the canonical
extension ¢ of ¢ is also a state. Hence ¢ is the weak*-limit of a net of convex combinations of
states in X, so by restriction it follows that ¢ is a weak*-limit of a net of convex combinations of
states of the form w¢ o pa, where £ € Ky is a unit vector.

Assume now that ¢ is a state on A given by ¢(x) = (r(x)&,&) where £ € H. Then ¢ vanishes on
ker p C ker p; and hence induces a positive linear functional ¢’ on B given by ¢'(x + J) = (w(2)&, ).
After scaling by the norm, then by virtue of what we have shown above, ¢’ is a weak*-limit of convex
combinations of states of the form we o pa for £ € Ko, so ¢ is a weak*-limit of convex combinations of
the states of the form we o p1 = wg o p for £ € Ky, as wanted.

Finally, it is clear that (ii) implies (iv). To see that (iv) implies (ii), define ¢(z) = (w(x)&o, &) for
all x € A. By assumption, ¢ is the weak*-limit of a net (p;);cs of positive linear functionals on A
associated with p. Now let £ € H. Given an € > 0 there exists 2y € A such that ||m(z¢)& — &|| < e, in
turn implying

[(m(@)¢, &) — plaprao)| = [(w(2)€, &) — (w(@)m(w0)0, T(20)E)]
< lw (@)l (zo)€o — &Nl + [l (2)m(x0) S0 — m(@)E 7 (z0)Soll
< eol|z[|(2[|€]l + o)

for all x € A. Note that the latter expression can be made arbitrarily small if z is fixed and ¢ is
chosen small enough. By defining 1, (x) = ¢;(z{xxo) for all ¢ € I, then (v;);er is also a net of positive
linear functionals on A associated with p, converging in the weak* topology to the linear functional
x — p(zirzg). It is now clear that ¢;(z) — (w(x), &) for all x € A, so that (ii) holds. O

Theorem now allows for the following characterization of weak containment.

Theorem 1.5.9. Let G be a locally compact group and let (p,H) and (o, K) be unitary representations
of G. Then the following are equivalent:

(i) p=<o.
(ii) C*kero C C* ker p.
(i) (@)l < o) for all z € C*(G).

If &y € H is a cyclic vector for p, then all of the above conditions are equivalent to:

(iv) The function s — (p(s)&o,&0) of G is the limit in the topology of compact convergence of finite
sums of continuous positive definite functions of G associated with o.

Proof. If (ii) holds, then the inclusion induces a *-homomorphism

c (G)/C* kero — C” (G)/C* ker p.



1.6. THE INDUCED REPRESENTATION 23

As the former is *-isomorphic to C7(G) and the latter to C,(G), (iii) follows from *-homomorphisms
being contractions. Conversely, (iii) immediately implies (ii).

We now prove that (i) < (ii). We know that (ii) holds if and only if every state on C*(G) associated
with p is the weak*-limit of a net of states which are finite sums of positive linear functionals associated
with o. Since states are bounded, it follows from Proposition and Remark that the latter
condition occurs if and only if every state on L'(G) associated with p is the weak*-limit of a net of
states on L!(G) related to o in the same way as above. By Remark Lemma and Theorem
this happens if and only if any ¢ € P;(G) associated with p is the limit in the topology of
compact convergence of a net (y;);er in P1(G), where each ¢; is a finite sum of continuous positive
definite functions associated with o, but this is equivalent to (i) by virtue of Lemma In the same
manner, one can prove that (ii) and (iv) are equivalent if p has a cyclic vector, again invoking Theorem

0

Having proved the above theorem, we obtain the following characterization of C*-simplicity:

Corollary 1.5.10. A locally compact group G is C*-simple if and only if the conditions p ~ Ag and
p < Ag are equivalent for any unitary representation p of G.

Proof. Assume first that G is C*-simple. If p is a unitary representation of G such that p < Ag, then
we have a *-homomorphism

Cr(G) = CG)c* kerag — CT(G)/c" kerp 2 CH(G)

given by Ag(z) — p(z) for x € C*(G). By assumption this map is injective and hence isometric,
so Theorem yields that p ~ Ag. Conversely, if J is a two-sided, closed, proper ideal of C(G),
then we can take a faithful nondegenerate representation ¢: C*(G)/J — B(H) for some Hilbert space
H, yielding a nondegenerate representation p: C*(G) — B(H) given by p(z) = ¢(Ag(z) + J). By
Corollary p arises from a unitary representation p: G — U(H). Since *-homomorphisms are
contractions, we have

lo@)] < [Aa(2) + 3 < [Ac(@)], =€ C™(G),

and hence p < A by Theorem [1.5.9] If this entails that p ~ A, then ||z +J|| = ||z|| for all z € C}(G),
so J = {0}. Hence G is C*-simple. O

1.6 The induced representation

Let G be a locally compact group and let H be a closed subgroup of G. Supposing that (o, ) is a
unitary representation of H, there is a way of extending ¢ to G so that quite a lot of particularly pretty
properties of the extension are inherited from o. The construction is by no means trivial, and we will
just sketch the general contour of it in order to work with it, and then examine it in some special cases.
Proofs and further details can be found in [10, Section E.1] and [z5, Section 6.1].

Letting G, H and o be as above, let 7: G — G/H denote the canonical surjective map onto the left
coset space of H. We let X denote the vector space of functions f: G — H such that

(i) f is continuous;
(ii) w(supp f) is compact;
(iii) f(sh) =c(h™Y)f(s) for all s € G and h € H.

The idea is to turn X into an inner product space, then complete it and after that introduce the
representation itself. The following result is absolutely essential in order to obtain the wanted inner
product.

Theorem 1.6.1. There always exists a Radon measure v on the quotient space G/H that is quasi-in-
variant, i.e., for all Borel sets E C G/H it holds that v(E) = 0 if and only if v(sE) =0 for all s € G,
and the support of v is the entire space G/H.
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Any quasi-invariant Radon measure v on G/H corresponds to a unique rho-function, i.e., a continuous
function p: G — Ry satisfying

p(sh) = p(s), s€G, heH,

where Ag and Apgy denote the modular functions of G and H respectively. The correspondence is
obtained by means of the equality

/G/H/fs” dyaza () dv(sH) /f s)du(s), f€Ce(@),

where pp is a fixed left Haar measure of H. For all f,g € X we now note that

(f(sh), g(sh)) = (p(h™1) f(s), p(h™")g(s)) = (£(5),9(s))

for all s € G and h € H, so that the function s — (f(s), g(s)) is constant on left cosets of H. Hence
it induces a function on G/H, and this function is continuous with compact support by (i) and (ii)
above. Thus we can define

(f,q) = / (f(s),9()) dv(sH), f.g € X.

It turns out that this defines an inner product on X, and we let H, denote the completion of X with
respect to this inner product. For the representation o to be extended, we need the result that there
exists a continuous function R, : G x (G/H) — Rsy, called the Radon-Nikodym derivative, such that

/fsw (s,z)dv(z /f Ydv(z), feC.(G/H), seG.
We usually write
dsv(x)
dv(z)’

and it can shown that if p is the rho-function for v, then

R,(s,x) = seG, x € G/H,

dsv(tH)  p(st)

WitH) ) s,ted.

For all s € G we then define

ds~v(tH)

1/2
-1
() ) f(s7t), feX.

70)f0 = (

This in fact defines an isometric linear surjection o, (s): X — X which then naturally extends to H,,.
The map o, : G — U(H,) is a unitary representation and if v/ is another quasi-invariant Radon measure
on G/H, then the unitary representations o, and o, are equivalent. We call o, the representation of
G induced by o, and we denote it by Indgo.

Example 1.6.2. (i) If H = {1} and ¢ = 1p, then X as defined above is simply the space C.(G).
Since any left Haar measure on G can be interpreted as a measure on G/H, we see that the
inner product on X can be taken to be the standard L?-inner product of functions in C.(G),
and it is clear that the completion of X with respect to this inner product is in fact L*(G).
The rho-function corresponding to the measure on G/H is necessarily constant by uniqueness of
Haar measure, so the Radon-Nikodym derivative is always equal to 1, and thus we see that the
representation on GG induced by 1 is in fact the left regular representation, i.e., Indgl H = Ag.

(ii) Let pg be a fixed left Haar measure on H. We say that a Borel measure v on G/H is G-invariant
if v(sE) = v(E) for all s € G and Borel sets E C G/H. If v is a G-invariant Radon measure on
G/H, then

fes /G . /H F(sh) dug (h) dv(sH), f € C.(G)
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is a non-zero left invariant positive linear functional on C.(G), so uniqueness of Haar measure
on G yields a positive scalar ¢ such that

/G/H/Hf(Sh)dﬂH(h)dl/(sH) :c/fdM

for all f € C.(G). The rho-function corresponding to v is therefore equal to ¢ locally almost
everywhere and hence everywhere by continuity of p. If we now let ¢ = 1, then the map
C.(G/H) — X given by f — f o is an isomorphism. The same considerations as in (i) now
yield that the completion of X with respect to the inner product is in fact L?(G/H,v). As the
rho-function is constant, the Radon-Nikodym derivative is equal to 1, and hence

(d$15)(s)E(tH) = £(s~'tH), ¢ e L*(G/H,v), s,t € G.

This representation of G on L?(G/H,v) is usually called the quasi-regular representation. If H
is normal, then v can just be taken to be a left Haar measure on G/H.

The mentioning of a few flabbergasting properties of the induced representation is in order:
Theorem 1.6.3. Let G be a locally compact group and let H be a closed subgroup of G.

(i) If 01,09 are equivalent unitary representations of H, then Indgal and Indflaz are equivalent.

(ii) (Induction by stages.) If K is a closed subgroup of H and o is a unitary representation of K,
then Ind$ (Ind® o) and Ind%.o are equivalent.
(iii) (Continuity of induction.) Suppose that 01,09 are two unitary representations of H. If 01 < 09,
then
md% o, < Ind$os.

As an immediate consequence of Example (i) and Theorem m (ii), we see that Tnd$ Az is in
fact equivalent to A\g.

1.7 Amenability and the amenable radical

Amenability of locally compact groups can be defined in a wide variety of different ways, of which
the most common is by using the notion of left invariant means on subspaces of L*°(G), once again
denoting the space of locally measurable functions f: G — C that are bounded except on a locally null
set, in which functions are identified if they are equal locally almost everywhere.

Any locally compact group G has the trivial subgroup as an amenable, normal, closed subgroup.
As we shall prove now, G in fact has an amenable, normal, closed subgroup that is maximal in the
sense that it contains all other such subgroups of G. To see this, we only need to know about some
specific permanence properties of amenability, for which proofs can be easily attained by mentioning
a few equivalent properties of G itself. A left invariant mean on a translation-invariant subspace X
of L*>°(@G) is a positive linear functional m: X — C such that m(1) = 1 and m(s.f) = m(f) for all
s € G and f € X, where translation invariance of X means that f € X implies s.f € X for all
s € G. The most important non-trivial translation-invariant subspaces of L>°(G) are Cy(G), the space
of continuous bounded functions on G, and LUC4(G), the space of left uniformly continuous bounded
functions of G.

Amenability can also be described by the so-called fized point property, namely that any continuous
affine action of G on a compact, convex subset of a locally convex space has a fixed point. To summarize
all of this in one fell swoop, we have the following result due to Day, Rickert and Namioka:

Theorem 1.7.1. The following conditions are equivalent:

(i) There exists a left invariant mean on L>(QG).
(ii

) There exists a left invariant mean on Cy(G).
(iii) There exists a left invariant mean on LUCy(G).
)

(iv) The group G has the fized point property.

Proof. See [2g}, Sections 2.2 and 3.3]. O
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We say that the locally compact group G is amenable if it satisfies any of the above conditions, and
with the above theorem at hand it is in fact quite easy to prove the following permanence properties
of amenability.

Theorem 1.7.2. (i) If G is amenable and 7 is a continuous homomorphism with dense range in
another locally compact group G’, then G’ is amenable.

(ii) If H is an amenable, closed, normal subgroup of G and G/H is amenable, then G is amenable.

(iil) If (Ha)aca is a directed system of amenable, closed subgroups of G in the sense that for all
a, B € A there exists v € A such that H, UHg C H., then H = H,, is an amenable, closed
subgroup of G.

a€cA

Proof. The fixed point property applies easily to prove (i). For details on (ii) and (iii), see [2g, Theorems
2.3.3 and 2.3.4]. O

For any topological group G, we will let Aut(G) denote the group of continuous automorphisms of
G. Let G and H are locally compact groups, and let ¢: H — Aut(G) be a group homomorphism.
Equipping G x H with the product topology, G x H is a locally compact space. Writing ¢; = ¢(t) for
all t € H, we then define a binary operation on G x H by the rule

(s,t)(s',t") == (spe(s'), "), s,8" € G, t,t' € H.

Then G x H is a group with respect to this composition. This is the so-called semidirect product of
G and H with respect to ¢, and we denote it by G x, H (when ¢ is clear from the context, we shall
just write G x H). It is immediate that the binary operation and inverse map are continuous maps,
so G X, H is a locally compact group.

Corollary 1.7.3. Let G be a locally compact group. Then G has a largest amenable, closed, normal
subgroup.

Proof. Suppose first that H; and Hs are two amenable, closed, normal subgroups of G. Since Hy acts
on H; by conjugation, we can construct the semidirect product H; x Hy with respect to this action.
Then H; x Hj is amenable by Theorem (ii), as it contains Hy as a closed, normal subgroup (by
the inclusion g — (g, 1)) with the quotient group being isomorphic to Hs. As a result of the semidirect
product being constructed with respect to conjugation, we have a continuous group homomorphism
Hy x Hy — H1Hs given by (h1, ha) — hihe. By Theorem (i), H1Hs is amenable, and since H;
and Hs are normal, Hq Hs is also normal.

If we now let (H,)aca be the family of all amenable, closed, normal subgroups of G, then we have just
shown that this is in fact a directed system in the sense of Theorem (iii). Therefore H = {J,c 4 Ha
is a closed amenable subgroup of G. It is easy to see that H is normal, and it thus follows that H is
the largest amenable, closed, normal subgroup of G. O

Definition 1.7.4. For any locally compact group G, the largest amenable, closed, normal subgroup
of G obtained by means of Corollary is called the amenable radical of G and is denoted by ARg.

It now turns out that we have the following consequence of C*-simplicity:

Theorem 1.7.5 (de la Harpe, 2007). If G is a locally compact group and ARg # {1}, then G is not
C*-simple.

To realize this in the easiest possible way, we record yet another characterization of amenability, both
beautiful and extremely surprising.

Theorem 1.7.6 (Godement, 1948). The locally compact group G is amenable if and only if 1¢ < Ag.

We refer to [to, Theorem G.3.2] for a proof of the above result. To make preparations for a proof of
Theorem [1.7.5] it is enough to consider this very simple lemma:

Lemma 1.7.7. For any sqg # 1 in a locally compact group G, there exist continuous functions
f1, fo: G — [0,1] with disjoint compact supports such that f1(1) = fa(so) =1, so-supp f1Nsupp f1 =0
and sq - supp fo Nsupp fo = 0.
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Proof. Let U; and U, be disjoint neighbourhoods of 1 and s respectively, and define V; = U; N sy LU,
and Vo = U; N soU;. By the locally compact version of Urysohn’s lemma, we can take continuous
functions fi, fo: G — [0, 1] such that f1(1) = f2(so) = 1 and f; vanishes outside a compact subset of
V; for ¢ = 1,2. In particular,

s -supp fi Nsupp f1 CViNsVy CULNUz =0
and similarly sg - supp f2 N supp fa = 0. O

Proof of Theorem[1.7.5. Let N = ARg and let p = Ind§ 1y be the quasi-regular representation; recall
from Example that o is then given by

p(s)E(tN) = £(s~HN), €< L*(G/N), s,t€G.
Since N is amenable, we have 1y < Ay. By continuity of induction, this implies
p=Md{1y < Ind§Ay = Aa.

We will now show that Az is not weakly contained in p, so that we can conclude by Corollary
that G is not C*-simple. Let sg € N with sg # 1. By the above lemma there exist continuous non-zero
functions f1, fo: G — [0,1] with disjoint compact supports such that s - supp f1 Nsupp f1 = 0 and
S0 - supp f2 Nsupp fo = 0. We can assume that || f1|l2 = || f2||2 = 1. Defining £ = f1 +ifs € L*(G), we
then have

Re (Ao (s0)6, €) — / (Fr(sg M2 (8) — Folisy ') fo() du(t) = 0

by construction, and
a6 = [ 170 +if®F du®) = [(Fi07 + 20 dutt) =2

For any s € N, we have p(s)n(tN) = n(s~1tN) = n(tN) and hence p(s)n = n for all n € L?(G/N)
by normality of N. If A\g were weakly contained in p, then for all € > 0 there would exist functions
N, 1 € L2(G/N) such that

= <e€

Aa()€,€) = (p(s)mi,mi)

i=1

Aa(9€€) = Imil?
=1

for all s € {1,s0}. In particular, we would have [(Ag(s0)¢, &) — (Aq(1)€,€)| < 2¢ for all £ > 0, which is
clearly a contradiction. O

A wealth of different groups belong to the class of amenable groups, some of these being the class of
compact groups (the Haar measure provides a left-invariant mean straight away), along with solvable
groups and abelian groups. We refer to [53, Proposition 0.15] for a proof of that abelian groups are
indeed amenable, from which amenability of solvable groups follows by a simple induction argument
used with Theorem m (ii). In particular, we have the following useful consequence of C*-simplicity.

Corollary 1.7.8. Any C*-simple locally compact group G is centerless and icc.

Proof. The center Z(G) of G is a closed normal abelian subgroup, so we must have Z(G) = {1} by
Theorem To verify the second statement, let F' be the normal subgroup of G consisting of all
elements with finite conjugacy class. We claim that F' is amenable; once that has been established it
will follow from Theorem (i) that F C ARg, so that F' = {1}. By the same theorem it is enough

to show that any finitely generated subgroup A of F' is amenable. If s1,...,s, € F' is a generating set
for a subgroup A of F', note that the centralizer Z; in G of each s; is a subgroup of finite index in G.
Indeed, if i € {1,...,n} and ay,...,a; € G are elements such that

{ss;s7' s € G} = {assia; ' |i=1,...,k},

then for all s € G we have ss;s7! = ajsia;1 for some 7 =1,..., k. Hence aj_ls € Z;and s € a;jZ;. In
particular, if we let
n
Z=()z
i=1

then Z is of finite index in G, so that Z N A is of finite index in A. But Z N A is the center of A, so
since the quotient group A/(Z N A) is finite and Z N A is normal, abelian and closed in A, it follows
from Theorem (ii) that A is amenable. Hence G is icc. O
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Remark 1.7.9. Theorem suggests that amenability has something to say when discussing func-
toriality of the reduced group C*-algebra in certain cases. Indeed, let G be a locally compact group,
let N be a normal, closed subgroup of G and define o = Ind%l ~. If N is amenable, then 1y < Ay, so
that continuity of induction implies

o< Ind%)\N = )Ag.

Hence we obtain a *-homomorphism C}(G) — C%(G). Note now that if 7: G — G/N is the quotient
map, then 0 = Ag/y o 7. Letting v denote a left Haar measure on G/N such that the constant ¢ of
Example (ii) equals 1, then for any f € C.(G) and &,m € L*(G/N) we have

/ (F(s)o(s)E,m) du(s) = / () (sN)E ) dpu(s)
L

a/N <(/Nf (sn) duw (n )> /\G/N(SN)é,n> dv(sN)

by Fubini’s theorem. The linear map P: C.(G) — C.(G/N) given by

/N sm)Aayn (sN)E, n) dpi () du(sN)

Q

Pf(sN):/Nf(sn)d/u\f(n)7 s e @G,

is surjective by [25, Proposition 2.48], so by the above computations we see that C%(G) = C}(G/N).
Hence we have a *-homomorphism ¢: C(G) — C}(G/N) satisfying

e(Ac(f)) = Ag/n(Pf) (1.7.1)

for all f € C.(G). It is fairly easy to see that the kernel of ¢ is a non-trivial ideal of C*(G) if N # {1},
so we have in fact given another proof of Theorem

In fact, a converse holds: if N is a normal, open (and hence closed) subgroup of G and there exists a
homomorphism ¢: C¥(G) — C}(G/N) satisfying (1.7.1), then NV is amenable. Indeed, let J: C*(N) —
C}(G) be the isometric embedding of Proposition As G/N is discrete, C(G/N) has an identity
(see also Lemma , and it is easy to check that

0w = ([ 16 aute) )1

for all f € C.(N). As C.(N) is dense in C*(N), it follows that C*(N) has a character o such that
a(An(2)) = 1y (z) for all z € C*(N). Therefore 1y < Ay by Theorem|[1.5.9] so that N is amenable. %

In general, it is not possible to say a whole lot about traces on reduced group C*-algebras of locally
compact groups. However, if a locally compact group contains a non-trivial amenable open subgroup
N, then C*(G) has a trace 7 satisfying
~ [ H)ants)
N

for all f € L*(Q) (cf. [a5, Corollary 4.1]).

1.8 Discrete groups and their reduced group C*-algebras

Up until now, we may have found a lot of useful properties of C*-simple locally compact groups, but
we haven’t actually given examples of any. The hinderance is mainly topological in nature; as we shall
see in the next chapters, a wealth of discrete groups are C*-simple and have the unique trace property.
As mentioned in the prologue, it is an open question whether there actually exist non-discrete locally
compact groups that are either C*-simple or have unique trace, posed by de la Harpe in [32].

One reason that it is a wise idea to stick with discrete groups to produce examples of as well as positive
results about C*-simplicity, comes from the following result originally proven by Bekka, Cowling and
de la Harpe in [g]:
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Theorem 1.8.1. Any C*-simple locally compact group is disconnected.

The proof requires a deep understanding of the structure theory of Lie groups, and we do not have
time (nor resources) to give a proof here.

Another reason is that whenever one wishes to determine simplicity of a C*-algebra, it is always
convenient to be able to work with a multiplicative identity in the algebra itself. The next result is
well-known:

Proposition 1.8.2. A locally compact group G is discrete if and only if the reduced group C*-algebra
CH(QG) is unital.

To realize this, a lemma is needed.

Lemma 1.8.3. Let G be a non-discrete locally compact group with a left Haar measure . Then there
exists a decreasing sequence (Vy)n>1 of compact, symmetric neighbourhoods of 1 such that u(Vy,) — 0.

Proof. Let V; be a compact symmetric neighbourhood of 1. Then V; # {1} since G is non-discrete, so
there exists x5 € V1 \ {1}. As G is Hausdorfl, there exist disjoint neighbourhoods Us C V; and U5 C V3
of 1 and xs, respectively. Then

Wy =2, UsnUsNay' Vi and Wy =UjNaUsNVy
are disjoint compact neighbourhoods of 1 and x9, respectively, and
2u(Wa) = p(Wo U Wy) < u(Vh).

By defining Vo = WoNW5~ ! we obtain a compact symmetric neighbourhood Vs of 1 with V5 C V; and
1(Va) < p(V1). The wanted sequence is then defined inductively. O

Proof of Proposition[1.8.2 If G is discrete, then the Dirac point mass of the identity element provides
an identity element of L!'(G) = ¢*(G) and hence of C/(G). To prove the converse, assume that G
is non-discrete and let 1 denote a fixed left Haar measure on G. We claim that there is a sequence
(gn)n>1 of functions in L?(G) with ||g,|l2 = 1 for all n > 1 such that Ag(f)g, — 0 in L*(G) for all
f € LY(G). Once that has been proved, assume for contradiction that C(G) does have an identity.
Then there exists f € L*(G) such that |1 — Ag(f)|| < 4. By the above claim, there exists a function
g € L*(G) such that [|g|lz = 1 and |[Ac(f)g| < 3, but then

1= a(fgll = llg — Aa(Dalls > gl ~ (Pl > 5.

Hence ||1 — A¢(f)|| > 3, a contradiction.

By a density argument, it suffices to prove the claim for all f € C.(G). Let K = supp f, C = || ]| and
let (V,,)n>1 be a decreasing sequence of compact, symmetric neighbourhoods of 1 such that (V) — 0.
If we let

1y,
PUARER

then (A (f)gn)(t) = (f * gn)(t) = 0 for all t ¢ KV,,. Indeed, if f(s)g,(s't) # 0 for some s € G, then
s€ K and s~ 't € V,, so that t € KV,,. As

gn =

(F9)0] =€ [ ot~ du(s) = € [ lg(o)ldn(s) < Cuvi)”
for all ¢t € GG, we therefore conclude that
[Ac(£)gnllz < w(KVy) sup{|(f * gn) () |t € KVi} < C*u(KVA)u(Vy) — 0

as wanted, since KV is compact. O



30 CHAPTER 1. C*-SIMPLICITY OF LOCALLY COMPACT GROUPS

These two results provide us with a good enough argument for restricting our attention to the discrete
case, and of course plenty of the results of the previous section are greatly simplified in doing so. If '
is a discrete group and (p, H) is a unitary representation of I', then C}(I") is the norm closure of the
*-subalgebra

Ko(T) = {Z Aop(s)

sEF

F CT finite, A\, € C for allsEF} C B(H),

as we noted in ([1.3.1)). In the case of the reduced group C*-algebra of a discrete group I, it is useful
to give this subalgebra a name:

Definition 1.8.4. The subset K. (') of B(¢?(T")) is called the complex group ring of T' and will always
be denoted by CT'.

It is then evident that L(T") is the von Neumann algebra generated by the subalgebra CI". Moreover,
the left regular representation Ar also allows for a canonical faithful trace given by

x = 1r(x) = (xd1, 1)

for x € C*(T") (cf. [14, Proposition 2.5.3]), where d; denotes the Dirac measure of the singleton {1} C T".
In fact, this also defines a faithful normal trace on the group von Neumann algebra L(T") (which we
will also refer to as the canonical trace), so that 47 is a cyclic, separating vector for C(T') and L(T').
Therefore the question of unique trace for discrete groups becomes a question of showing that 7 is
the only trace on C}(T).

Related to Theorem [1.7.5] Paschke and Salinas proved the following proposition in 1979:

Proposition 1.8.5. If T is a discrete group and ARr # {1}, then C*(T') is not simple and does not
have a unique trace.

Proof. If A is a subgroup of T', then there exists an isometric embedding J: C¥(A) — C*(T') and a
conditional expectation E: C}(I") — J(C¥(A)) (cf. [56, Proposition 8.5]) such that

E(Ar(s)) = J(Aa(s)) (resp. 0) when s € A (resp. s € '\ A).

Let A = ARp. Since C*(A) = C(A) by [14, Theorem 2.6.8|, the trivial representation of A produces a
character 7: C¥(A) — C. Defining 71 = 7oJ 1o E, then 7y is a state on C(T) satisfying 71 (Ar(s)) = 1
for all s € A. Observe that because A is a normal subgroup of I', then st € A if and only if ts € A for
all s,¢ € I, in which case

T1(Ar(8$)Ar(t)) = 11 (Ar(t)Ar(s)) =1 (resp. 0) when st € A (resp. st ¢ A).

Since the linear span of {Ar(s)|s € I'} is dense in C}(T"), it follows that 7y is a trace on C(I"), and

it does not coincide with the canonical trace. Indeed, for any s # 1 in A, we have (Ar(s)d1,d1) =0
whilst 74 (Ar(s)) = 1.

Concerning non-C*-simplicity of I', we can either use Theorem [1.7.5| or observe that
J={z e C;T)|n(z"x) =0}

is an ideal of C}(I'). Since 71 (Ar(1)) =1, J is proper, and if we define x5 =1 — Ap(s) for all s € A we
see that
mi(zfry) =2 -1 (Ar(s™) — 11(Ar(s)) = 0.

Hence x5 € J for all s € A, so since A # {1}, it follows that J is a non-trivial ideal. O
As in the previous section, we record the following consequence of the above proposition.

Proposition 1.8.6. A discrete group with the unique trace property is centerless and icc.



CHAPTER 2

THE DIXMIER PROPERTY

Before we head on into the quest of finding examples of groups that are either C'*-simple or have unique
trace, it might be a good idea to have a tactic for how to establish these two properties. The first
example of a non-trivial C*-simple group with unique trace was given by Powers in [58], namely the
free non-abelian group I' = Fy on two generators. The essential idea of the proof was to realize that
for any element a € CI" and ¢ > 0 there would exist a positive integer n > 1, elements s1,...,s, € '
and positive numbers Ay, ..., A, with > | A; = 1 such that

<e,

@) — Z AAR(s1)aAr (s1)*

where 7 is the faithful trace on C(T"). Once that had been shown, an uninvolved argument yielded
that C(T") was in fact simple with unique trace. As we shall see in the next chapter, other ideas of
Powers could be remolded into generating many examples of discrete groups of this sort.

The study of elements of the form E:L:l Ajujau in a unital C*-algebra A, wherea € A, A1,..., A, >0
with 37" | A\; = land uy, ..., u, € U(A), harks back to the paper [21] by Dixmier, wherein he proved an
approximation theorem for von Neumann algebras, stated as follows: for all von Neumann algebras A,
the norm closure of the convex set O 4(a) generated by all elements of the form uau* where v € U(A),

ie.,
n

Ou(a) = {Z Auzau

i=1

n>1, up, .., upy €EUCA), Ay Ay >0, Z)‘izl}’ (2.1)
i=1

always contains a central element. With this settled, Dixmier was able to prove a lot of results about
norm-closed ideals in von Neumann algebras (see [23, Chapter III.5]). In Propositions and
we give a proof of Dixmier’s approximation theorem for all finite factors, i.e., for all elements x in a
finite factor .#, the set O_y(x) N C1_4 is non-empty. Inspired by this, we define:

Definition 2.1. We say that a unital C*-algebra A satisfies the Dizmier property if it holds for all
a € A that

Oa(a) NCla # 0,
where O 4(a) is defined as in and O 4(a) is the norm closure of O 4(a) in A.

It is evident that b € O 4(a) implies O 4(b) C O 4(a). Moreover, if 7: A — C is a trace on .A, then for
any a € A, we have

n

T <Z )\iuiauf> = Z)\ﬂ(uiau;‘) = Z AT (ufuza) = Z Ai7(a) = 7(a)
i=1 i=1

i=1 i=1

for all uy,...,u, € U(A) and \i,..., A, > 0 satisfying > | A\; = 1. Hence 7(O.(a)) = {7(a)}, so by

continuity, we obtain
™ (04@) = {r(@)}. (=2:2)

We see now that Powers proved that C*(FF3) in fact satisfied the Dixmier property, and as previously
mentioned, this was enough to conclude simplicity and uniqueness of trace for C(F3). Here’s why.

Proposition 2.2. Let A be a unital C*-algebra with o faithful trace T, and assume that A satisfies
the Dizmier property. Then A is simple and has a unique trace.

31
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Proof. First, let J be a non-zero, closed, two-sided ideal of A; we will show that 3 = A. As J # {0},
we can take some x # 0 in J. Letting a = x*x, note that a > 0 and that faithfulness of 7 implies
7(a) > 0. We deduce that 0 ¢ O4(a), as otherwise we would have 0 = 7(0) € 7(O4(a)) = {7(a)}
which would imply 7(a) = 0, a contradiction. Since J is a two-sided ideal, we have O4(a) C J and
hence O 4(a) C T because J is closed. Since A satisfies the Dixmier property and 0 ¢ O _4(a), there
exists some non-zero A € C such that A1 4 € O4(a) C 7. Hence J = A, so A is simple.

Assume now that ¢ is a trace on A. For any a € A, then because A satisfies the Dixmier property,
there is some A € C such that A1 4 € O4(a). It now follows from that

pla) = p(Ala) = A =7(ALa) = 7(a).
Therefore 7 is the only trace on A. O

In fact, a converse of the above statement also holds: if A is a simple unital C*-algebra and 7 is a
trace on A then 7 is necessarily faithful, as the subset J = {x € A|7(z*z) = 0} is a closed, two-sided
ideal of A. Less obvious is the fact that A also has the Dixmier property, and the rest of this chapter
is devoted to a proof of this.

Theorem 2.3 (Haagerup-Zsido, 1984). Let A be a simple unital C*-algebra with at most one trace.
Then A satisfies the Dizmier property. Furthermore, if A does have a unique trace T then

0a(a) NCla = {r(a)1a}-

Our proof will differ a little from the one originally given in [30], and Mikael Rgrdam must be thanked
for providing us with it. The theorem, along with Proposition [2.2] yields the following consequence for
reduced group C*-algebras of discrete groups:

Corollary 2.4. Let T be a discrete group. Then C*(T') is simple with unique trace if and only if C*(T')
satisfies the Dixmier property.

In order to prove the theorem, let us define first a useful term related to O 4(a).

Definition 2.5. Let A be a unital C*-algebra, A1, ..., \, be positive numbers with > | \; = 1 and
Uiy .., Uy € U(A) be unitaries. Then the linear contraction f: A — A given by

flx) = Z Aiwaul, € A,
i=1

is called an averaging process. The set of averaging processes on A is denoted by F(.A).

It is clear that O4(a) = {f(a)|f € F(A)} for all a € A. Moreover, a simple calculation shows that
f,9 € F(A) implies go f € F(A).

Remark 2.6. Before proving Theorem we note that it suffices to verify that O4(a) meets the
scalars in A for all self-adjoint elements in A. Here’s the reason why: assuming that the Dixmier
property holds for all self-adjoint elements in A, let a € A and write a = a1 + iay where a1, a2 € A are
the self-adjoint real and imaginary parts of a. Then for any € > 0 there exists f € F(A) and A\ € C
such that

€
@) = Al < 5.
Since f(az) is also self-adjoint, there exists g € §(A) and Ay € C such that
€
lg(f(az)) = Aelall < 5.
By defining A = A1 + i\, we see that

lg(f(a)) = Alall < llg(f(ar) = ML)l + [lg(f(az)) — A2lall <e,

as ¢ is a unital contraction. Since g o f € F(A), it follows that A1 4 € O 4(a). *
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The main idea of the proof is to pass to the enveloping von Neumann algebra and decompose it into
finite and properly infinite summands. Once we prove results related to the Dixmier property for finite
and properly infinite von Neumann algebras, the proof itself will then translate these results back to a
result for the C*-algebra in question.

First we prove that we only need consider a specific class of finite von Neumann algebras when dealing
with the property of having a unique normal trace.

Lemma 2.7. Let 4 be a finite von Neumann algebra. If A has a unique normal trace, then M is a
factor.

Proof. Let € denote the center of .# and let T': .# — € denote the canonical center-valued trace on
A (cf. [g0, Theorem 8.2.8|). If .# acts on the Hilbert space H, then for all £ € (H); we can define a
linear functional ¢¢: .# — C by

pe(z) = (T(2)€,8), ze€ .

By the properties of T', each ¢ is a normal trace on .#. By assumption we must then have ¢¢ = ¢,
for all &, € (H)1. Supposing that € # C1_4, then there must exist some non-zero projection p € ¢
with p # 1 4. Hence we can take &, n € (H); such that p§ = & and pn = 0. Since T'(p) = p we have

1= [€]? = (&, €) = we(p) = @q(p) = (pn, 1) =0,
a contradiction. Hence ¢ = C1_g4, so .# is a factor. O

If a € A is self-adjoint, then o(a) is a compact subset of R. By defining

ala) =info(a), pB(a) =supo(a), d(a)=p(a)— ala),
note that o(a) C [a(a), f(a)]. We employ this notation for the following results.

Lemma 2.8. For any state ¢ on a unital C*-algebra A, it holds for all self-adjoint elements a € A
that a(a) < ¢(a) < B(a) and that

lp(a)la —all < d(a).

Proof. If a € A is self-adjoint, then a(a)ls < a < (a)l4. Hence if p: A — C is a state, we have
ala)lg < p(a)lg < B(a)lg. Together, these two pairs of inequalities yield

(a(a) = B(a))la < p(a)la —a < (B(a) — ala))la,
or [[p(a)la —a| < S(a) — a(a) = d(a). O

We now examine the two types of finite factors, using fervently that such von Neumann algebras have
a unique trace (in other words, you cannot say “finite factor” without saying “unique trace”).

Proposition 2.9. Let A4 be a 1,-factor with unique trace 7. Then 7(a)l 4 € O_y(a) for all a € A .

Proof. Let {Eji|j,k=1,...,n} be a system of matrix units for .#. Letting S denote the symmetric
group consisting of all permutations of the set @ = {1,...,n} and F denote the set of maps Q —
{—1,1}, we define

V(& m) = Zg(i)Eﬂ(i)i eM, (E€F, mes.
i=1

Then T' = {V(¢,7)|€ € F, m € S} is a finite subgroup of the unitary group U(.#). Moreover, if
7,k € Q, then by letting 7 denote some permutation of 2 mapping k£ to 7 and defining &;,& € F by
&1(m) =1 for all m € Q and

1 ifm=k
52(m):{ —1 else

we then have
V(&,m) + V(& m) = (§1(k) + &a(k)) Eroyr = 2Ej1,
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so that F;; belongs to the linear span of I' for all 7,k € €2, implying that the linear span of I' is all of
M. Let a € A4 and define
T = uau’
T =5

uel’

Then x € O_y(a) and for all v € ', we have
vav® = =T ; vu)a(vu) |F| Zwaw =z,

since left translation by w in I' is an isomorphism. Therefore vz = xv, so  commutes with everything
in I" and hence everything in .# by linearity. Since .# is a factor, there exists A € C such that
x = Al g, but then 7(a) = 7(x) = A, yielding what we wanted. O

Lemma 2.10. Let A be a 11y-factor and let a € M be self-adjoint. Then there exists uw € U(M) such
that

Proof. Let a = a(a), f = B(a) and let 7: .# — C be the canonical normal trace on .#. By defining

1

B, = {s ER | T(1[a,5)(a)) < 2} , t=supB,

and letting po = 1j4.4)(a) and p1 = 1} 4(a), note that po < p;. Moreover, we have 7(pg) < % < 7(p1)-
Indeed, observe first that (—oo,t) C B, C (—o0,t]. Moreover,

1[a,t7%)(a) — 1[,17,5) (a) and l[a,H%](a) — 1[047,5] (a)

weakly by the Borel functional calculus. As these sequences are bounded, it follows that

1 . 1
7(po) = lim 7(1p, ; 1)(a)) < > T(p1) = nILH;OT(l[a,t+%)(a)) > 3

n—oo

by normality of 7.

As A is a II;-factor, we can take a projection ¢ € .# with 7(q) = % —7(po) [@o, Theorem 8.5.7]. Since
7(q) < 7(p1 — po), we have ¢ 3 p; — po by the comparability theorem, so there exists a projection
qo € A with qg ~ ¢ and gy < p1 — po. Defining p = po + qo, we have 7(p) = 5 and py < p < p;. Since
rlpy(x) = tlgy (o) for all z € R, the Borel functional calculus tells us that a(p1 — po) = t(p1 — po)-
On the grounds that ¢y < p1 — po, it now follows that agy = goa = tqo, so that a commutes with gq.
Hence a also commutes with p.

We now define a; = ap and as = ap’ in the following, so that a = a; + as. It follows from the Borel
functional calculus that apy < apg < tpo and tpg < aps < Bpg, and because al 4 < a < 1 4, we
also have aqy < aqy < [qo. Recalling that aqg = tqg, we then obtain the inequalities

ap <ap <tp, tpt <ay < ppt. (23)

Since 7(p) = 7(p*) = , it follows that p ~ pt. Taking a partial isometry v € .# such that p = vo*
and pt = v*v, we deﬁne u = v + v*. Note that v* = ptov* and hence v = vpt, so that vp = 0. Hence

v? = (pv)? = 0, and therefore
(v+v)2 =+ +vro+ () =10+ 07+ (V¥) = 14.
Hence u is a self-adjoint unitary. We claim that u has the desired property. Indeed, since vp = pv* = 0,

we have
1

upu = (vp + v*p)u = v pu = v*(pv + pv*) = v pv =p
and uptu = 1_4 — upu = p. By (=2.3) we then find

ap™ <wayu < tpt,  tp < uagu < Bp. (2.4)
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Adding and together, we obtain
al gz <ay+uaiu <tl g, tly <az+uau < Bly,
and by adding the above inequalities together as well, we find
(a+t)l z <a+uau<(B+1t)]l 4.

Multiplying by %, we finally get

as wanted. O

Proposition 2.11. If A4 is a Il;-factor with unique trace T and a € A is self-adjoint, then

7(a)l.z € O.4(a),

the closure being in the norm.

Proof. Define ag = a. By Lemma there exists a1 € O_z(ao) such that d(a;) < 1d(ag). Iterating
this process, we obtain a sequence (a,),>o of elements in .# satisfying a,+1 € O_z(a,) and

d(ant1) < %d(an)

for all n > 0. It follows by induction that a, € O_g(a) for all n > 0, and from we then have
7(an) = 7(a) for all n > 0. Hence by Lemma [2.8] we have

1
IT(a)l.zr = anll = l7(an)lar = anll < d(an) < 57d(a) = 0,

completing the proof. O
In fact the two previous propositions combined with Proposition now give us the following result:
Corollary 2.12. Let A be a finite factor. Then .# is simple.

In the case of properly infinite von Neumann algebras, we turn to a new notion.

Definition 2.13. Let A be a unital C*-algebra. An element a € A is full if it is not contained in any
proper, closed, two-sided ideal in A, i.e., if J is a closed two-sided ideal of A such that a € J, then
J=A

Various elementary results about full projections are proved in Section A.2. It is easy to check that if
p is a full projection in a unital C*-algebra A, then all projections in A majorizing p or equivalent to
p are full.

Lemma 2.14. Let A4 be a properly infinite von Neumann algebra. Then for any full projection p € .H#
and any n > 1, there exist unitaries uy,...,u, € # such that

1 & -1
quipuf > Ll//(.
n n

Proof. Let p € .4 be a full projection. Since p is properly infinite in .# by Proposition then
by the Schréder-Bernstein theorem there exist mutually orthogonal projections ¢y, ..., ¢,—1 € # such
that ¢; ~ p and ¢; < p for all ¢ and > | ¢, = p. Define projections p; = ¢; for i =1,...,n — 1 and
Prn = Gn + 14 — p. Since p, > ¢, and g, is full, it follows that p,, is full. Hence by Corollary
we have p,, ~ p. Also, since p, > 1 4 —p we have p; L p, foralli=1,...,n—1, so that (p;)7; is a
family of mutually orthogonal equivalent projections, satisfying

n n—1
> pi=1l4 and Y p; <p.
=1 =1
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Define a function 7: N — {1,...,n} by letting r(x) be the unique integer in {1,...,n} such that
r(xz) =« (mod n) for x € N. Fixing i € {1,...,n}, then for all j =1,...,n we take a partial isometry
vi; € ./ such that
7)1; = DPr(i+j)» U;kjvij =Dj-
Note that for j,k € {1,...,n} with j # k, then (i + 7) # r(i + k) and so
VijV, = VigDiPkVix = 0, ViVik = UjjPr(itg)Pr(ivk)Vik = 0.

Define u; = Z?Zl v;5. Then each u; is a unitary, as we have

n n
Uqu = szm Vi = Zvijvjj = ZPT(i-l‘j) — ij — 1//{
Jj=1 j=1

j=1k=1

and w;u] =1 4 similarly. Observe that if ¢,j € {1,...,n} then

n n n n n
* *
Ui PjU; § E VikPjV; = § § VikPjP1V;; = § vikvw vzg = Pr(i+j)-
k=1 1=1 k=1

k=1 1=1
Therefore
n—-1 n n—-1 n n—1
Zulpu >z:uZ Zp] uy —ZZuzp]u _Zzp’“(lﬂ —Zl/fl (n—1)1_4,
j=1i=1 j=1i=1 j=1
completing the proof. O

Proposition 2.15. Let .# be a properly infinite von Neumann algebra, and let A C A be a simple
C*-subalgebra with 1_4 € A. Then for all self-adjoint a € A, we have

O.#(a)NCl 4 = [afa), (a)]lx,
the closure of O_y4(a) being in the norm.

Proof. Since O_4(a) NC1_4 is convex for all a € A, it suffices to show that a(a)l z,B8(a)l.z € O 4(a)
for all self-adjoint a € A. Assume first that we have shown that 8(a)1_z € O_g(a) for all positive a € A.
Then for any self-adjoint z € A the fact that 8(x) = 8(z + a(x)1l_4) — a(z) yields B(z)1 4 € O_y(x),
and since this must also hold for —z, we have

a(x)l gy =—B(—2)lg € =0 4(—z) = O y(x)

as well, so that the statement follows. Henceforth we therefore assume that a € A is positive, and we
need to prove that S(a)l.z € O_z(a).

Let 8 = B(a). If =0, then a =0 and B1 4 € O_4(a) = {0}. Therefore assume that 5 > 0. Let € > 0
with € < 3, and take n > 2 such that ne > 8. Defining

ne — f3

Eo =
n—1"

it is easy to see that 0 < g9 < 8. Now define a projection p = 1j3_., g(a) € .#. By the Borel
functional calculus, we then have

apt < (B —eo)p™. (2:5)
We now claim that p is full in .#. Indeed, suppose that J is a proper, closed, two-sided ideal in .#
containing p. Then the natural quotient map .# — .# /3 induces a *-homomorphism 7: A — .# /7.
Since A is simple and 7(1.4) # 0, 7 must be injective, so o(a) = o(m(a)). Applying 7 to (2.5)), we see
that 7(a) < (8 — €0)1.4/3 because 7(p) = 0. Hence o(a) = o(n(a)) C (—o0,  — €], contradicting the
fact that 8 € o(a).

Observe that pa = ap and ap > (8 — £o)p by the Borel functional calculus. Since a = ap + ap* and
ap™ > 0 (a being positive), it follows that (3 — ¢)p < ap < a. Since p is full, Lemma provides
UL, ..., Up € U(A) such that

qupu >71//(
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As a < 1 4, we now have

n—1

1 & . 1 §
Bl > — > juiau; > (B —g0)— > juipui > (B —c0)——1La-
1=1 =1

Defining z = 2 37" | w;au}, then # € O_4(a). The above inequalities now imply

1 _
0§51,/,—a:g(5+” 50>1,,,_<5+"5 5)1%_51%,
n n n n

in turn implying ||81.4 — z|| < . Hence 1 4 € O_y4(a), and the proof is complete. O

We are now almost ready to prove the main theorem; however we need to know what happens to
operator closures in A** of convex subsets in a C*-algebra A.

Lemma 2.16. Let A be a C*-algebra and consider A as a C*-subalgebra of its enveloping von Neumann
algebra A**. If ¥ C A is a convex subset, then

?ultrawcak ANA= ?norm
i A**. If % is bounded, then the ultraweak closure of . can be replaced by the weak and strong
operator closure.

Proof. The inclusion “2” is clear. Assume therefore that z € A C A** belongs to the ultraweak closure
of .. Then there exists a net (z4)aca in & such that w(z,) — w(z) for all w € (A™), = A*, so that
x belongs to the o (A, A*)-closure of . in A. Since .¥ is convex, x belongs to the norm closure of . in
A [63 Theorem 3.12|. The final statement follows immediately, as the weak operator topology, strong
operator topology and the ultraweak topology coincide on bounded sets [15, Proposition 2.1]. O

The above lemma even holds for Banach spaces, if we consider the weak* topology on A**.

Proof of Theorem[2.g Assume first that A has a unique trace 7. As noted in Remark it suffices
to show that

7(a)lg € O4(a)
for all self-adjoint elements a € A. Once that is proved, tells us that 7(a) is the only A € C
such that A1 4 € O4(a). Therefore, let a € A be self-adjoint. By viewing A as a C*-subalgebra of its

enveloping von Neumann algebra .# = A** (so that 1 4 = 14), we have

MEN =MD M,

where .#, is either a finite von Neumann algebra (or {0}) and .#% is a properly infinite von Neumann
algebra (or {0}). Let m;: A — #; denote the *-homomorphisms arising from this isomorphism for
i=1,2.

Since 7 is the only trace on A, its extension 7 to .# is the only normal trace on .#, by A being
ultraweakly dense in .#. Properly infinite von Neumann algebras have no traces, so .#; cannot be
zero and must therefore be a finite von Neumann algebra. Because *-isomorphisms of von Neumann
algebras are ultraweak-to-ultraweak homeomorphisms, there is only one normal trace 7 on .4 as well.
Hence any normal trace on .# is necessarily given by z — 7/((x,0)) for x € .#, so by Lemma
M is a finite factor. Letting ¢ denote the unique trace of .#;, then ¢ o m is a trace on A and hence
1 = 7 by uniqueness of 7. Regardless of the type of .#1, it now follows from Propositions and

that 7(a)1.4, € Oz, (71(a)).

Supposing now that .#5 is non-zero, then A being simple implies that 7o is injective, so that mo(A) is
a simple C*-subalgebra of .4, and 72(14) = 1_4,. Moreover, Ty preserves spectra, so Proposition
then tells us that

O.,(m2(a)) N Clg, = [(ma(a)), B(m2(a)] Lz, = [a(a), B(a)] L,

and therefore 7(a)l 4, € O_g,(m2(a)). This proves that 7(a)l_» € O_y((m1(a), m2(a)), and hence, by
going back to .#, that

7(a)lg € O y(a).
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If .#> = {0}, then the above inclusion obviously still holds.

We are almost home, but we still need to prove that 7(a)l 4 also belongs to O4(a). Let z € O_g(a).
Then there exist positive numbers Ay, ..., A, > 0 summing to 1 and unitaries uy, ..., u, € U(.#) such
that z = 31" | A\jufau;. Since the set of unitaries in A is strongly dense in .# by Kaplansky’s density
theorem [3g, Corollary 5.3.7], then for all i = 1,...,n there exists a net (u?),cy, of unitaries in A such
that u!, — u; strongly. For any i = 1,...,n and &, € H where H is the Hilbert space on which .# is
represented, we have

[{(uy aws, — wiau)€,m)| < [((w)" —u)aun&,n)| + |(uf aluy, — ui)€,n)|
< llaug &llll(us, = wanll + [{(w, — wi)€, aun)l,

so that ul*au., — u}au; weakly. Hence

n n

ik o1 * _
E A, au,, — g Au;au; =z
i=1 i=1

weakly (as a net indexed by the directed set [];_, I;). As this net consists of elements in O4(a), we
find that z belongs to the weak operator (WOT) closure of O 4(a). Therefore we have

Ha)la €O (@NACOa@ " NA=0aa)

by Lemma [2.16] completing the first part of the proof.

Perhaps not surprisingly, the second part is almost exactly the same. Assume that A does not have a
trace. Considering the embedding A C .# = A** and letting .#; and .#5 be the finite and properly
infinite summands as before, note that .# does not have a trace, as a trace on .# would restrict to a
trace on A. If .#; were a finite von Neumann algebra, the center-valued trace on .#; would induce
a trace on 4 @ #>. Hence .4, = {0}, so .4 is properly infinite. Therefore, if a € A is self-adjoint,
Proposition again yields O_z(a) NCl4 = [a(a), B(a)]14. By virtue of what we proved in the first
part, we have

O4(a)NClya C O 4(a)NCly C OA(CL)WOT NClg = 04(a) NCly,

proving that O4(a) N Cly = [a(a),B(a)]l4 for all self-adjoint elements a € A. Hence A has the
Dixmier property. U



CHAPTER 3

POWERS GROUPS

With the Dixmier property in hand, it is now time to give some examples of C*-simple groups with
unique trace. We will once again use the already-mentioned paper [58] by Powers as a guiding light, but
just that. As Pierre de la Harpe noted in his 1985 paper [31], the proof of Powers was in fact so robust
that it could be used to uncover a wide variety of positive results on C*-simplicity and uniqueness
of trace, simply by extracting the property of Fo that made the proof work, thereby neologizing the
notion of a Powers group. In doing so, de la Harpe laid the foundation for a new generation of similar,
but weaker definitions, still yielding C*-simplicity and uniqueness of trace (but we will get to that).

3.1 C*-simplicity and uniqueness of trace of Powers groups

We first give the definition of a Powers group as originally given by de la Harpe.

Definition 3.1.1. A non-trivial discrete group I' is a Powers group if for any non-empty finite subset
F C T\ {1} and any integer N > 1 there exist a partition I' = C' U D and elements s1,...,sy € T’
such that

(i) fCNnC =0 forall feF and
(ii) s;iDNs;D =0 foralli,j=1,...,N with ¢ # j.

Example 3.1.2. Any non-abelian free group F is a Powers group. Indeed, let F' and N be as in the
definition, and let x and y be two distinct elements of a free generating set for F. Then there exists an
integer k > 1 such that z* fx~* begins and ends with a non-zero power of z; for instance, if m(f) resp.
n(f) denote the power of & occurring at the beginning resp. the end of z after reduction for f € F,
take k such that

k> max{—m(f),n(f)}

for all f € F. If we let C be the set of words s € F such that 2*s does not begin with a non-zero
power of z after reduction, then for all f € F and s € C the word z*(fs) = (z* fz=*)2*s begins with
a power of x, so that fC'NC = (). If we now define D = F\ C and s; = y’z* for i = 1,..., N, then for
all i and s € D, the word s;s begins with y’z" for some non-zero integer r, so that all s; D are disjoint.
Hence F is a Powers group.

One can obtain some useful properties of Powers group, just by using the definition.

Proposition 3.1.3. Any Powers group I" is icc. If A is a subgroup of T of finite index, then A is also
a Powers group.

Proof. To show that T" is icc, assume for contradiction that there exists an element f € I'\ {1} with
finite conjugacy class F. As 1 ¢ F, then we can take a partition I' = C'U D and elements s1, s9,83 € T’
such that the conditions of the definition are fulfilled. Since s;D N s;D = for j € {2, 3}, then for all
f € F we have

fs1D C fs;C = sj(sjlfsj)C C s;D,

as sj_lfsj € Fand f/CNC = for all f/ € F. Therefore fs;D C soD N s3D, contradicting the
assumption.

Assume now that A is a subgroup of I' of finite index and let T" be a left transversal for A in T, i.e.,
any s € I' can be written s = ts’ for unique ¢t € T and s’ € A. We define ¢ = |T|. Let F' C A\ {1} be
a finite subset and let N’ > 1 be an integer. Letting N = ¢N’, then because T is a Powers group there
exist a partition I' = C'U D and elements s1,...,sy € I satisfying the conditions of the definition for

39
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F'and N. Foralli=1,...,N, write s; = t;8; for t; € T and s; € A. There must be at least N’ of the
t;’s which are equal, so by reordering the s;’s we can assume that t; = --- = t5/. Defining ¢’ = ANC
and D' = AN D, then for all f' € F we have f/C'NC' C f/CNC =1, and for any i,j € {1,...,N'}
with i # j we have

s;D' N s, D" = t7"(s;D' N s;D') Cty"(s:D N s;D) = 0.

Hence with C’, D’ and s, ... we see that A is a Powers group. O

) ’]’L?
In a similar vein, we also have the following result:

Proposition 3.1.4. Let I be a directed set and let (I';);er be an increasing family of subgroups of a

group ' such that T' = {J;c; T's. If all T'; are Powers groups, then I' is a Powers group.

Proof. Let F C T'"\ {1} be a finite subset and let N > 1. Then there exists an ¢ € I such that
F C T; \ {1}, so there exists a partition I'; = C; U D; and elements s1,...,sy € T'; such that
fC;nC; =0 for all f e F and s;D; Ns,pD; =0 for all distinct j,k =1,..., N. Letting T be a right
transversal for I'; in I', then by defining C = C;T and D = D,;T, then I' = C U D is the wanted
partition and si, ..., sy satisfy condition (ii) of the Powers property. Hence I is a Powers group. [

As we shall prove now, Powers groups are also C*-simple with unique trace. By Proposition this
implies that Powers groups have trivial amenable radical and are thus highly non-amenable (but this
does not mean that Powers groups are easy to recognize).

The next result is due to Powers, emanating from his 1975 paper, albeit with some modifications.
Lemma 3.1.5. Let I' be a Powers group. If a is a self-adjoint element in the complex group ring

CT with 7(a) = 0, where 7 is the canonical faithful trace on C}(I"), then for all N > 1 there exist
51,...,5n €' such that

Proof. First and foremost we know that there exist z1,...,z, € C and fi1,...,f, € I such that
a = Y,z r(fi). Since T(a) = 0, we can assume that f; € T'\ {1} for all i = 1,...,n. Let
F ={f1,...,fn}. By T being a Powers group, we can take a partition I' = C' U D and elements
S1,...,8n € I satisfying the conditions of the definition for F' and N. Note that we also have
f7ienC=0foral feF. Ifne(?*(s;C) and s € s;C, then

sifit sEs]f 'C Cs;D,

so that
Ar(sjfisy n(s) = n(s;f; s, ts) = 0.

Hence Ap (sjfls;l) maps £2(s;C) into £%(s; D) for all j, and it therefore follows that
b = )\F(Sj a)\p Sj Zzz)\f‘ ijz

maps ¢%(s;C) into ¢?(s; D). Letting p; be the projection onto ¢%(s;D) for j = 1,..., N, note that all
the projections p; are orthogonal and that (1 — p;)b;(1 — p;) = 0, since b; maps ¢2(s;C) into £?(s; D).

Now let £ € ¢3(T) with [|€|| = 1. Then we find that

[(0;€, &) < [(b;E€, pi&)| + [(bjp;€, (1 — p;)&) + (b (1 — p;)E, (1 —pj)E)|
< o5llllps€ll + 1{bipi&, (1 — pi)E)]
< 2llall[ps€]l



3.1. C*-SIMPLICITY AND UNIQUENESS OF TRACE OF POWERS GROUPS 41

forall j =1,...,N, as ||[(1 —p;)¢]| <1. Now define b = % Zjvzl b;. Since the projections pi,...,pN
are orthogonal, we then have

N
1
[(be. &) < 5 D _1(bi€, €]
j=1
9 N
< 7 lal D lpsel
j=1
) N 1/2 1/2
< s lall | 2 lpsgll® p
j=1 j=1
2
< —llal.

VN

Since b is self-adjoint, we have ||b]] = sup{|(b¢,&)||€ € £2(D), ||€]| = 1} (cf. [73, Theorem 7.18]),
completing the proof. O

Proposition 3.1.6. The reduced group C*-algebra C(T") of a Powers group T satisfies the Dizmier
property, so Cx(T') is simple and has a unique trace.

Proof. Recall from Remark that we only need to show that every self-adjoint element satisfies the
Dixmier property. Let a be a self-adjoint element of C}(T") and € > 0. Then there exists ag € CT’
such that [la — agl| < £. By replacing ag with (ag + aj) if necessary, we can assume that ao is
self-adjoint. Applying Lemma to 7(ap)l — ap, there exists an averaging process f € F(C;(T))

such that ||7(ao)1l — f(ao)|l = || f(7(a0)l — ao)|| < §. Therefore

[7(a)1 = f(a)|| < |I7(a — ao)1l| + [IT(ao0)l = f(ao)|| + || f(ao — a)|l
<2[la — ao| + [[T(ao)l — f(ao)| <e,

since both 7 and f are linear contractions. This shows that 7(a)l € Oc:(r)(a), so C;(T') satisfies the
Dixmier property. O

We proceed to find our next example of Powers groups: (most) free products. Recall that if T'; and
T’y are groups, then the free product I'y * I's of I'; and I's is the group of all words of elements in I'y
and I', i.e., combinations siss---s, where each s; is either an element of I'y and I's. The identity
elements of I'y and I'y are identified and become the identity element of the free product. Any word
can be reduced by replacing pairs s;s;+1, where s; and s;11 belong to the same group, by its product
in that group, and then removing identity elements. Consequently, any reduced word s € T’y « I's is
either the identity element or of the form s = sy ---s,, where s1,...,s, are non-identity elements of
either I'y and I'; and satisfy the condition s; € I';j = 5541 € '3_jfor 1<i<n—-1land 1 <j <2 In
this case the length ((s) is equal to n. Elements of I'; % I'y are multiplied in the obvious way.

That free products are in fact Powers groups follows from a proof originally given by Paschke and
Salinas (cf. [52]):

Theorem 3.1.7. Let T'y and T's be non-trivial groups satisfying (|T'1| —1)(|T2| —1) > 2. Then the free
product T'y % T'a is a Powers group, and consequently C;(T'y x T's) is simple with a unique trace.

Proof. Assume without loss of generality that |T's| > 3. Let

F:{flavfm}g(rl*FQ)\{l}

be a finite subset and let N > 1. Take x € I'; and distinct y1,y2 € I's such that none of the elements
are the identity, and define s = zy; and ¢t = zy,. Then there exists an integer k£ > 1 of s such that the
word s* fs~* begins and ends (after reduction) with a non-zero power of s for any f € F. For instance,
we can let k = 1+ max{{(f)|f € F}. If f € F is a power of s, then the result is trivial; otherwise,
f is (after reduction) a product of £(f) elements of I'1 and T's, and these factors cannot cancel out s
entirely.
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Let D be the set of all words r € T'y 'y such that x—1ts®r either is the identity element or begins with
a non-identity element of I'y different from y; after reduction. Defining s; = s*ts* for alls =1,..., N,
then for all such i and 7 € D, the word s;r = (s'x)(x~'ts*r) begins with s’z and does not begin with
s7 for any j > i. Hence for all i,j = 1,..., N with i # j, the sets s;D and s;D are disjoint.

Finally, let C = (I'; ') \ D and let r € C. Then x~'ts*r either begins with a non-identity element
of 'y after reduction or begins with y;. By writing

sty = yy Ha sk,

we conclude that s¥r either begins with Yoy Lor Yoy 14, and hence always begins with a non-identity
element of T'y. Therefore if f € F, then s*fr = (s fs=%)(s*r) begins with z, so fr ¢ C and hence
fCNC =0. Hence I'y ¥ 'y is a Powers group. O

Remark 3.1.8. The requirement that (|T'1| — 1)(|T'2| — 1) > 2 is not only sufficient, but necessary for
T’y %'y to be a Powers group. Indeed, Zs * Zs is not icc: if a and b denote the generators of each copy
of Zs, then the conjugacy class of ab € Zs * Zo consists only of ab and ba = (ab)~*. *

In his original exposition on Powers groups, the main discovery of de la Harpe was that in considering
quite specific group actions on Hausdorff spaces, one could find lots of examples of Powers groups. The
essential notion was that of a group element acting hyperbolically.

Definition 3.1.9. Let v be a homeomorphism of a Hausdorff space 2. We say that ~ is hyperbolic if
there are two distinct fixed points s,, 7, € € so that for any neighbourhoods S of s, and R of 7, there
exists an integer N > 1 such that v"(Q\ S) C R for all n > N. The points s, and r, are called the
source and range of v, respectively. Two hyperbolic homeomorphisms of (2 are said to be transverse if
they have no fixed points in common.

Note that if v is as above, then 7 has no other fixed points. Indeed, if x € Q were a fixed point of ~
and x # s, then there would exist a neighbourhood S of s, not containing =. For any neighbourhood
R of 7. there would then exist an integer n > 1 such that 4*(X \ S) C R, implying x € R. Hence
T =Ty

Remark 3.1.10. If 77 is a hyperbolic homeomorphism of €2 and 75 is any homeomorphism of €2,
consider the conjugates g = 'yé“’yl'y; ¥ where k > 1 is an integer. First of all, each g is hyperbolic
with source sy, = 75(s,,) and range 74, = v5(r,,). Hence g and g; are transverse for k > j if and
only if
k—j k—j
{2 7 (551),72 ()} N {8,700} = 0.

If 41 and -5 are transverse hyperbolic homeomorphisms, there exists N > 1 such that

Vo ({8505 771 1) © QN {84,, 79, }

for all n > N. Hence for any increasing sequence (ny)k>1 of N such that ngy1 > ny + N for all & > 1,
the sequence (gn, )x>1 is one of pairwise transverse hyperbolic homeomorphisms. Moreover, if 7y is some
hyperbolic homeomorphism of €2, then v is at most non-transverse to two g,,. By throwing these out
of the sequence, we obtain a sequence of pairwise transverse hyperbolic homeomorphisms transverse
to 7. *

Lemma 3.1.11. For any two transverse hyperbolic homeomorphisms 71,2 of a Hausdorff space
and any neighbourhood U of -, , there exists N > 1 such that v3v1v, " has source and range contained
i U for allm> N.

Proof. Since s, € Q\ {s4,,7+, }, we can take N > 1 such that
V2 ({85, }) U
for all n > N. Since 73 (s+,) and v3(r,,) are the source and range of v5y17; ", the result follows. O

Whenever we say that a group I' acts on a Hausdorff space 2 by homeomorphisms, we mean that the
map x — ~yx is a homeomorphism of ) for any v € I'. We say that v € I' is a homeomorphism for
short.
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Definition 3.1.12. If I" acts by homeomorphisms on a Hausdorff space €2 and I" contains two transverse
hyperbolic homeomorphisms of €2, the action of I' on 2 is called strongly hyperbolic.

Now comes the central result in de la Harpe’s paper [31]; we reformulate it as in [33].

Proposition 3.1.13. Let I' be a group acting by homeomorphisms on a Hausdorff space Q satisfying
the following conditions:

(i) The action of T' on Q is strongly hyperbolic.

(ii) For any finite subset F C T'\ {1}, there exists a fixed point x € Q of some hyperbolic homeomor-
phism in T such that fx # x for all f € F.

Then T is a Powers group.

Proof. Let F C T'\ {1} be finite and N > 1 be an integer. By hypothesis, there is a hyperbolic
homeomorphism v of I' with fr, # ry for all f € F. In particular, by  being Hausdorff and T’
acting by homeomorphisms, there is a neighbourhood Cq, of r., such that fCoNCq =0 for all f € F.
Since T' is strongly hyperbolic, it follows from Remark that there are N pairwise transverse
hyperbolic homeomorphisms 71, ...,yn transverse to v. By Lemma we can assume that the
source and range of each ~; are contained in Cq simply by conjugating +; by a large enough power of
7, in which case the v1,...,yn remain pairwise transverse. Now take neighbourhoods R; of r,, such
that Ry,..., Ry are pairwise disjoint. By the definition of each ~; being hyperbolic, then by replacing
i by a larger power of itself we can further assume that v;(2\ Cq) C R; foralli=1,... N.

Fix an zg € Q and define
C={yeTl|vxgeCq}t, D={yeTl|vzgeQ\Cq}.

Then CUD =T, fCNC={yeT|yzg € fCqaNCq} =0 forall f € F and for any i,5 € {1,...,N}
with i # j, we have

YD Ny D ={y € T'|yzo € %(2\ Ca) N7;(2\ Ca)} C{y €T [yzo € RiN R;} = 0.
Hence I' is a Powers group. O

There are plenty of ways one can modify the conditions of the above proposition to suit the needs of
a particular investigation, and we note two of the most common ways to do this.

Corollary 3.1.14. Let I be a group acting by homeomorphisms on a Hausdorff space 0 such that the
action is strongly hyperbolic and Tz is dense in Q for all x € Q. If for any finite subset FF C T'\ {1}
there exists x € Q such that fx # x for all f € F, then T' is a Powers group.

Proof. Let F C T'\ {1} be a finite subset and take x € Q such that fx # z for all f € F. By Q
being Hausdorff and T" acting by homeomorphisms, we can take a neighbourhood U of x such that
fUNU =0 for all f € F. Now, since I is strongly hyperbolic there exists an zg €  that is fixed by
a hyperbolic homeomorphism vy € I". Moreover, since 'z is dense in €, there exists v € I' such that
vz € U. Now f(yxg) # yxo for all f € F and vyxy is fixed by the hyperbolic homeomorphism vy ™!,

so Proposition applies. O

For instance, if the group action is transitive the above result applies.

Corollary 3.1.15. Let I' be a group acting by homeomorphisms on a Hausdorff space  such that all
non-identity elements of I' have only finitely many fixed points in Q. If the action of T on 2 is strongly
hyperbolic, then I' is a Powers group.

Proof. By Remark there exists a sequence (7, ),>1 of transverse hyperbolic homeomorphisms in
I. If F CT'\ {1} is a finite subset, then there must exist a fixed point of some ~,, that is not fixed by
any element of F'. Hence I is a Powers group by Proposition O

Example 3.1.16. In a paper from 2011, de la Harpe and Préaux gave the following examples of
Powers groups by means of considering group actions on trees [34, Theorem 2]:
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(i) Let I'1,T9, A be groups for which there exists an injective homomorphism ¢1: A — T'; and
t2: A — Ty such that [I'y : ¢1(A)] > 3 and [T'g : t2(A)] > 2. Letting N denote the normal
subgroup generated by elements of the form ¢ (s)i2(s)~! for s € A, we obtain the free product
with amalgamation

[y #p Dy :=T1 xTy/N = (T'1, T2 t1(8) = t2(s) for all s € A).

If we identify A with ¢1(A) and t2(A), we can define a decreasing sequence of subsets of A
inductively by setting Ag = A and

A4+13: [ r) SAS_l

sely

m[ﬂ tAt—ll, i>0.

tels
If T'y x5 'y is countable and A; = {1} for some ¢ > 0, then I'y x5 I'y is a Powers group.

(ii) Let I" be a group, let A be a proper subgroup of I' and let § be an isomorphism of A onto some
subgroup of I'. If 7 denotes a new symbol (i.e., an element not in I', we can define the HNN
extension

H = HNN(T',A,0) = (T, 7|7 's7 = 6(s) for all s € A),

a construction originally devised by Higman, Neumann and Neumann in [37], into which I embeds
naturally. Identifying I' with a subgroup of H by means of this embedding, we then define a
decreasing sequence of subsets of A by setting Ag = A and

A= 0NO(N:), Aiyr = [ﬂ sA251] nr lﬂ sA251] 1 >0

ser sel
If H is countable and A; = {1} for some i > 0, then H is a Powers group.
(iii) For m,n € Z, the Baumslag-Solitar group BS(m,n) is the group with presentation
BS(m,n) = (s,t|ts™t~t = s™) = HNN((s), (s™), s™* s s"F).
Then BS(m,n) is a Powers group if and only if |m| > 2, |n| > 2 and |m| # |n|.

Plenty of other examples, though somewhat complex, are given in [32].

3.2 Non-elementary subgroups of PSL(2,R)

We will now find examples of Powers groups where the Powers property can be obtained with the
results about group actions from the previous section. As it turns out, this requires some knowledge
of hyperbolic geometry — Mébius transformations in particular. For the sake of completeness, we will
provide the reader with a recap of the most important facts about these and then go on to bring their
connection to Powers groups to light.

For any field K of characteristic zero and n > 1, the general linear group GL(n,K) is the group of
all invertible n x n matrices. We let GL(n,K)~o denote the invertible matrices with positive determi-
nant. Restricting the determinant function to GL(n,K) yields a multiplicative group homomorphism
det: GL(n,K) — K\ {0}, the kernel of which is called the special linear group SL(n,K). Hence an
invertible matrix A over K belongs to SL(n,K) if and only if A has determinant 1.

In the following, let H denote the upper half-plane {z € C|Im z > 0} and let OH denote the one-point
compactification R U {oco} of R. Tt is well-known that OH is then homeomorphic to the unit circle
0D = {z € C||z| = 1} by means of the stereographic projection

Re z : .
if 2414
z»—>{ 1-Imz 7 X z € OD.

00 if z =1,

If CU {oo} is the one-point compactification of C (or the extended complex plane), then the subspace
topology of RU {oo} as a subspace of CU {00} coincides with the topology of the one-point compacti-
fication of R. Hence we can view OH as a subspace of C U {oco}. Lastly, we define the extended upper
half plane H = HU H C C U {oo}.
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It will be useful for us to define some elementary operations on C U {oo}:

%:oo7 %:O, b+o0o=00, a€C\{0}, beC.

For any A € GL(2,C), we cousider its corresponding Mdébius transformation

az+b a b
v(z) = e for A= (c d) . (3.2.1)

The domain of v is usually the extended complex plane C U {oo} (with the topology of the one-point
compactification of C), and we define

7(?) =00, 7(o0) :%

in accordance with the extended division on C U {oo} (note that the numbers _Td and ¢ rely only on
this division if ¢ = 0, in which case a # 0 and d # 0). It is a standard result from complex analysis
that -y is a homeomorphism of C U {co}.

If we restrict our attention to GL(2,R) and assume that A € GL(2,R) has strictly positive determinant,
then « as defined above maps H bijectively onto H and OH bijectively onto 0H; in particular, v is a
homeomorphism of H and of OH. The set of Mébius transformations on H arising from such matrices
is denoted by Mob(H), i.e.,

o b
Mish(H) = {7: H — "y(z) %, a,b,c,d €R, adbc>0},
(674

and the usual composition turns Méb(H) into a group. The map A +—  given as above then yields a
surjective group homomorphism GL(2,R)sg — M&b(H) for which the kernel consists of all real scalar
matrices. In particular, since SL(2,R) maps onto Mob(H) under the above isomorphism, we obtain
a group isomorphism SL(2,R)/{£1} — M&b(H). We then define the projective special linear group
PSL(2,R) by

PSL(2,R) = SL(2, R)/{%1}.

Note that SL(2,R) can be topologized simply by letting it inherit the topology from R*, in which
SL(2,R) is the closed subspace obtained by taking the pre-image of {1} under the determinant homo-
morphism. We then endow PSL(2,R) with the quotient topology, under which it becomes a locally
compact group, and PSL(2,R) acts by homeomorphisms on H by virtue of the one-to-one correspon-
dence with Mobius transformations in Méb(H).

We now consider fixed points of v € Mob(H) where v is not the identity. There are two cases:

(i) If oo € OH is a fixed point, then because y(co) = ¢ we must have ¢ = 0. This implies that

(2) a L b
z)=—-z+ -,
DA R
and thus that —d%a is a fixed point, which may or may not also be oo since it is possible that
a = d. If this is the case, note that b # 0 since we assumed that v was not the identity, in which

case ﬁ is well-defined.

(ii) If oo is not a fixed point, then ¢ # 0. We then have that zop € HUJH is a fixed point if and only
if

azo+b=2(czo +d) & czd + (d—a)zg —b=0.
(Note that czo + d # 0, since zy # f% by assumption.) Note that because v arises from a real

matrix, this quadratic equation has either (a) two real solutions, (b) one real solution or (c¢) two
non-real complex conjugate solutions (of which only one belongs to H), in all cases given by

(a —d) £ +/(a —d)? + 4bc
2c '

zZo0 =
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This completely determines the possible fixed point properties of «, and it is appropriate to split
Mboébius transformations into three types:

Definition 3.2.1. Let v € Mob(H).

(a) If v has two fixed points in OH and none in H, we say that ~ is hyperbolic (we will see in a
moment that this coincides with our original definition of hyperbolicity, but for now, this is a
different notion).

(b) If v has one fixed point in OH and none in H, we say that + is parabolic.
(¢) If v has one fixed point in H and none in OH, we say that v is elliptic.

For all A € SL(2,R), let us now consider the trace

a b
tr(A) = a+d, forA—(C d>'

Suppose that v € Mob(H) corresponds to A. Then:

(i) If oo is a fixed point of v, then ¢ = 0 and ad = ad —bc = 1. We have seen that a = d if and only if
oo is the only fixed point, and in this case we have |tr(4)| = 2. If a # d, then |tr(A)| = [a+ 1] > 2.

(ii) If oo is not a fixed point of ~, then ¢ # 0. We then know that

tr(A)? —4=(a+d)?*—4=(a—d)?+4ad — 4= (a—d)* + 4bc.

In short, we have the following:

Proposition g3.2.2. Let A € SL(2,R) and let v € MOb(H) be the Mébius transformation corresponding
to A. Assume that v is not the identity map. Then the following holds:

(i) v is hyperbolic (in the sense of Definition [3.2.1]) if and only if |tr(A)| > 2.
(ii) ~ is parabolic if and only if |tr(A)| = 2.
(iil) v s elliptic if and only if [tr(A)| < 2.

We say that s € PSL(2,R) is hyperbolic (resp. parabolic, elliptic) if the unique homeomorphism
~ € Mo6b(H) corresponding to s is hyperbolic (resp. parabolic, elliptic). The function A — |tr(A)| on
SL(2,R) clearly factors through PSL(2,R) and thus becomes a continuous map on PSL(2,R), so the
above result tells us that the hyperbolic elements and elliptic elements in PSL(2,R) constitute open
sets, and that the set of parabolic elements in PSL(2,R) is closed.

We now ask what hyperbolicity on H means from a topological point of view. A particular type of
Mébius transformation on H is a dilation, namely a map of the form z — kz where k£ > 0 and k # 1.
Note that dilations have fixed points 0 and co. In fact, one can characterize all Mobius transformations
with two fixed points by means of dilations:

Lemma 3.2.3. Let v € MOb(H). Then «y is hyperbolic in the sense of Deﬁnition if and only if
there exists v1,v2 € MOb(H) such that v = vy 4oy and v is a dilation.

Proof. Tt is easily seen that conjugation of Mobius transformations preserves the number of fixed points,
from which the “if” implication clearly follows. We now remark that if 4’ is a Mobius transformation
fixing 0 and oo, then +/ is a dilation. Indeed, if v/(z) = Zjidb, then it is clear that ¢ = 0 and b = 0, and
assuming that 7 is not the identity, then § # 1.

Supposing now that v € Mob(H) fixes two points 21, 2o € OH, then there are two cases:

(i) z1 € R and 29 = 00. Define v1(2) = z — #;.
(ii) 21,22 € R. Assuming that z; < z3, define

zZ — Z9

71(2) = —2

In both cases, v; € M&b(H). As y;yy; ! has fixed points 0 and oo, it is a dilation. O
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Let 0 < k < 1, define y(z) = kz for z € IEI and let R and S be open neighbourhoods of 0 and oo
respectively in H. We then know that S = H \ K for some compact set K C C, and therefore

AMHN\ S) =4"(K N (HUR)) = k"(K N (HUR)).

It is then clear that there exists N > 1 such that n > N implies v*(H \ S) C R. Therefore ~ is a
hyperbolic homeomorphism of H in the sense of Definition with source co and range 0. Since
the inverse of a hyperbolic homeomorphism is also hyperbolic, we then know that any dilation is a
hyperbolic homeomorphism of H. Since conjugation by any homeomorphism preserves hyperbolicity,
Lemma yields the following result:

Proposition 3.2.4. Lety € Mob(H). Then vy is hyperbolic in the sense o Deﬁm'tion if and only
if v is a hyperbolic homeomorphism on H in the sense of Definition|3.1.9

We now consider another way of visualizing H. The Poincaré disc D is the unit ball {z € C||z| < 1},
and 0D denotes the boundary of I or simply the unit circle. The map h: H — D given by

{ 2=t ifze HUR

—i ifz=o00

h(z) =

is then a homeomorphism. The point ¢ € D corresponds to 0 € H, and the real axis is the boundary
of D\ {1}, surrounding the Poincaré disc from the top down. The closer one goes to —i inside D, the

further one tends to co inside H. If v € Mob(H) is given by v(z) = ‘Zjis, then «' = hyh~! is given by
’ az+p I
Z)= = , z¢€D 2.2
MORE=- (322)
where a = #E4 + 25¢j and B = — 2 — 9244 and these numbers satisfy the relation

la|? = |B]* = ad — be > 0.

Then +' is a homeomorphism and it maps I bijectively to D and 0D to . We say that ~" is a Mobius
transformation of D, and the set of these is denoted by Méb(D). Some tedious calculations show that
az+f
Bz +a’
as we have for any v/ given by , where «, 8 € C with |a|? — || > 0, that h~'9’h € M6b(H) and
that h~!4'h corresponds to the matrix B € SL(2,R) given by

Rea—Imp Ima—Refp
—Ima—Ref Rea+Impg)’

Méb(]D)):{W’:]D)%]D "y’(z): a,B8eC, |a|2—|ﬂ|2>0},

One of the bigger advantages of working with the Poincaré disc instead of the upper half-plane is
that Mobius transformations on the Poincaré disc correspond to “nicer” matrices. Indeed, in a similar
manner to what we have already seen, the expression (|3.2.2)) yields a surjective group homomorphism

of the subgroup
suy={(3 2)|asec -1 =1}

of GL(2,C) onto M&b(D). The kernel of this homomorphism is {1}, and SU(1,1)/{£1} is therefore
isomorphic to PSL(2, R).

Finally, fixed point properties of Mobius transformations in Mob(H) also transfer to Méb(ID) in a nice
way. Let us say that 7/ € Mob(D) is hyperbolic (resp. parabolic, elliptic) if h='4'h € Mob(H) is
hyperbolic (resp. parabolic, elliptic). Then we have:

(i) +' is hyperbolic if and only if 4’ has two fixed points in D and none in D.
(ii) 4 is parabolic if and only if 4 has one fixed point in D and none in D.
(iii) 4’ is elliptic if and only if 4 has no fixed points in D and one in D.

Moreover, if A € SU(1,1) and 7/ € M&b(D) is defined as in (3.2.2), then tr(A) = 2Rea. Since the
trace of h=!yh € Mob(H) is also 2Re o by what we saw earlier, we conclude that
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(i) 9 is hyperbolic if and only if |tr(A)| > 2.
(ii) +' is parabolic if and only if |tr(A)| = 2.
(iii) + is elliptic if and only if |tr(A)] < 2.

The bottom line is this: if we are to consider how elements of PSL(2,R) act on H by Mébius transfor-
mations, we can just as well consider the action of the corresponding Mébius transformations on D.
Indeed, we have constructed the Poincaré disc model by means of the map h, which allows us to jump
back and forth between maps on H and maps on D without any hesitation.

We will henceforth identify matrices in PSL(2,R) with their corresponding Mobius transformations.
For instance, saying that a matrix fixes some point simply means that the corresponding Mdbius
transformation fixes this point. Translating Lemma to PSL(2,R), a matrix s € PSL(2,R) is
hyperbolic if and only if it is conjugate in PSL(2,R) to a matrix of the form

(o) .

for some A > 0 with A # 1.

We note two small results before going any further, characterizing the parabolic and elliptic elements
of Mob(H).

Lemma 3.2.5. Let v € Mob(H). Then « is parabolic if and only if there exist v1,v2 € MOb(H) such
that v2(2) = 2z + k for some non-zero k € R and v = vy *y271.

Proof. If 9 is given as above, then the only fixed point of v is 00, so because any v; € Mob(H) maps
OH bijectively onto JH, it follows that ~; 14971 is parabolic. Conversely assume that + is parabolic.
Then ~ has one fixed point, say so € OH. If sy # oo, we can define a Md&bius transformation

z4+1—s -~
'yl(z):u, zeH
Z — 80

taking so to co. In any case, there exists v; € M6b(H) such that 'yl'y'yl_l € Mob(H) fixes only co. Now
write

“1(4) = az+b
YY1 - CZ+d

for real numbers a, b, ¢, d with ad — bc = 1. Since oo is fixed, we must have ¢ = 0. We must also have
b # 0, since 0 is not a fixed point. Since m%—l then has a fixed point at d%a, we must have a = d, so

M (2) =2+ k
for some non-zero k € R. O

Consequently, a matrix s € PSL(2,R) is parabolic if and only if it is conjugate to
1 k
0 1

Remark 3.2.6. Parabolic transformations have a very useful limit property. Let v € M&b(H) be
a parabolic transformation and let v1,72 € M6b(H) such that v2(z) = z + k for some k£ € R\ {0}
and v = y1727; '. Then 75 (2) = z + nk — oo for all z € H, so since v has one fixed point, namely
zo = 71(00), we conclude that v™(z) converges to its fixed point zg for all z € H. *

for some non-zero k € R.

Lemma 3.2.7. Let v € Mob(D). Then ~' is elliptic if and only if there exist 1,72 € Mob(D) such
that v2(2) = kz for some k € D\ {1} and v =77 'yam1.

Proof. Any 7y, as described has 0 as its only fixed point. Since «; maps D onto D bijectively, v1v27y; !
has a fixed point in D and is therefore elliptic. Conversely, assume that 4" € M6b(D) is elliptic and let
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29 € D denote its fixed point. To obtain a Mdbius transformation of D mapping z to 0, we pass to the
upper half-plane H. Letting yo = h~!(20) € H, we can write yo = a + ib for real numbers a > 0. Then

zZ—aQ

b

i(z) =

is a Mdobius transformation on H mapping yo to i, so that v = hyh~=! € Mob(D) maps 2o to 0.
Therefore 4177 * is a Mdbius transformation on D with 0 as its only fixed point. Write

/-1 _az+ B

nyn (2) = Tt a
for o, B € C with |a|? —|B]? = 1. Since 0 is fixed, we must have 3 = 0. Defining k = a/@, then |k| = 1,
and k # 1 since y1v'7y; ' is not the identity. The proof is complete. O

If € (0,7) and k = €2, then the Mdbius transformation z +— kz on DD can be represented by the
matrix in SU(1,1) given by
e'? 0
(4 )

Passing back to PSL(2,R), we see that a matrix s € PSL(2,R) is elliptic if and only if it is conjugate
to

cosf  sinf

—sinf cosf

Definition 3.2.8. A subgroup I' of PSL(2,R) is called elementary if there exists x € H such that the
orbit 'z is finite.

for some 6 € (0, ).

Note that because any element of PSL(2,R) maps H onto H and 0H onto 9H, any orbit of a point in
H must either belong to H or OH. It is easy to check that if s € PSL(2,R) and T" is a subgroup of
PSL(2,R), then T is elementary if and only if sT's™! is elementary.

If T is a group, the commutator of two elements s,t € I is the element
[s,t] = sts™ L.

Supposing that T" is a subgroup of PSL(2,R), then it is easy to see that tr[s, ] does not depend on the
matrices in SL(2,R) chosen to represent s,t € I'.

Proposition 3.2.9. Let ' be a non-trivial subgroup of PSL(2,R) that contains only elliptic elements
beside the identity element. Then all elements of ' have the same fized point, and I' is an abelian,
elementary subgroup.

Proof. It will be convenient here to use the Poincaré disc model. As I' contains at least one elliptic
element s, fixing some element of D, we can assume that s fixes 0, simply by conjugating I" by an
appropriate element (cf. Lemma[3.2.7). Take ¢ € I with ¢ # s and write

(a 0) <w1 wQ>
s = — 1, t= — |
0 « wy Wi

where a,w;,ws € C satisfy the relations |a| = 1 and |w;|?> — |wz|?> = 1. Then one can show that
tr[s,t] = 2 + 4wz |?(Im «)?. As T contains no hyperbolic elements, we note that |tr[s, ]| < 2, implying
that either wy = 0 or that @ € R. The latter of these can be ruled out right away, since s is not the

identity map. Hence
_ w1 O
=7 &)

so t also fixes 0. Hence all elements of I' have the same fixed point.

If we still assume that all non-identity elements of I" fix 0, then all the Mobius transformations on D
corresponding to elements s of I' must be of the form z — k(s)z for some k(s) € 0D. The map I' — oD
given by s — k(s) is an injective group homomorphism, so I' is abelian. Finally, the T-orbit of 0 is
{0}, so I is elementary. O
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Lemma 3.2.10. Two non-identity elements in PSL(2,R) commute if and only if they have exactly the
same set of fixed points.

Proof. Let s,t be commuting non-identity elements of PSL(2,R) (so that they have at most two fixed
points). If z is a fixed point of ¢, then sz = stz = tsz, so that sz is also a fixed point of ¢ and therefore
s maps the set of fixed points of ¢ to itself. In particular, if ¢ has only one fixed point zg, then zg is
a fixed point of s. Since t also maps the fixed point set of s to itself, then if s had one other fixed
point z1, then ¢ would fix z; as well, a contradiction. Therefore, if s,¢ € PSL(2,R) are commuting
non-identity elements and ¢ has only one fixed point, then s has the same fixed point set as t.

Recall that for all z € H, z is a fixed point of ¢ if and only if 7z is a fixed point of 7tr~L. If ¢ has two
fixed points, then ¢ is hyperbolic and is therefore conjugate to a matrix u of the form (|3.2.3)) for some
A >0 with A # 1 by Lernma so we can let r € PSL(2,R) such that rtr—! = u. Writing

-1_ (G b
ST =\e¢ al

then because rsr~! and u commute, we have
Aa AT [ Xa Ab
e A7) T \ M le Ald )

Since A > 0 and X # 1, we must have b = ¢ = 0, so rsr~! has fixed points 0 and co which are exactly
the fixed points of u. Hence s and ¢ have equal fixed point sets.

For the converse, assume that two non-identity elements s,¢ € PSL(2,R) have equal fixed point sets.
Then s and t are of the same type, so from Lemmas [3.2.3] [3.2.5| and |3.2.7] we know that s and t are
conjugate to matrices of the three types

A0 1 k cosf sinf
0 A1) \o 1) (—sing coso

where A > 0 with A # 1, k € R with k£ # 0 and 6 € (0,7) (in the sense that s is conjugate to a matrix
of one of the above types iff ¢ is). It is easy to see that matrices of each of these types commute with
matrices of the same type, and therefore s and ¢ commute. O

Lemma 3.2.11. If s and t are matrices in PSL(2,R) with exactly one fixed point in common and s is
hyperbolic, then the commutator [s,t] is parabolic.

Proof. Let z € OH denote the mutual fixed point of s and t. Then [s,t]z = z. We claim that [s, ] is
parabolic. First of all, since the fixed point sets of s and ¢ are not equal, the above lemma tells us that
[s,1] is not the identity element. Conjugating s and ¢ by an appropriate element, we can assume that s
has fixed points 0 and co and that ¢ fixes oo (if ¢ fixes 0, we conjugate further by the matrix mapping
0 to oo and vice versa). We can therefore write

(X0 tiab
= o A21) T lo ot

for A > 0 with X # 1 and non-zero real numbers a, b (since ¢ does not fix 0). Then

.8 = <(1) ab(? - 1)) |

the trace of which is 2. Hence [s, ] is parabolic. O

Proposition 3.2.12. Let I' be a non-elementary subgroup of PSL(2,R). Then the action of I' on OH
is strongly hyperbolic, so I' is a Powers group.

Proof. 1t is clear that I' is non-trivial. Suppose for contradiction that I' does not contain any hyperbolic
element. Then by Proposition[3.2.9] I' must contain at least one parabolic element s. By Lemma[3:2:5]
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we can assume that s(z) = z + k for some non-zero k& € R after conjugating I' by an appropriate
element. Take any ¢t € I', and write
a b
= (08,

ny _ 1 nk\ (a b\ [(a+cnk b4dnk
P01 c d) c d

for n > 1. Then tr(s™t) = a + ¢nk +d. Since s™t is either parabolic or elliptic by assumption, we must
have |a+cnk+d| < 2 for all n > 1, which implies ¢ = 0. Then ¢ must fix co as well, so that any element
of T fixes oo. Hence the T'-orbit of oo is {00}, so I' is elementary. Therefore if " is non-elementary, it
contains a hyperbolic element s.

Note now that

Let 21, 22 be the fixed points of s. Since I' is non-elementary, the I'-orbit of z; is infinite, so in particular
we can take t € T' such that tz; ¢ {z1,22}. Then S = tst~! € T is hyperbolic with fixed points ¢z
and tz;. We now turn back to our first definition of hyperbolicity by means of Proposition and
aim to apply Corollary to the action of PSL(2,R) on 9H, as non-identity elements of PSL(2,R)
have at most two fixed points in OH.

If s and S are transverse on OH, we are done. If s and S have one fixed point in common, say zo,
and consider the commutator [s,S] which then satisfies [s, S]zp = 7. By Lemma [s,9] is
parabolic and therefore fixes only zy. Since I' is non-elementary, the I'-orbit of 2y is infinite, so there
exists an element u € I such that uzg ¢ {z1,22}. Then U = u[s,SJu~! € T is parabolic with fixed
point uzg ¢ {z1,%2}. Since U is parabolic, Remark tells us that U™(z) — wuz for all z € OH.
Hence we can choose n > 1 such that {U"(z1),U"(z2)} does not intersect {z1, 22} and therefore s
and U"sU ™" are transverse hyperbolic homeomorphisms of OH. Therefore the action of I' on OH is

strongly hyperbolic, so Corollary applies. O

It is proved in [50] that a subgroup of PSL(2,R) is elementary if and only if it is solvable. Non-solu-
bility, however, does not provide examples of C*-simple subgroups of PSL(2,R) as easily as the next
example does:

Example 3.2.13. Let T" be a subgroup of PSL(2, R) containing PSL(2,Z). Then I is a non-elementary
subgroup of PSL(2,R) and hence a Powers group. Indeed, if we consider matrices of the form

61 ()

for n € Z in T, then matrices of the first form map any z € H \ {co} to z + n, and matrices of the
second form map oo to % Hence any z € H has infinite orbit under I'. For I = PSL(2,Z), the so-called
modular group, this should not come as a total surprise: it is well-known that PSL(2,Z) is isomorphic
to the free product Zs * Zg3.

In three chapters’ time, we shall see that we need not restrict ourselves only to 2 X 2 matrices to find
examples of C*-simple subgroups of matrix groups.

3.3 Weak Powers groups

One might hope that Powers groups are stable when passing to other groups than subgroups of finite
index, but no luck. In the already-mentioned exposition on Powers groups, de la Harpe asked whether
Powers groups were stable by extensions; eight years later, a negative answer to the question was given
by Promislow.

Lemma 3.3.1. Let I' be a group, let S and T be disjoint subsets of I and let x,y € I' be commuting
elements such that x(I'\ S) C S and y(T'\T)CT. ThenT =SUT.

Proof. Let s € '\ S. Then zs € S, so xs € '\ T. Therefore yrs € T and yzs ¢ S. Since '\ S C 2715
and T\ T C y~1T, we have x=1(I'\ S) € S and y~}(I'\T) C T. Hence ys = 2~ (yzs) € S, soys ¢ T
and finally s = y~1(ys) € T. This completes the proof. O
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Proposition 3.3.2 (Promislow, 1993). The direct product of two non-trivial groups is never a Powers
group.

Proof. Let I'; and I's be non-trivial groups and let s € I'; and ¢ € I's be fixed non-identity elements.
If 'y x I'; were a Powers group, there would exist a partition I'y x I'o = CU D and elements g1, g2, g3 €
I'y x I's such that
(s,1)CNC = (L, H)CNC =10
and g;D N g;D = 0 for all distinct 4,5 € {1,2,3}. Writing ¢g; = (a,,b;) for i = 1,2,3, we would then
have
(a1sa7,1)g1C = g1(5,1)C C g1 D and  (1,bath; ')goC = go(1,1)C C gaD.

By Lemma [3.3.1} we then have I'; x 'y = g1 D U g2 D, but this is a contradiction as g3 D is non-empty
and intersects neither g1 D nor goD. O

Before Promislow’s result, Boca and Niticad had tried weakening the definition of a Powers group in
[12] in order to obtain more easily proven permanence properties and still retain C*-simplicity and
uniqueness of trace. Their gambit paid off, resulting in the following notion.

Definition 3.3.3. A non-trivial group I' is a weak Powers group if it satisfies the following property:
for any non-empty finite subset F' C T'\ {1} contained in a conjugacy class and any integer N > 1,
there exist a partition I' = C U D and elements sq,...,sy € I' such that

(i) fCNC=0forall fe F and
(ii) s;DNs;D =0 foralld,j=1,...,N with ¢ # j.

It is evident that all Powers groups are weak Powers groups.

It will be convenient to introduce the following notation: for any group I', s € I and subset M C T,
we define

(s ={gsg~'|g € M}.

To check groups for the weak Powers property, we therefore investigate subsets of the form (s),s for
s € '\ {1} and finite subsets M C T

Proposition 3.3.4. Let T' be a group.

(i) If T is a weak Powers group, then I' is icc and non-amenable, and any subgroup of T of finite
index is also a weak Powers group.

(ii) IfT is the union of an increasing family of weak Powers groups, then I' is a weak Powers group.

Proof. The proofs of Propositions and still apply; once we prove that I' is C*-simple,
non-amenability is clear. O

One reason to consider weak Powers groups is that they are more stable than Powers groups under
forming new groups.

Proposition 3.3.5. If 'y and 'y are weak Powers groups, then the direct product I' ="'y x I'y is also
a weak Powers group.

Proof. Let s = (s1,52) € '\ {1} and M C T be a finite subset. Since s # 1, we can assume that s; # 1
(if not, we just shift our attention to I'y instead in the sequel). Let m: I' — T'; denote the projection
homomorphism. Then 7(M) is a finite subset of 'y, so if N > 1 is a positive integer, then by I'; being
a weak Powers group there exists a partition I'y = Cq U D; and elements ¢},...,t% € I'1 such that
f'CinCy =0 for all f" € (s1)rr) and t;D; Nt; Dy = O for all distinct i,5 € {1,..., N}. Defining
C=Cy xTy, D=D; xTyand t; = (t},1) forall j =1,..., N, then

m(fCNC)Ca(f)CiNCL =10

for all f € (s)ns, since 7w({s)ar) = (s1)x(ar). Clearly, we also have t;DNt;D = () for all i,j € {1,...,N}
with i # j, so I' is a weak Powers group. O

Corollary 3.3.6. The inclusion of the class of Powers groups into the class of weak Powers groups is
strict.
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Proof. Powers groups do exist, and any direct product of Powers groups is a weak Powers group, but
not a Powers group by Proposition O

Proposition 3.3.7. Let
1 —T —T 51" —1

be a short exact sequence of groups, where I'' is a Powers group and I'" is a weak Powers group. Then
T is a weak Powers group.

Proof. By exactness, we can assume that I'/ is a normal subgroup of I" and that I'” is the quotient group
T'/T’. Let T be a right transversal for IV in T', and let s € T'\ {1}, M C T be a finite subset and N > 1
be a positive integer. There are now two possible cases. If s € IV, then (s)ps C I\ {1} by normality.
Because I is a Powers group, there now exist a partition I'' = C' U D’ and elements s1,...,sy € TV
such that fC'NC" = 0 for all f € (s)a and s;D' N s; D" = () for all distinct 7,5 € {1,...,N}. By
defining C' = |, C't and D = |J, D't, we obtain a partition I' = C'U D, and furthermore,

fenc = U (fC'rnC't)=0 and s;DNs;D= U (siD'rNs;D't) =10
rteT rteT

for all f € (s)pr and i,5 € {1,..., N} with i # j.

If s ¢ I, then 7(s) # 1 and (7(s))rary € I' \ {1} by normality of I''. Since I' is a weak Powers
group, there exist a partition I'V = C” U D" and elements ty,...,txy € T such that fC” NC" = {) for
all f € (n(s))x(a) and 7(t;) D" Nw(t;)D" = O for all 4,5 € {1,...,N} with i # j. If we now define
C=n"YC")and D = 7~ Y(D"), then ' = C U D. Furthermore, for all f € (s)5; we have

n(fCNC)Cr(f)C"NnC" =10

since m((s)ar) = (7(5))x(ar), s0 that fCNC = (. Similarly one sees that t;D Nt;D = () for all distinct
1,7, so in any case, I' is a weak Powers group. O

Remark 3.3.8. Proposition@ does not hold if I is a weak Powers group, but not a Powers group.
Indeed, consider the short exact sequence

1—FoxFy —T — ZoxZs —1

constructed as follows. Letting a € Zy and b € Z3 be generators of their separate groups, we define
an action of Zg % Z3 on Fy x Fo by letting a take the element (z,y) to (y,x) in Fy x Fo whilst b is
the identity map. We already know that Fo x [Fg is a weak Powers group and that Zs x Zs is in fact a
Powers group.

Let x¢ € Fy be some non-identity element. If ¢ is the monomorphism Fy x Fy — T', then by defining
F = {i(x0,1),t(1,20)} CT we see that the elements in F' are conjugate, as

(12,a)L(1‘0, 1)(1250‘) = (12,(1)((.%0, 1)’ 1)(12’a) = ((on)va)(lea) = L(LIO)a

where 15 denotes the identity element in Fo x Fo. If I' were a weak Powers group, there would exist a
partition I' = C'U D and elements g; = ((r;, s;),t;) € T, i = 1,2, 3, satisfying fCNC =0 for all f € F
and g;D N g;D = () for distinct ¢, j € {1,2,3}. There must now be either two ¢;’s that contain an even
number of a’s after reduction, or two t;’s with an odd number of a’s. If the number of occurences of a
in, say, 1 and t5 is even, then

L(T‘1JI07’1_1, 1)g1C = g1t(20,1)C C g1 D  and L(l,szxosgl)ggC = g1t(1,20)C C g2 D,

and the argument of Proposition applies to yield a contradiction. Similarly, if the number of a’s
in t; and ty are odd, then

L(Tlxorl_l, 1)g1C = g1t(1,20)C C 1D

and similarly, ¢(1, spz0s5 )g2C = gat(xo,1)C C goD, yielding a contradiction in any case: I'is not a
weak Powers group. However, we shall see soon that I" is nonetheless C*-simple with unique trace. %
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Before showing that the reduced group C*-algebra of a weak Powers group is simple with unique trace,
it is a question worth asking whether there is a condition on discrete groups, perhaps weaker than the
weak Powers property, that both implies C*-simplicity and unique trace and is stable under extensions.
As it turns out, Promislow gave an answer in the affirmative in [60], by defining the so-called PH groups
(named after Powers and de la Harpe).

We define the PH property slightly differently from Promislow (see also [2, Section 5.1]).

Definition 3.3.9. A non-trivial group I' is said to be PH if for all non-empty finite subsets FF C T'\ {1}
there is an ordering F = {s1,...,s,} and an increasing sequence of subgroups I'y C --- C T, C T
such that for all 1 < ¢ < n, finite subsets M C I'; and integers m > 1 there exist ¢1,...,t, € I'; and
pairwise disjoint subsets T7,..., T}, of I' such that

(tt)si(tst) " T\ T N (T\Ty) =0
forall j € {1,...,m} and t € M.

Not surprisingly, the class of PH groups, though slightly complicated formulation-wise, contains another
(by now) well-known class of groups:

Proposition 3.3.10. IfI' is a weak Powers group, then I' is PH.

Proof. Let f € T'\ {1} and let N C T be a finite subset. If we order (f)x = {f1,..., fn}, then define
M= =T, =T.

If1 <i<mn, M CT is finite and m > 1 is an integer, then since T' is weak Powers and f; € T'\ {1},
there exists a partition I' = C'UD and elements ¢y, ...,t, € I' such that sf;s"'CNC =@ foralls € M
and t;DNtD =0 for all j,k=1,...,m with j # k. By defining T; = ¢;D for all j = 1,...,m, we see
that

tjsfis_ltj’l(l“ \ Tj) g tjsfis_l(I‘ \ D) = thfiS_lc g tjD = Tj

for all s € M and 5 € {1,...,m}. Hence I" is PH. O

Hence our desired property of weak Powers groups will follow once we prove the following:

Proposition 3.3.11. If ' is a PH group, then C}(T') is simple with a unique trace. In particular,
weak Powers groups are C*-simple and have unique trace.

To give a proof, we require two lemmas. The first is a “generalization” of [35, Lemma 1] and, to some
extent, [2, Lemma 5.1].

Lemma 3.3.12. Let H be a Hilbert space, let x € B(H) be self-adjoint and let n > 1. If there exist
unitaries uy, ..., u, and projections pi,...,pn in B(H) such that pjxp; = 0 for all j = 1,...,k and
u;(1 — p;)ul are pairwise orthogonal projections for alli =1,...,n, then

LS | < 2
nj:1 Y SV .

Proof. Define b = %2?21 w;zu and let £ € H be a unit vector. If we define ¢; = u;(1 — p;)u} for all
i=1,...,n, then we have

uipiru; €, §)

qiuiru; &, §) +
+(
+ (@& wizpiu; §) + (1 — ;)& wizpiui§)
+(
+(

= )
= (quirui&, §)
= (uiru; €, ¢i§)
= (uru; €, ¢i§)
= 3

*
uixui €7 q;

qi&, uizpiu; &) + (€, uipirpiu; §)
¢:&, uirpiug ).
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Therefore
1 — . «
(b€, &) < ~ > Nuiwui &, qi€)] + (@i, wiapiuié)|]
i=1
I . *
< D gl (luszu; €]l + llwizpiuiél)
i=1
2 - Y
<= €| < |||
<l (2_: lacl ) < el
As b is self-adjoint, this completes the proof. O

Lemma 3.3.13. Let ' be a PH group and let a € CT" be a self-adjoint element with 7(a) = 0, where
7 denotes the canonical faithful trace on C(T'). Then for all € > 0, there exists an integer N > 1 and
elements s1,...,sny € I such that

<e. (3.3.1)

1 N
N Z )\F(Si)a)\p(si)*
=1

Proof. Write a = Y"1 | (ziAr(fi)+ZiAr(fi)*), where 21, ..., 2, are complex numbers and fi, ..., f, € T,
and define a; = z; Ar(f;) + ZAr(fi)* for all 4. By the assumption that 7(a) = 0, we can further assume
that f; # 1 for all i. Choose integers Ny,..., N, > 1 such that

2
VN;
Since I' is PH, there is a sequence of subgroups I'y C --- C T',, C I" such that the condition of Definition

holds with F = {f1,..., fn}. As 1 €T, so there exist ¢t11,...,%1,n, € I'1 and pairwise disjoint
subsets 11 1,...,11,n, of I' such that for all 1 < j < N; we have

£ .
la:]| < e i=1,...,n.

trifityj(T\ Ty ) N (D\ Ty ) = 0.

Now fix j € {1,...,N1}. Defining Dy ; = t;;(I'\ Ty ;), let p1 ; denote the projection of ¢*(T") onto
(*(D1 ;). Then for all s,t € T' we have

§s¢ iftes Dy ;N Dy
p1,jAr(s)p1,;0r = { Ot e 14 1,

Since
0 =t1 1t ;(C\T1;) N (T\ T ;) = t1;(f1D1; N D),

it follows that py jAr(f1)*p1,; = 0 and hence p; jaip1 ; = 0. By defining g1, ; = Ap(t1,;)(1—p1;)Ar(ti;)*,
we have q1 j0s = 17, ,(s)ds for all s € T, so that the projections g1,1, ..., q1,n, are mutually orthogonal.
It now follows from Lemma that

1 & 2
—_— Ar(ty Dai et )% < .
N1; r(t1,;)aiAr(t;)*|| < mHalH
Now define
1 &
b2 = E ;/\F(t17j)a2>\r(t1,j) .

Since S1 = {t11,...,t1n,y €Ty C Ty for all j =1,..., Ny, there exist elements to1,...,t2 N, € I'2
and pairwise disjoint subsets 15 1,...,7T5 n, of I' such that for all 1 < j < Ny and ¢ € S; we have

to o (tfat™ 5 5 (D\ Toy) N (T\ Ta j) = 0.

By defining D, ; = ti;(F \ T»,;) and letting p2 ; denote the projection of ¢*(T') onto ¢2(Ds ;), then it
is easy to show that po jAr(tfat™1)*pa; = 0 for all ¢ € Sy, so that pe jbops ; = 0. We can then define
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mutually orthogonal projections g2 ; = Ar(t2;)(1 — p2,j)Ar(tz;)* for j = 1,..., N3, and since by is
self-adjoint, Lemma yields

N2
1
— Ar(ta i )baAr(ta )%l < —||b
NQ; r(tz2,5)b2Ar (t2,5) FH 2|

Inductively, we then define
N

1
bit1 = A Z Z Ar(sig) - Ar(s1,5,)ait1Ar(s1,5,)" - - Ar(siy,)"
Y=l gi=1

fori=2,...,n—1. Letting S; = {s;;, - 515, |Jek =1,...,Ng, k=1,...,i} CT; (recall that I'; is a

subgroup) then yields elements s;y11,...,8:y1,n,,, € I satisfying
1 2
Ar($i41,j)bit1Ar(si41,5)" || < —==Ilbi1l|-
Ni+1 j; i+1,5 )% i+1,j Ni+1 4

We then have

Z Z)\F ($n.gn) === Ar(s1,5,)aAr(s1,5,)" - Ar(8n,5,)"

Nn Jji=1 Jn=1

1 1
< Z Ar(s15)ardr(s1,,) ||+ + Z Ar (sn,5. )bnAr(sn3,)"
J1 1 " =1
< llail| <e,
>

as ||bi]] < [la;|| for all i = 2,...,n. Hence we have found an integer N = Nj--- N, and elements
$1,...,5Nn € I'" such that (3.3.1) holds. O
Proof of Proposition[2.3.11 The proof of Proposition adapts verbatim. O

We now give another good reason that PH groups are worth our attention.

Proposition 3.3.14. Let
1 —-TI' —T 517" —1
be a short exact sequence of groups, where I'' and T are PH. Then T" is PH.

Proof. We assume that I is a normal subgroup of I" and that T = T'/T”; let T be a right transversal
for I/ in I'. Let F = {s1,...,8,} C I' \ {1} be a finite subset. We can assume that there exists
1 < k < n such that after reordering, the first & elements sq,..., s, belong to IV and sgi1,...,8,
do not. The hypothesis that I” and I are PH yields a reordering of si,..., s and $xi1,..., S, and
increasing sequences of subgroups

AL C---CALCT resp. Q1 C---CQ, CT”

such that the condition of Definition is satisfied for sq1,..., sk resp. m(Sg41),--.,7(sy). We claim
that
A G CA S (Qugr) © - S () ST

is the desired sequence of subgroups.

If1<i<k, M CA, is a finite subset and m > 1 is an integer, there exist elements tq,...,t, € A;
and pairwise disjoint subsets 77, ..., T}, of I such that

(tjt)si(t;t) (AN T}) C T;
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forall 1 <j <m and t € M, and therefore also
(tjt)si(t;t) MO\ TT) = (tjt)si(t;t) (AN T;)T € TyT.
Note that the sets T;T" are also pairwise disjoint.

Now, for k+ 1 < i < n, any finite subset M C 771(Q;) and integer m > 1, there exist elements
m(uy),...,m(um) € Q;, where uy, ..., u,, €', and pairwise disjoint subsets Uy, ..., U,, of I such that

m(ujtsi(uit) )T\ U;) € U;
forall 1 < j <mandt€ M. Then u; € w(£2;) for all j, the subsets 7~ (U;) are pairwise disjoint, and
ujtsi(uit) " T\ 71 (Uy)) €7~ (U;)
forall 1 <j<mandte M. Hence I' is PH. O

Corollary 3.3.15. The inclusion of the class of weak Powers groups into the class of PH groups is
strict.

Proof. The group I' of Remark is not weak Powers, but it is PH by Propositions and

O

So far, so good: PH groups indeed have the properties we want, but finding them is an entirely different
matter. One of the few known group-theoretical properties of PH groups (and hence Powers and weak
Powers groups) is the content of the following result, due to Brin and Picioroaga.

Proposition 3.3.16. A PH group I' always contains a free non-abelian subgroup of rank two.

The proof requires a famous lemma originating in the study of discrete subgroups of projective special
linear groups:

Lemma 3.3.17 (Ping-pong lemma or Klein’s criterion). Let ' be a group acting on a set X and let
T’y and Ty be subgroups of T of order at least 3 and 2 respectively. Assume that there exist distinct
non-empty subsets X1 and Xo of X such that sX3_; C X; for all s € T; \ {1} for i = 1,2. Then the
subgroup T" of T' generated by I'y and Ty is the free product T'y * T's.

Proof. We can assume that both I'; and I's have order greater than or equal to 2. Any word s € I'; %'y
defines an element in I (also written s), yielding a surjective homomorphism of T'; * I'y into IV. We
have to show that any non-identity element s € I'; *I's defines a non-identity element in I'V. Assume for
contradiction that there exists an alternating product s = s1 -+ s, for n > 2 in I'y % 'y of non-identity
elements in I’y and T’y such that s = 1 in IY. We can assume that s;,s, € I'y \ {1}. Indeed, if
s1,8n € T'a, conjugate s by an element a € I'; \ {1} and consider the reduced word asa”l, if s, € Ty
and s, € 'y, conjugate s by an element a € T'y \ {1, sfl}, and if s; € I'y and s, € I'y, conjugate s by
an a € I'1 \ {1, s,,}. With s of this form, we then have

Xo=5X9Cs51--5,X0C81-++8,1X1 C... C51X5 C X1.

Conjugating w by a non-identity element of I's, we obtain a non-empty alternating product ¢ beginning
and ending with an element of I'; \ {1} such that ¢ = 1 in IV. The same argument as above but with ¢
implies X; C X3, and hence our desired contradiction. O

Remark 3.3.18. Letting I' = Zs X Zs and s € Zs be the generator, we can define I'y = {((s,1)) and
'y = ((1,s)). An action of I on {1,2} can be defined by letting (s,1) and (1, s) interchange 1 and 2
and (s, s) be the identity map. Then X; = {1} and X5 = {2} obviously satisfy the conditions of the
ping-pong lemma, but I'y * I's is infinite; hence the necessity of the requirement that at least one of
the subgroups has order 3. *

Proof of Proposition[3.3.10. Let s € T\ {1}. Then there exists a subgroup I'y C T, ¢1,...,t4 € Ty
and pairwise disjoint subsets T1,...,Ty C I" such that tisti_l(F \T;) CT; foralli=1,...,4. Defining
T, = tisti_l for i = 1,...,4 (so that ;(T' \ T;) C T; and xi_l(F \T;) C T;), it then follows for all
i,j€{1,...,4} with i # j that
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Therefore if we define u = x1x2 and v = x3x4, we have
w(T\Ty) CTy, w Y(T\T))CEy, o(T\Ty) CT3 and v HT'\T3)C Ty

This implies that u™(T5UT,) C Ty UT and v™ (T3 UTy) C T5 U T, for all n € Z\ {0}, so the subgroups
generated by u and v have infinite order. By the ping-pong lemma, the subgroup of I generated by u
and v is therefore isomorphic to Z * Z = Fs. O

A natural question is whether having a subgroup isomorphic to Fy actually classifies PH groups, but an
even better question could be the following: Does a group I' contain Fo whenever I is either C*-simple
or has unique trace? (The converse clearly doesn’t hold; consider Fo X Zs.)



CHAPTER 4

REDUCED TWISTED CROSSED PRODUCTS

More than anything, this chapter is dedicated to the work of Erik Bédos on the subject of C*-simple dis-
crete groups. The results herein revolve around the concept of so-called ultraweak Powers groups and
their relation to various discrete crossed products. The central objects of study are normal subgroups
with trivial centralizer; in order to conclude properties of their overgroups, we investigate automor-
phisms of C*-crossed products and von Neumann algebras, and we prove not just a lot of results on
permanence of C*-simplicity and uniqueness of trace for reduced group C*-algebras, but also reduced
crossed products as well. This generalizes a lot of the content of [35] and [1].

4.1 Ultraweak Powers groups
We first introduce an even weaker notion than that of a weak Powers group (originally from [g]).

Definition 4.1.1. A group I is called an ultraweak Powers group if it contains a normal weak Powers
subgroup A with trivial centralizer, i.e., the only element of I' commuting with all elements in A is the
identity element.

An ultraweak Powers group generalizes the notion of a group of Akemann-Lee type, i.e., groups con-
taining a normal, free, non-abelian subgroup with trivial centralizer which Akemann and Lee proved
were C*-simple in [1]. Note that all weak Powers groups are ultraweak Powers groups. Indeed, the
centralizer of a weak Powers group I' viewed as a subgroup of itself is the center of I', and we know
from Section 1.8 that I' is necessarily centerless.

Remark 4.1.2. An ultraweak Powers group need not be a weak Powers group. An example of this is
the non-weak Powers group I' constructed in Remark Letting a € Zy and b € Z3 be generators
of their groups, note that all elements in Zs * Zs are of the form

borab®2q - - pon-1ahn

for n > 1, where 6; € {1,2} for i = 2,...,n— 1 and §; € {0,1,2} for i € {1,n}. We define H to be
the set of all reduced words in Zsy % Z3 of the above form where a occurs an even number of times,
and H is easily checked to be a subgroup. The action used to define I' can be now be used to define
the semidirect product A of H by Fy x Fy. Since Zs * Z3 is a Powers group and H is a subgroup of
index 2, H is a Powers group. Moreover, H acts trivially on Fy x Fs, so A is the direct product of H
and Fy x Fy and is therefore a weak Powers group. As A is a subgroup of I' of index 2, A is normal.
Finally, A is easily seen to have trivial centralizer, so I' is an ultraweak Powers group. We record this
as an observation: *

Corollary 4.1.3. The inclusion of weak Powers groups into the class of ultraweak Powers groups is
strict.

We now give some interesting examples of ultraweak Powers groups.

Example 4.1.4. Let F be a non-abelian free group of finite rank and let A be a group of outer
automorphisms of F, i.e.;, A is a subgroup of Aut(F) such that all non-identity automorphisms in A
are outer. Forming the semi-direct product I' = F x A by letting A act on F in the obvious way, then
F is a normal subgroup of I' and by the fact that all c € A\ {1} are outer, it follows that F has trivial
centralizer in I". As FF is a Powers group, I' is an ultraweak Powers group. In fact, it is also a PH
group, as was shown by Promislow in [6a, Theorem 8.1]. It is an open question whether the notions of
a PH group and an ultraweak Powers group coincide.
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Example 4.1.5. We consider the braid group B,, on n strands for n > 3, which has the presentation

Bn = <81,...,Sn1

$i8j8; = 5;5i85 if ‘Z — j‘ =1
8i8j = 854 lf‘Z—j‘ >1

The curious reader can consult [28] for results about braid groups, as well as a truck-load of different
realizations; one would not be far off by describing B,, as the group of almost surely unplayable guitars
with n strings. It is a well-known result that the center C,, of B, is an infinite cyclic group [28|
Theorem 4.2], so B, is not C*-simple and does not have unique trace as a discrete group. However,
if we define %,, = B,,/C,, for n > 3, then it was shown by Dyer and Grossman that 2%, contains the
non-abelian free group F,_1 as a characteristic and hence normal subgroup, and that F,,_; has trivial
centralizer in %, [24, Theorem 15 and Corollary 17]. It follows that 4, is an ultraweak Powers group.

In fact, ultraweak Powers groups are C*-simple and have unique trace, a result also due to Bédos (see
[5] and [6]). In fact, said author proved something much more general, but even if we might only want
to consider reduced group C*-algebras, we do need some results that are quite a bit larger in scope.

Definition 4.1.6. Let T be a discrete group, A be a unital C*-algebra and «: T' — Aut(A) (defining
as =afs) for s €T') and u: I' x T’ — U(A) be maps. We say that («,u) is a twisted action of T on A
if it holds for all r, s,t € T" that

aras = Ad(u(r, s))ays, u(r,s)u(rs,t) = a.(u(s, t))u(r,st), u(s,1) =u(l,s)=1.

(Here ag = a(g) for all g € T', and for v € U(A), Ad(v) is the automorphism of A given by a — vav*.)
The 4-tuple (A, T, o, u) is called a twisted dynamical system.

Note that if w is trivial in a twisted dynamical system, we just obtain the standard notion of a
C*-dynamical system.

Definition 4.1.7. A covariant representation of a twisted dynamical system (A, T, a,u) is a triple
(7, p, H) consisting of a Hilbert space H, a representation 7: A — B(H) and a map p: T’ — U(H) such
that

m(as(a)) = Ad(p(s))(m(a)), p(s)p(t) = m(u(s,t))p(st)
for all s,t €T and a € A.
For any twisted dynamical system (A,T',«,u), consider the space C.(T,.A) of finitely supported

A-valued functions on A. We then define an (o, u)-twisted convolution product and involution on

C.(T, A) by

(f9) (1) =D fe)as(gls T D uls,s78),  f7(8) = ult,t™) a(f(t71)")

sel

for f,g € C.(T', A) and ¢ € T, yielding a *-algebra structure on C.(T', A). If (7, p,H) is a covariant
representation of (A, T, o, u), then we can represent C.(T',.A) on the Hilbert space H by means of the
map

(mx p)(f) =Y _w(f(s)pls), f € Cu(l,A).

sel’

Assume now that we have a faithful non-degenerate representation A C B(#H) for some Hilbert space
H, and define a faithful representation of A on H ® ¢3(I") by

Ta(a) (@) =ap-1(a)f®0;, a€ A E€H, tel.
We then define a unitary operator A, (s): I' — U(H ® ¢*(T")) for all s € ' by
M(8) (@) =u(t s, 8)E@6sy, E€H, tel.

As
M) (€@ 6¢) = u(t™",8) 6 @ 651y,

it quickly follows that (7a, Ay, H ® £2(T')) is a covariant representation.
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Lemma 4.1.8. For any finite set F = {s1,...,8,} CT, let Pr € B(¢*(T")) be the projection of £*(T)
onto the linear span of {ds|s € F}. Then for any x € C.(T, A), we have

(1® Pr)(ma % M) ()(1® Pr) € My(A).

Proof. Assume that A is represented faithfully on a Hilbert space H, i.e., A C B(H). If z € C.(T, A),

write
Y= (Ta X Ay) Zﬂ'a as)A
sel’

where the sum above is finite. Any two elements £ and 7 in the range of 1 ® Pr are of the form
E=Y1" & ®6s, andn =) 1 m ® 0, for vectors &1,m1, ..., Eny M € H, and consequently

(1® Pr)y(1® Pp)é,n) = (y&,n)

Zzﬂ-aas u §2®6 )nj®55j>

1,7=1sel’
Z Z s7ls—1 as (8;1 ! )(§z®5ss ) nj®65j>
1,7=1sel’
Z Z *1 s—1 as (3;1 -1 )gzanj>
hj=1 sel
n
= Z <as;1(asjs;1)u(sj_17 Js )51777]>
ij=1
Therefore,
n
(18 Pr)y(1® Pr) = |ogos (a, o u(s ™ sisy )| € Ma(A),
as wanted. O

Lemma 4.1.9. For allz € C.(T, A), (1o X Ay)(x) =0 if and only if x = 0. Hence the representation
To X Ay: Co(T, A) = B(H @ £2(T))
is faithful.

Proof. Writing
Y= (o X Ay) Z To(as)A

sel’

the assumption that y = 0 implies (1 ® Pp)y(l ® Pr) = 0 for all finite subsets F' C I'. For all s # 1,
define F = {1,s7'}. By Lemma we then have

ai s
ag(ag-—1)u(s,s71)  as(a)

)

0= (16 Pry(l® Pr) = [

since oy is the identity map. Thus as = 0 and a; = 0. O

Definition 4.1.10. The C*-algebra obtained by taking the completion of C.(T',.A) with respect to
the norm

2]l = ll7a % Au(z)]
is called the reduced twisted crossed product of A and TI'; it is denoted by A xg | T’

Henceforth, we identify A with its copy 74 (A) inside A xg, . T'.

Remark 4.1.11. Note that if A = C and (a, u) is the trivial twisted action, then the reduced twisted
crossed product A xy, . T' is just the reduced group C*-algebra C;(I'). *

Proposition 4.1.12. The reduced twisted crossed product A xg, . I does not depend on the choice of
faithful representation A C B(H).
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Proof. For all finite subsets F' C T', let Pp be the projection defined in Lemma 4.1.? Then Pr — 1p2(r)
in the strong operator topology in B(¢2(T')), from which it follows that 1 ® Pp — Ly ge2(ry strongly in
B(H ® ¢*(T)). Therefore, if x € C.(T, A) and y = (7, x A\,)(x), we have

(1® Prp)y(1® Pr) =y

strongly and thus
lzll = sup |(1 © Pr)y(1® Pr)l.

By Lemma each operator (1 ® Pp)y(l ® Pr) belongs to Mp(A). Since the C*-algebra norm of
Mp(A) is unique, the norm of (1 ® Pr)y(l ® Pr) € Mp(A) C B(H ® (?(F)) does not depend on the
faithful representation A C B(H), so the above equality tells us that the same holds for x. O

The manner in which the reduced twisted crossed product was constructed now reveals some useful
structural properties.

Remark 4.1.13. Once again faithfully representing A on a Hilbert space, the reduced twisted crossed
product A xy . ' is the C*-algebra generated by the sets m,(A) and A, (I'). Moreover, by definition
we have that elements of the form

Ta(a) + Y malas)u(s)

seF

where FF C T"\ {1} is a finite subset, a € A and as; € A for all s € F constitute a norm-dense
*-subalgebra of A xg | T *

Remark 4.1.14. Let (A, T, o, u) be a twisted dynamical system, where .4 C B(H) for some Hilbert
space H, and construct the reduced twisted crossed product A xg, . I' € B(K) as before, where K =
H @ ¢2(T). Then

Talas(a)) = Au(s)ma(a)Au(s)” (4.12)

for all s € " and a € A. As m, is also a faithful representation of A, we can identify A with
the C*-subalgebra m,(A) C B(K) and repeat the construction to obtain a copy of A x% T inside
B(K®¢?(I')) and moreover, the action of I' on A is unitarily implemented on K by means of (4.1.1). %

Before stating one of the main structural results for twisted dynamical systems, we will define a map
4: I'x T' - U(A) (where (A, T, a,u) is a twisted dynamical system) by

(s, t) = u(s, t)u(sts™ ', s)*, s,tel.
It is then easily verified that
A (8)Au (D) Au(8)* = o (U(s, 1)) Au(sts™h), st €T,

Theorem 4.1.15. Let (A, T, a,u) be a twisted dynamical system, let A be a normal subgroup of T,
let @ =T/A and let j: T — Q denote the canonical epimorphism. Moreover, let (o/,u’) denote the
restriction of (a,u) to A. Then for any s € T', there exists 75 € Aut(A xy, . A) such that

Ys(mar (@) = Tar(as(a)),  YsAw (1)) = mor (@(s, 1)) Aw (sts™), a € A, tE€A. (4.1.2)
Moreover, if k: T/A — T is a cross-section for j with k(1) = 1, define maps

> B:Q — Aut(AxY,  A) by =70k,
> m:QxQ— A bym(z,y) = k(x)k(y)k(zy) ™! for z,y € Q, and
> 0 QxQ—UAXY A) by

v(@,y) = mar (u(k(2), k(y))u(m(z, y), k(zy)))Aw (m(z,9)), 2,y € Q.
Then (B,v) is a twisted action of Q on A xg,% A such that

Axt T (Axy  A) x5, Q.
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A proof of the above theorem is given in Appendix B. In the sequel, we will just write (o, u) instead
of (¢, u).

Just like their not-as-twisted siblings, reduced twisted crossed products also admit a conditional expec-
tation onto their C*-algebra component. We postpone the proof until we have established the theory
of so-called regular extensions of von Neumann algebras (see Theorem and Proposition |4.3.7).

Theorem 4.1.16. Let (AT, o, u) be a twisted dynamical system. Then there exists a faithful condi-
tional expectation E of norm 1 of Axg . T' onto A (identified with 7 (A)) such that E(\y(s)) =0 for
all s € T\ {1}. Further, if we define x(s) = E(xA,(s)*) € A for allw € Axg, . T and s € T', called the
Fourier coefficient of = at s, then we have the following:

(1) Ewu(s)xzAu(s)*) = as(E(x)) for all s € T.
(ii) E(xx*) =3 px(s)xz(s)" (in the strong operator topology).

We recall that for a group I', an automorphism o € Aut(T") is called inner if it is of the form o () = sts~*
for some s € T'; we will write Ad(s) for o in this case. A non-inner automorphism is said to be outer. If
A is a unital C*-algebra, an inner automorphism of A is one of the form Ad(u) for u € U(A); non-inner
automorphisms are also called outer.

Relevant to the next discussion is the notion of free automorphisms of groups.

Definition 4.1.17. Let A be a group and let o € Aut(A). If the set {o(s)ts™!|s € A} is infinite for
all t € A, we say that o acts freely on A.

Definition 4.1.18. Let T be a group and let A C ' be a normal subgroup. We say that T'/A acts
freely on A if Ad(s) acts freely on A for all s € T'\ A.

We have the following observation concerning outer group automorphisms.
Lemma 4.1.19. Let T' be a group and let A be a normal icc subgroup of I'. Then:

(1) An automorphism o € Aut(A) is outer if and only if o is freely acting.
(ii) The centralizer of A in I is trivial if and only if T'/A acts freely on A.

Proof. (i) If o is inner, then {o(s)ts™!|s € A} = {t} for some t € A. Conversely, assume that the
subset D = {o(s)ts™!|s € A} is finite for some ¢ € A, note first that t € D. Assuming that D # {t},
take t' € D with ' # t; then it is easily shown that D = {o(s)t's™1|s € A}. Now

C={st(t') s |se A} = {o(s)t(t) to(s™) |s € A} = {o(s)ts Ho(s)t's )"t |s € A} C DD~

Since D is finite, so is C'. Because C is a finite conjugacy class in an icc group, we must have ¢(¢')~! =1
or t = t', a contradiction. Hence D = {t}, so o is inner.

(ii) If » € T\ A and A has trivial centralizer in I', then suppose that there exists ¢ € A such that
rsr~! = tst~! for all s € A. Then t~'r belongs to the centralizer of A, so that r =t € A — a
contradiction. Hence Ad(r) is outer. Conversely, suppose that there exists r € '\ {1} in the centralizer
of A. Then srs=! = for all t € A, so that r ¢ A; otherwise A would not be icc. Moreover, Ad(r) is
the identity map on A and hence inner. O

An analogue of free action on groups also exists for C*-algebras.

Definition 4.1.20. Let A be a C*-algebra and let a@ € Aut(A). We say that « acts freely on A if 0
is the only element a of A that satisfies
a(z)a = ax

for all z € A.

It is immediate that any freely acting automorphism of a C*-algebra is outer. For an explanation of
why the above property is called free action, we refer to Theorem [4.3.9]

Lemma 4.1.21. Let (A, T, o, u) be a twisted dynamical system, where A is a C*-algebra with a faithful
a-tnvariant state 1. Further, let A be a normal subgroup of T' and let sg € T'. If Ad(sg) is freely acting,
then the automorphism vs, € Aut(A xg . A) of Theorem s freely acting and hence outer.



64 CHAPTER 4. REDUCED TWISTED CROSSED PRODUCTS

Proof. Note first that since 1) is a-invariant, then for all s,¢ € I" and a € A we have

Y(u(s, tau(s, 1)*) = Y(as(ar(ag () = ¥(a).

Furthermore, if we let (my, "y, &y) be the GNS triple associated to v, we can identify A with m,(A)
so that ¥ becomes a vector state and therefore is strongly continuous. To spare the eyes some misery,
let w = Ad(sp) in the following. Assume that a € A xg, . A satisfies v, (2)a = ax for all z € A %y . A.

Then by , we have
(0, 1) Au(w(t))aru(t)" = vso Au(t))adu(t)” = a

for all t € '. We now bring in the Fourier coefficients a(t) = E(a\,(¢)*) for all t € A, where E is the
canonical conditional expectation of A xy , A onto A. Then for all g,t € A, note that

Since

and thus

a(w(t)gt™") = a(s0, ) (a(g)v(t, 9)-
Fix g € A and take an infinite sequence (t,),>1 of elements in A such that {s, = w(t,)gt; ' |n > 1} is
infinite. Then

Y(algn)a(gn)) = Y(U(s0, tn) e, ) (@(g))v(tn, 9)v(tn, 9) aw,)(alg)) “@(so, tn)")
= Y(aw(t,)(a(g))aw,) (alg))”)
= P(a(g)alg)”)

since 9 is a-invariant, and thus

> Wlalgn)algn)’) < Y wlalt)a(t)”)

teA

=1 <Z a(t)a(t)*>

teA
= P(E(aa”)) < oo,

by Theorem (ii), as ¢ is also strongly continuous. Since ¥ (a(gn)a(gn)*) = ¥(a(g)a(g)*) for all
n > 1, we must have ¢ (a(g)a(g)*) = 0 and hence a(g) = 0 by faithfulness of 1. Because g € A was

arbitrary, we finally see that E(aa*) = 0 (also by Theorem (ii)) and hence a = 0 by faithfulness
of E. We conclude that s, is freely acting. O

In order to piece the main result of this section together, we will need a result by Kishimoto concerning
reduced crossed products of simple C*-algebras, which Bédos then modified to make work for twisted
crossed products.
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Lemma 4.1.22 (Kishimoto, 1981). Let a be a positive element of a simple C*-algebra A, ay,...,a, €
A and aq, ..., a, be outer automorphisms of A. Then for any € > 0 there exists a positive y € A of
norm 1 such that |yay|| > ||a|| — ¢ and ||ya;c;(y)|| < e foralli=1,...,n.

Proof. See [44, Lemma 3.2|. O

Theorem 4.1.23. Let (A, T, o, u) be a twisted dynamical system such that A is simple and « is outer
for all s #1. Then A xg, . T is simple.

Proof. Let B= Axy . T and let E: B — A be the faithful conditional expectation of Theorem
Let J be a proper closed ideal in B. To show that J = {0}, it is enough to show that E(J) = {0} by
faithfulness of . Now define

l2||" = nf{[le +jl|[j € T}, w=e€B.

Since A is simple, we have AN7J = {0} (otherwise A C J, implying J = B) and hence the restriction
of the homomorphism B — B/J to A is injective. Therefore ||a]|” = ||a|| for all a € A. If we can show
that | E(z)|| < ||z|| for all € B, then the fact that |||’ = 0 for all j € J implies the wanted result.

As elements of the form # = a+ ) . asAy(s) are norm-dense in B, where a € A, FF C '\ {1} is finite
and as € A for s € F, it suffices to check the inequality for such elements. If a € A is positive and
€ > 0, then since ay is outer for all s € F, Lemma yields a positive element y € A of norm 1
such that ||yay| > |la]] — € and |lyasas(y)|| < e for all s € F. Then

y <Z asAu(S)> y

seF

< 3 laha (A M@l < 3 lyasan @) = 3 lyasan @),

seF sEF sEF

which in turn implies
!

IE@)] = llall < llyayll + € = llyayl + € < llyzyl" + +e <zl + (IF] + De.

y <Z asku(8)> y

sEF

As € > 0 was arbitrary, it follows that ||E(z)| < ||z||. If a is not positive, note that the element
E(a*z) = a*E(x) = a*a is positive, so by what we just found, we have

I1E@))I* = llal* = lla*all = [|E(a*2)|| < |a*z||" < |all|zl|" = | E)]]|=]|"
This proves the desired inequality. O
Finally we hit upon a true gold egg nugget of C*-simplicity:

Theorem 4.1.24. Let (A, T,a,u) be a twisted dynamical system, where A is a C*-algebra with a
faithful a-invariant state 1. Let A be a normal icc subgroup of T' with trivial centralizer. If Axy . A is
simple, then A xg T is simple. In particular, T is C*-simple whenever A is C*-simple, and ultraweak
Powers groups are C*-simple.

Proof. Let @ =T /A, and let j: I’ — @ denote the canonical epimorphism. If we take a cross-section
k: @ — T such that k(1) = 1, then by Theorem there exists a twisted action (3,v) of @ on
A X . A such that

Axg , T=(Axg, A) x5, Q.

For each t € Q\{1}, the map Ad(k(t)) is an outer automorphism of A by Lemmal4.1.19] (ii). By Lemma
and Lemma (1), Bt = Yk(r) is an outer automorphism of (A xj . A) xj Q= Axy T for
all € @\ {1}. Therefore simplicity of A x . A implies simplicity of A xg . I" by Theoremm The
second statement clearly follows, as all C*-simple groups are icc by Corollary [1.7.8, and weak Powers
groups are C*-simple by Proposition [3.3.11] O
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4.2 Extensions by ultraweak Powers groups

The method applied by Bédos to show C*-simplicity of ultraweak Powers groups can be in fact also be
used to show something a lot stronger, as the next couple of results generalize our previous Dixmier
property-related results of the reduced group C*-algebra of a weak Powers group to twisted reduced
crossed products.

Throughout this section, we will always let (A, T, o, u) be a twisted dynamical system. Letting H be
a Hilbert space on which A can be faithfully represented, we view A as a *-subalgebra of

B=Axg,T.
Further, let By be the *-subalgebra of B generated by A and A, (), so that By is dense in B.

Definition 4.2.1. A linear map ¢: B — B is called a simple I'-averaging process if there exist n > 1
and s1,...,s, € I' such that

p(z) = Z/\u(si)x/\u(si)*, x €B.

A linear map is called a I'-averaging process if it is a finite composition of simple I'-averaging processes.

If we let a € A, we have
A (8) (@A (1) Au(8)* = as(@) M (8) A ()N (8)* = aus(a)t(s, t) Ay (sts™1). (4.2.1)

Consequently, if « € By, then for any simple I'-averaging process ¢: B — B the element p(z) belongs
to By. Moreover, we have F(p(z)) = 0 if and only if E(x) = 0.

The next lemma generalizes Lemma (for weak Powers groups) to reduced twisted crossed prod-
ucts.

Lemma 4.2.2. Let (A, T, o, u) be as above and let x € B be a self-adjoint element satisfying E(x) =0,
where E is the conditional expectation of B onto A. Assume further that T' is a weak Powers group.
Then for any € > 0 there exists a I'-averaging process ¢ on B such that ||¢(x)| < e.

Proof. Suppose first that we have proved the above for self-adjoint « € By satisfying F(z) = 0. Then
for any self-adjoint x € B with E(x) = 0, there exists xo € By such that ||z — x| < §. Applying the
result to xg — E(zg) € By, we obtain n > 1 and s1,...,s, € I" such that if we define f: B — B by
fly)=1 Z?:l Au(8:)yAu(si)*, we have || f(zo) — f(E(wo))|| < §. We then have

[f @) < [1f (=) = f(@o)ll + £ (@) — f(E(xo))|| + [If (E(x0)) — f(E(@))[| < 2]z — zol + g <s,
since both f and E are contractive.

Now let = € By be self-adjoint and assume that E(x) = 0. Then there exist n > 1, a1, ...,a, € A\ {0}
and g1,...,¢g, € I' such that by defining

Ty = ai>\u(gi) + u(gz_lag?)*ag;l(a:))‘u(gz_l)

forall i =1,...,n, we have z = Y. | x;. Since E(z) = 0, we can further assume that all g; are not
the identity element. Now, for each i = 1,...,n let N; > 1 be an integer such that
2 il < £
X —.
VN T
Since I is a weak Powers group, there exists a partition I' = C U D; and elements s1.1,...,51,n, €T

such that ¢;C1 N Cy = gl_lC'l NCy =0 and s1,D1 N s1,;D1 = 0 for all distinet 4,5 € {1,...,N1}. Let
p1 denote the projection of H ® £2(T") onto H ® ¢£2(Cy) and define uy ; = A\, (s1;) for all i = 1,..., Ny.
Then

* _ " ®6, ifsilseD
uy (1 —pr)ui ;(E®6s) = uri(1 —p1) (U(S L 514)E® 53;13) = { ¢ 0 clse !



4.2. EXTENSIONS BY ULTRAWEAK POWERS GROUPS 67

from which it follows that u;(1 — p1)uj ; is the projection of H ® ¢*(T') onto H ® £*(sy;D;). Hence
the projections uy ;(1 — p1)uj ; are pairwise orthogonal, and since

a1 (b)u(t s, 8)¢ @6y ifteCpandtes O

P1bAL(8)p1 (€ @ 6t) = { 0 else (4.2.2)

for all b € A and s € T, it is evident that p;z1p; = 0. Defining ¢1: B — B by

1 &
e1(y) = ZAu(sl,i)y)\u(Sl,i)*,
i=1

N

then Lemmatells us that [|p1(x1)|| < \/LNlea:lH

We proceed inductively from here. Having found elements s; 1,...,s; n, € I' and an averaging process
@j forall 1 < j <k where1 <k <n—1, define

Sk,:{sk,,ik"'sl,il|ij:17~-~7Nj7 ]:1,,]{3}

and Fi41 = (grk+1)s,- Since I' has the weak Powers property, then from the subset Fj;; and the
integer N4 we obtain a partition I' = Cj41 U D41 and elements s;41 1, ..., Sk+1,Nyy, € I such that

fCri1 NCrir = f 0,1 NCry1 =0,  Sg41.:Dks1 N Sgy1,jDprr =0

for all distinct 4,5 € {1,..., Niy1}. Letting px11 denote the projection of H® ¢%(T") onto H®¢?(C41),
we see in the same way as above that the projections Ay(Sg+1,:)(1 — Pr+1)du(Sk+1,:)* are pairwise
orthogonal. Now, as

Ny N
1 % *
(prowopn)enin) = e 2o D Mulskan) - Mulsra)ordulsra) - Mulsnin)

=1 ig=1
= Z (b1, sAu(sgrr1s™h) + bgﬁs)\u(sg,;jlsfl)),

SES}

for appropriately chosen by 5,b2 s € A (seen by applying (4.2.1]) a lot of times), it follows as in (4.2.2)
that
Prt1(@k © -+ 0 01) (Tt 1)Pr+1 = 0.

Defining a map ¢py1: B — B by

1 Nyt
or+1(y) = Nera ; Au(8k+1,0)YAu(8k41,0) "
then Lemma yields
I )l < ———I( )l € s
Pr+1 0 0P TE+1)|| > Pr O OPINTk+1) || = —F——ITk+1]|-
Nk+1 Nk:+1
Having obtained simple I'-averaging processes ¢1, ..., @, in this manner, we now find that
n
[(pno--0) (@) <D Ipno---opi)(@)]
i=1
n
< (@i op1)(@s)l
i=1
"2
< —||zi|| <€,
< ; ml\ ill
and the proof is complete. O

Having proved these preliminary results, we now turn to the question of whether weak Powers groups
have nice properties with respect to twisted crossed products.
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Definition 4.2.3. Let (A, T, a,u) be a twisted dynamical system. We say that the twisted action
(o, u) is minimal if there are no proper closed two-sided ideals in A that are invariant under « for all
seTl.

If A is simple, then the action («,u) is automatically minimal.

Lemma 4.2.4. Suppose that the twisted action (o, u) on A is minimal, and let a € A\ {0} be positive.
Then there aren > 1, ay,...,a, € A and s1,...,8, € I' such that

n
Z a;as, (a)al > 14.
i=1

Proof. Let J be the two-sided ideal generated by {as(a)|s € T'}; note that we do not assume that J
is closed. Then for all n > 1, z1,91,...,%n, Y € A and s,s1,...,5, € I, define z = 7" | x4, (a)y;
and note that

n

as(2) = Y as(@i)as(as, (@)as(y) = Y las(@i)uls, s0)] ass, (@) [uls, si) as(y:)] € 3,
i=1

i=1

so that J is a non-zero, closed two-sided ideal that is invariant under all a, for s € I'. Since (o, u) is
assumed to be minimal, we must have J = A and hence J = A by Lemma Therefore there must
exist n > 1, by,¢1,...,bp,cn € Aand s1,...,s, € I" such that

. 1
Z bias, (a)c; = §1A~
i=1

If we define a; = b; + ¢ forall i =1,...,n, then

n n n
Z a;a, (a)al = Z bias, (a)bf + Z ciag, (a)cf +14 > 14,
i=1 i=1 i=1

as wanted. O

Theorem 4.2.5. If I' is a weak Powers group and the twisted action (a,w) is minimal on A, then
B=Axg T is simple.

Proof. Let J be a non-zero closed ideal of B and let © € J be a non-zero element. Then y = z*z € J\{0}
is positive. The canonical conditional expectation E of B onto A is faithful and positive, so E(y) is a
non-zero positive element of A. By Lemma we have n > 1, a1,...,a, € Aand sq,...,8, €T
such that

S i (B@))al > 1a.
=1

Note that
E (Z ai)\u(si)y)\u(si)*az‘> = a;B(u(si)yAu(si))a;
=1 =1
n
=Y aia(E(y))a; > 1a
1=1

by Theorem (i). Define y1 = >0, aidu(si)yAu(si)*af. By Lemma there now exists a

I'-averaging process ¢: B — B such that

(1) = P(Ey)) = lle(y = Ey)) < %

As (E(y1)) > ¢(14) = 14 and the elements ¢(y1) and ¢(E(y1)) are positive, the above inequality
implies that

plyn) ~ 14 o) — () = ~3 14

and hence ¢(y1) > 114. Therefore ¢(y1) is invertible. Evidently y; € J and ¢(y1) € J, so J contains
an invertible element and thus must be all of B. Therefore B is simple. O
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We next turn to the question of uniqueness of trace.
Lemma 4.2.6. If A has an a-invariant trace v, then 7 = o E is a trace on B.

Proof. Note first that 7 is obviously a state on B. For x,y € By, write
n n
x:a+zai>\u(si)a y:b+z)\u(sz)*bm
i=1 i=1

where a,b,a1,b1,...,a,,b, € A and the elements s1,...,s, € I'\ {1} are distinct. Note that
T(xy) = Y(E(zy))
= y(ab) + Y v (@BNuls)Auls;)")b))

ij=1

= ¢(ab) + Z ¥ (au(s;, sj*l)E()\u(sis]fl))u(sj, sjfl)*bj)

i,j=1
= 1(ab) + Y ¥ (a;b;)
=1

and that by I'-invariance of 1), we also have
T(yx) = ¥(E(yx))
= P(ba) + Y W (s, (E(u(s:) biajAu(s;))))

1,j=1

= p(ba) + > ¢ (bia, E(Au(s))Mu(5:)"))

i,j=1

— pba)+ 3 ¥ (bauls ) Eh(sysr ulsi 7))

ij=1

i=1

Therefore 7(zy) = T(yx), since ¢ is a trace. A standard density and continuity argument yields that
T is tracial on all of B. O

Theorem 4.2.7. If T is a weak Powers group and T is a trace on B, then 7/ = 7|4 is an a-invariant
trace on A, i.e., 7 = 7' oy for all s € T'. Moreover, if E denotes the conditional expectation of B
onto A, then T = 7' o E. In particular, if A has a unique a-invariant trace, then B has a unique trace.

Proof. If ¢: B — B is a simple I'-averaging process, then clearly 7(¢(z)) = 7(z) for all z € B. Hence
this also holds for all I'-averaging processes. Thus for all self-adjoint x € B, we have

[7(z = E(2))| = [7(p(z = E(2)))] < |lp(z - E(2))]

for all averaging processes ¢: B — B, and Lemma tells us that 7(x) = 7(E(x)). This clearly
implies 7 = 7o E = 7’ o E. Finally, 7/ is a-invariant, since Theorem (ii) implies

m(as(a)) = 7'(E(as(a)) = 7(E(as(a))) = T(Au(s)aru(s)*) = 7(a) = 7'(a)
foralla € Aand seT.

The last statement follows from the above considerations along with Lemma O

What we have shown now is that when constructed by means of weak Powers groups, twisted reduced
crossed products preserve simplicity and uniqueness of trace of the original C*-algebra. If we now
combine these results with the main structure theorem of the previous section (Theorem [4.1.15)), we
get an abundance of neat permanence results in return.
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Corollary 4.2.8 (Bédos). Let (A, T, o, u) be a twisted dynamical system and let A be a normal subgroup
of T'. Further, assume that T'/A is a weak Powers group. Then the following holds:

(i) If A xg . A is simple (resp. has unique trace), then A xg, ' is simple (resp. has unique trace).

(ii) If CE(A) is simple (resp. has unique trace), then C;(T') is simple (resp. has unique trace).

Proof. 1t is clear that (ii) follows from (i), and (i) itself follows from Theorems and applied
to the twisted dynamical system (A xp . A, Q, 3,v) of Theorem where @ = I'/A. Note here
that with respect to this particular system, a unique trace on A xg ,. A is necessarily S-invariant (so

that Theorem does apply). O

Corollary 4.2.9. Let (A, T, a,u) be a twisted dynamical system, where A is a simple C*-algebra with
a faithful a-invariant state and T is an ultraweak Powers group. Then A xy, . T' is simple.

Proof. Let A C T be a normal weak Powers subgroup with trivial centralizer. Then A g . A is simple
by Theorem so that simplicity of A x% T follows from Theorem O

Corollary 4.2.10. Let (A, T, o, u) be a twisted dynamical system, where A is a simple C*-algebra with
a faithful a-invariant state . Suppose further that there exists a short exact sequence

1—A—T—Q—1,

where A and Q are ultraweak Powers groups. Then A xg T is simple. In particular, I' is C*-simple
whenever such a short exact sequence exists.

Proof. We may assume that A is a normal subgroup of I' and that @ = T'/A. By Theorem there
exists a twisted action (3,v) of @ on A xy ,. A such that

Axg T2 (Axg . A) x5, Q.

By Corollary B = Axg . Ais simple.

Letting F denote the canonical conditional expectation of B onto A, we now claim that 1,5 =Yook is
a faithful g-invariant state on B. That 1[) is a faithful state is immediate, so we focus on S-invariance.
Let v and k be as in Theorem and let y € Q. We then need to show that zﬂ ofBy = 1[?, and
by continuity it suffices to check the equality for elements of the form xy = ag + Zse 7 @sAy(s) where
F CT\ {1} is a finite subset, ap € A and a, € A for all s € F'. Because

b(By(x0)) = ¢ <E (%(y)(ao) +> Wk(y)(as)%(y)()\u(s))>>

sEF

=1 <ak(y) (a0) + > any (as)i(k(y), S)E(Au(k(y)Sk(y)l))>
seF
= (g (y)(ao))
= 1p(ag) = ¥ (wo),
our claim does hold, and it now follows from Corollary applied to (B,Q, 3,v) that A xp, . T is
simple. U

Corollary 4.2.11. Let
1 —I'—T—>I"—1

be a short exact sequence of groups, where I is C*-simple and I is an ultraweak Powers group. Then
T is C*-simple.

Proof. Once again, we can assume that I' is a normal subgroup of I" and that I/ = T'/T". By Theorem
there exists a twisted action (8,v) of I' on C(I") such that

C*(T) = C2(T) x5, T".
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We now claim that the faithful trace 7 of C*(I") is S-invariant. Indeed, let v and k be as in Theorem
and note that for all x € T” and s € TV,

r(B2(A(5)) = T (M6))) = TAR()sk(@) ™)) = (B(oye(o-1:01) = { o e

or simply 7(8:(A(s))) = 7(A(s)). By continuity, 7 is S-invariant as claimed, and hence it follows from
Corollary that C(T") is simple. O

One might now ask: what happened to uniqueness of trace in the last three results? The answer is
of course that the zenith of the previous section (Theorem “only” uncovered simplicity of the
reduced twisted crossed products, and that in itself was quite non-trivial: we needed an extraneous
result by Kishimoto to make it all come together. If we want to settle the issue of uniqueness of trace,
there is one obvious thing to try out: pass to von Neumann algebras.

4.3 Regular extensions of von Neumann algebras by discrete groups

We now introduce a von Neumann algebra version of the reduced twisted crossed product, and it should
not be surprising that many of the results for reduced twisted crossed products carry over. Suppose
we are given a Hilbert space H and a twisted dynamical system (.#,T",a, u) where .# C B(H) is a
von Neumann algebra, and let (74, Ay, H ® £2(T')) be the covariant representation that we constructed
when we were defining the reduced twisted crossed product. Then 7, is a normal representation of .4
(following from the fact that «; is normal for all s € T).

Definition 4.3.1. The von Neumann algebra .# x (. I' generated by the subsets 7, (.#) and A\, (T")
of B(H ® ¢?(T")) is called the reqular extension of .# by T.

By the von Neumann density theorem, .# X (4, I is then the closure of the *-subalgebra

{Z Ta(Zs)Au(8)

sEF

Fgfﬁnite,xsej/}

in any of the standard operator topologies.

Though it may seem not to be the case, the algebraic structure of .# x4, I' in fact does not depend
on the Hilbert space H. First and foremost, observe that

To(2) = Zatfl(m) ® P, and A,(s) = Zu(t‘ls_l7 $) @ A(s) Py
ter ter

for all z € .# and s € T, where P, denotes the projection of ¢*(T') onto C§; for all t € T, X is
the standard left-regular representation of ' on ¢?(I') and the sums converge in the strong operator
topology. It then follows that

M Xy T ={ma(2), Mu(s) |2 € M, s €T} C . @B(L*(T)),

where .# @ B(¢*(T')) denotes the von Neumann algebra tensor product of .# and B(¢*(T)) (see [15}
Section 1.3] for details on this type of tensor product).

Proposition 4.3.2. Let (#,T,a,u) and (A, T, B,v) be twisted dynamical systems, where # C B(H)
and A C B(K) are von Neumann algebras. Suppose that there exists an isomorphism o: M — N
such that

poas=fs0q, <p(u(8’t)) :U(S7t)’ s,tel.
Then there is an isomorphism @: M X (qu) U — N X(5.) [ satisfying

TROY =POTMy, PO, = Ay

Proof. By [69, Corollary IV.5.3], there exists an isomorphism Q: .#Z @ B(¢*(T')) — A @ B({*(T')) such
that
Az @ x2) = p(x1) @ T2, T1 € M, T2 € B(L2(T)).
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Note that €2 is normal and hence SOT-to-SOT continuous on bounded sets, yielding

:Z@(arl ®Pt Zﬂt 1 ®Pt*7TB(<)0( ))

tel tel

and Q(Ay(s)) = Ay(s) similarly. It then follows that the image of .# X (4, I' under Q is indeed
N X(,0) I, so the proof is complete if we let ¢ denote the restriction of  to A4 X (4,4 I O

We then have the following beautiful result: a von Neumann algebraic version of Theorem

Theorem 4.3.3 (Bédos). Let (A ,T', o, u) be a twisted dynamical system where .# C B(H) is a von
Neumann algebra. Further, let A be a normal subgroup of T', define @ =T/A and let j: T' — Q denote

the canonical epimorphism. If (a/,u’) is the restriction of («,u) to A, then for all s € T there exists
Ys € Aut( A X (o 0y A) such that

Vs (o () = T (s(x)), Vs A (8) = mor (U5, ) A (sts™1), x €., t €A.
Moreover, if k: T/A — T is a cross-section for j with k(1) =1, define maps
B:Q = Aut( M X(aruyN), Mm:QxQ =N, v:QXQ—= UM X uyN)
as in Theorem . Then (B,v) is a twisted action of Q on M X (4 ) A such that
M X () U= (M X (o0 ) N) X (8,0) Q-

Proof. Almost all of the considerations and computations in the proof of Theorem (given in
Appendix B) carry over verbatim. In preparation for finding +, in that proof we were able to assume
the existence of a map a: I' — U(H) implementing the action of I" on .# by unitary operators on
H by means of Remark but we may not be as lucky here. To ensure that we can still find
automorphisms v, with the wanted properties, we do as follows. Define a twisted action (@, @) of T’
on the von Neumann algebra 7, (.#) by &5 = maasm, ! and U = 7, o u. Then as(z) = Ay (8)xAy(8)*

for all z € 7o (). Letting (@,u’) denote the restriction of w to A, the (relevant part of the) proof of
Theorem now applies and we obtain an automorphism 7, € Aut(wa (M) X (@ @) \) satisfying

Vot (1)) = mar (@s(2)), T (1) = 7o (Uls, ) A (sts™"), @ € ma(A), t € A
Now Proposition yields an isomorphism ¢: mq () X (@ 71y A = M X (s ) A such that

Vs = @Y

has the desired properties. O

Theorem 4.3.4. Let (A, T, o, u) be a twisted dynamical system, where # C B(H) is a von Neumann
algebra. Then there exists a faithful normal conditional expectation E of norm 1 of M X (qu) ' onto
M (identified with 7o (A)) such that E(\,(s)) =0 for all s € T'\ {1}. Further, we have

E(Au(s)zAu(s)") = as(E(x))
forallw € M x(q) T and s €T

Proof. For all s € T, let P, denote the projection of K = H ® £?(T") onto the closed subspace H @ CJ,.
We now define
=Y PaP, =€ B(K),
sel’
the series convergent in the strong operator topology. Then F' is evidently linear and positive. Setting
N = {Ps|s € T}, then clearly F(z) € .4 for all z € B(K) and F(z) = « for all x € A4, as
> ser Ps = 1. Forall { € K and z € B(K), we finally have

IF@)El? =) IPaPEl” < Y lllPIPEl? = llz]® Y 1PN = Il €11,

sel’ sel sel’

so that F is contractive. By Tomiyama’s theorem [17, Theorem 1.5. 10] F' is a conditional expectation
of B(K) onto .#. Finally, if F(x*z) = 0 for some x € B(K) then (zPs)*zPs; = 0 and hence xPs = 0
for all s € I'. This implies that = = 0, so that F is faithful.
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To see that F is normal, let w € B(H). and let S € B(H) be a trace class operator such that
w(x) = tr(Sx), where tr(-) = > . (-, &) for some orthonormal basis € for K (cf. [15, Section B.1]).
Letting & be a fixed orthonormal basis for H, then

E={{®ds €&, seT}

is an orthonormal basis for K. If z € B(K) is trace class, we then have

r(F(x) = > Y (PaP(®6,),£®6,) = Y (2(£®06,),£ @ 6,) = tr().

g€l tel £céo
sel’ sel

Hence for any x € B(K) we have
w(F(x)) =tr(SF(x)) = tr(F(SF(z))) = tr(F(S)F(x)) = tr(F(F(S)x)) = tr(F(S)x).

If (x;)iers is a bounded, increasing net of self-adjoint operators in B(H) converging strongly to z € B(H)
we then have
w(F(x;)) = tr(F(S)x;) = tr(F(S)z) = w(F(x)),

since tr(F(S)-) is a normal linear functional. Hence F' is normal.

For all s,t € T" with ¢ # 1, we have P\, (t)Ps = 0 and that P = Pz for all z € # and s € T.
Therefore, if £/ denotes the restriction of F' to .# x4 )" then E annihilates all operators of the form
Au(t) for t £ 1. As 4 C A and ||E| = [|[E(1)|| = 1, it is evident that the map F is the desired
conditional expectation. To prove the final statement, recall that the *-algebra of operators of the form

Yy =2xo + Z xs)\u(s)
seF

is ultraweakly dense in .# X (4, I', where zg € .#, F CT'\ {1} is a finite subset and x, € .# for all
s€ F. Ifye /A xg , T is of the above form, we have

E (Au(9)yAu(9)") = E(Au(9)ToAu(9)™) + Z O‘g(xs)ﬂ(ga S)E()\u(gs.gil))
sEF

= ay(E(y)),

so the equality holds on an ultraweakly dense subalgebra and therefore on all of .# X (,,.,) T, as a, and
FE are normal for all g € T U

As before, the conditional expectation of Theorem [4.3.4] is usually referred to as the canonical one,
which we will do here.

Definition 4.3.5. Let E denote the canonical conditional expectation of .# X (4 ) I' onto .#. For
any s € I' and @ € A4 X (o) I, the operator

x(s) = E(z y(s)") € A
is called the Fourier coefficient of x at s.

Remark 4.3.6. Of course, with the mention of Fourier coefficients comes the hope that one might
express x as a sum involving the Fourier coefficients, i.e.,

T = Z x(8) Ay (s),
sel’

once again identifying .# with 7, (.#). As we shall see, this is true in some sense, but not in a mode
of convergence that is immediately familiar. In a paper by Mercer [46] it is proved that even when the
twisted action is trivial, the above sum might not even converge weakly to x, and hence not in any of
the common operator topologies.

To work around this, let (Ps)ser be the family of projections from the proof of Theorem and let
x € M X(qu) [ Then for all s,t € T, it is easily seen that

)\u(t>*Ps>\u(t) = Ptflsa
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from which it follows that
Pyx(t)\y(t) = PsxPy-1, and  x(s)A\y(s)P; = Py P;.

If we now define xp = 3 2(s)Au(s) for all finite subsets F' C T', then it is easily shown as in [46,
Lemma 2] that

(i) E(zpar) = E(zpr) = E(@*ap) = E(z* (X cp Ps)2).
(ii) E(xpay) = E(xpz*) = E(zz}) = E(x(ZseF P,_1)x*).

One way of realizing this is to define operators Q,: H ® ¢*(T') — H for all g € T by Q,(£ ® &;) = 0g.4&
and note that

622629 ::}23 ngfg ::5%3(2g7 sel.
It can then be checked that E(x) = Q2Q7 for all x € A X () T.
We now define a locally convex topology on .# x (4. I, calling it the .#-topology, by means of the

semi-norms
T w(E(z*x))1/2,

where w runs over the normal states of .#. As F is faithful, the .#Z-topology is Hausdorff, and because
both Y. Ps-1 and ) Ps converge ultraweakly to the identity, it is easily seen that 2 — 2 and
2} — ¢ in the .#-topology. This mode of convergence also ensures that z is uniquely determined by
its Fourier coefficients. *

Proposition 4.3.7. Let x,y € # X (q.) ' and s €. Then
() (2y)(s) = Lper z)an(y(t™s))ult, t7's),
(

(zy)(s) =
(i) x*(s) = u(s, s H*as(x(s71))* = as(z(s Hu(s™1,5))* and
") =

(iii) E(za®) =) ep z(t)2(t)",

the sums converging in the strong operator topology in M .

Proof. Letting (Qy)ger and (Ps)ser denote the families of operators from the above remark, we note
that Q1. (t) = Q-1 for all t € I". By Theorem we have

ar(y(t™)) = EQu Byt 's)" Au(t)")
= EQu(Oyha(s) ult,t~1s)"
= QuA(DyA(8)" Qfult, 1 s)"
= Qi Qiu(t, )",

Therefore
Qi1y\u(5)" QT = Q1 yQ:—l = O‘t(y(tils))u(tvtils)
for all ¢t € T, so that

(29)(5) = Quayhu(8)Qt = S (QuaQi- )@ 1y7u(s) Q) = 3 a(b)as(y(t~"s)ult t~"s).

tel tel

Further, since z(t) = QxQ;_, for all t € T, we have

w(s) = (Qi-12Q1)" = (as(y(s™))uls, s71)" = u(s,s71) as(w(s™)",

proving (ii), since a,(u(s™1,s)) = u(s,s~1). Finally,

B(ar) = (20" (1) = 3 a(Bar(ap (@(tult,t~ ) ult,t) = 3 a(b)a(t)”

tel tel
by applying (i) and (ii). O

We are now able to prove Theorem concerning the canonical conditional expectation of reduced
twisted crossed products.
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Proof of Theorem[4.1.16, Represent A on a Hilbert space H such that the action of I" on A can be
implemented by a map a: I' — U(H) as in the proof of Theorem If we define .# = A’ and
&s = Ad(a(s)), then (&, u) becomes a twisted action of I' on .#. Then

Axl T C M x@aum T C BH®E(T)).
Identifying m,(A) = 75(A) and A, then the canonical conditional expectation
E: M X (&,u) I — .«

maps A xg . I' onto A. Consequently, the restriction E of E to A xg . I' is the wanted conditional
expectation, and Theorem [4.3.4] and Proposition [4.3.7] together yield the wanted properties of £. [

The next theorem proves that the existence of the canonical conditional expectation of a regular
extension characterizes the regular extensions in a certain sense.

Theorem 4.3.8 (cf. [17]). Let (A ,T,«,u) be a twisted dynamical system where .4 C B(H) is a von
Neumann algebra with a faithful normal state w. Let A be a von Neumann algebra such that there
exist

> an injective unital normal *-homomorphism v: M — N,
> a faithful normal conditional expectation F: N — (M) and
> amapv: T = U(AN),

with the following properties:

(i) A is generated by «(A) and v(T).

(ii) t(as(z)) = v(s)(x)v(s)* foralls €T andx € A .
(iii) v(s)v(t) = t(u(s,t))v(st) for all s,t € T.
() F(o(s) =0 for all s € T\ {1}.

Then there exists a *-isomorphism p: N — M X (4 T such that

p(u(x)) = Ta(2),  P(v(s)) = Auls),  P(F(y)) = ma(E(p(y)))

forallz € #,s el andy € N, where E denotes the canonical conditional expectation of M X (o)1
onto M .

Proof. We adapt the proof of [67, Proposition 22.2]. Letting .45 be the subset of .4 consisting of
operators of the form ) . t(xs)v(s) where F' C T' is finite and z, € .# for all s € F', then properties
(ii) and (iii) tell us .45 is a unital *-algebra and that .44 is strongly dense in .4". Likewise, if we define
My to be the subset of .# X (4, I' consisting of the operators ) 7o (2s)Au(s), then .Z; is also a
strongly dense unital *-subalgebra of .# X (4 ) ['. Note now that we can define a faithful normal state

¥ on A by
p=woir loF.

Let (m1,H1,&1) and (72, He,&2) be the GNS triples associated to w o E' and 1), respectively. Then for
all s € I" and = € 4, we have

(ma(e(2)v(5))€2, &2) = P((x)v(s)) = (w0 E)(ma (@) Au(s)) = (m1(ma (@) Au(s))E1, &1)-

Because &; is cyclic for m1 (4 X (q,4) ') and & is cyclic for m3(47), it follows that &; is in fact cyclic
for m (Ap) and that & is cyclic for ma(40)) by strong operator density. It follows from Lemma
as well as properties (ii) and (iii) that we then have a surjective *-homomorphism .#y, — 44 given by

Z Ta(Ts)Au(8) — Z t(xs)v(s)

sEF seF

To see that this map is injective, note that if x = 0 in .4y and we write x = ) t(2,)v(s), then

0= F(zv(s)") = t(zs)
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and hence z; = 0 for all s € F. By [23, Lemma I.4.1.3] there exists a unitary operator U: H; — Ho
such that Umy (o) U™ = ma(A)) and

o (Z L(Z‘S)U(S)> =Um (Z Wa(l‘s))\u<8)> U*

seF sEF

for all finite subsets F' C T, where z; € . for all s € F. By normality of 7 and 7y [15, Proposition
2.50], it is quickly verified that Umi (A X (q.4) I)U* = m2(A4"), so we can define a *-isomorphism
©Y: N = M X (o,u) r by

o(x) = 1 H(U na(2)U), x €N,

The desired properties of ¢ are then easily established. O

Finally, the next theorem is utterly essential — really, the original article [71] is a goldmine of pretty
results. For any element x € .# where .# is a von Neumann algebra, the central support of z is
denoted by ¢(x).

Theorem 4.3.9 (Kallman). Let .# C B(H) be a von Neumann algebra and let o € Aut(.#). Then
« s outer if and only if it satisfies:

If m € A satisfies a(x)m = ma for all x € M, then c¢(m) < 1 4. (1)
In particular, an automorphism of a factor is outer if and only if it is freely acting.

Proof. Suppose that « is inner. Then there exists a unitary u € .# such that a(z)u = ux, but
c(u) = 14, so that (1) does not hold. Conversely, suppose that there exists m € .# such that
a(x)m = me for all z € 4 and ¢(m) = 1_4. Then for all unitaries v € U(.#'), we have

v*m*muv = m*a(v)a(v)m =m*m and «a(v)mm*a(v*) = mov*m* = mm*,

proving that m*m, mm* € Z(.#) since any element in .# is a linear combination of four unitaries.
Recall now that the right support s(x) € .4 of an operator x € .4 is the projection such that 1 — s(x)
has range kerx C H. We now have

s(m) = s(m*m) = ¢(m*m) = ¢(m) = 1;

indeed, the second equality follows from [3g, Proposition 5.5.2] and the fact that m*m is central
and positive, while the first and third are a consequence of the fact that ker(xz) = ker(z*z) for all
x € . Similarly, the fact that ¢(m*) = 1 implies s(m*) = 1. If we now let m = u|m| be the polar
decomposition of m, then u*u = s(m) = 1 and wu* = s(m*) = 1 (cf. [Im p. 23]), so that u is a
unitary! Now let x € .#. Because |m| € Z(.#), we have

a(z)ulm| = a(z)m = mz = u|lm|z = uzx|m|.

If y € A, then the range of the right support s(y*) is the closure of the range of y. On the grounds
that s(|m|) = s(m*m) = 1, we conclude that |m| has dense range in A and thus

a(r)u = uz.
Since x was arbitrary, « is inner, completing the proof. O

Kallman’s theorem is actually the explanation for why certain automorphisms of both groups and
C*-algebras are called freely acting. Indeed, if T' is a non-trivial discrete icc group, then L(T") is a
II;-factor, and an automorphism of T" (resp. L(I")) is outer if and only if it is freely acting by Lemma
4.1.19| (i) (resp. Kallman’s theorem).

Kallman’s theorem also has an interesting consequence for regular extensions.

Theorem 4.3.10 (Choda). Let (#,T, a,u) be a twisted dynamical system where # is a von Neumann
algebra and g is freely acting for all s € T'\ {1}. Then

ol ) NV (M X () T) C Z(mo(M)).
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Proof. Let E denote the canonical conditional expectation of .# X (4., I' onto 7, (.#). If an operator
T € M X(qu) ' commutes with all elements of 7, (.#), then for all y € .# and s € " we find that

T (2(5)"y) = EQAu(8)2"ma(y)) = E(Au(8)Ta(y)Au(s)" Au(s)2™) = malas(y)z(s)").

If s € T'\ {1}, then a; is freely acting and therefore x(s) = 0. By Remark |4.3.5} it now follows that
x =7o(x(1)) € mo(A). O

Corollary 4.3.11. Let (M, T, a,u) be a twisted dynamical system, where A is a factor and ag is
outer for all s € T'\ {1}. Then
’/Ta(%)/ N ('ﬂ CED) F) cC1

In particular, # X . T is a factor.

Proof. This follows directly from Theorems [4.3.9] and O

4.4 Uniqueness of trace for reduced twisted crossed products

We now turn back to the issue of uniqueness of trace for reduced twisted crossed products — our goal
is to obtain the same stream of corollaries concerning C*-simplicity and ultraweak Powers groups as
obtained two sections ago, but for the unique trace property. The author wishes to thank Erik Bédos
for swiftly answering our questions about the content in [6] and for providing us with [7].

The following results are needed in the impending exposition; we state the first without proof.

Proposition 4.4.1 (cf. [go, 7.6.7]). For i = 1,2, let #; be a von Neumann algebra with a faithful
normal state w; and let A; be a weakly dense *-subalgebra of ;. Suppose further that there exists
a *-isomorphism ¢: A1 — Ag such that wi(x) = wa(p(x)) for all x € A;. Then ¢ extends to a
*-isomorphism 0: M1 — Mo satisfying wi(x) = wa(0(x)) for all v € A .

Proposition 4.4.2. Let A be a unital C*-subalgebra of B(H) with 14 = 13 and let # = A”. Assume
that there exists a unit vector & € H that is a cyclic trace vector for A. Then £ is a cyclic trace vector
for A and the linear functional x — (x€,€) is a faithful normal trace on 4. Consequently, 4 is
finite.

Proof. By a weak operator density argument, & is a cyclic trace vector for .#. By [g0, Lemma 7.2.14],
&, is also cyclic for .#’ and hence separating for .#"” = .#. The rest of the desired result now follows
immediately. O

In the sequel, we will always let (A, T, o, u) be a twisted dynamical system. Assume that .4 possesses a
faithful a-invariant trace o, and let (7,, Hs, &,) be the GNS triple associated to o. We will henceforth
identify A with the unital C*-subalgebra 7,(A) of B(H,). Now define # = A” C B(H,). For all
s € T, we have

las(@)és|® = o(as(a*a)) = o(a*a) = [|ag, |
for all a € A. This allows us to define a unitary operator U, € B(#H,) by
Ua,(a€o) = as(a)é,, a€ A
It is easy to check that Uy = U, - and that Ad(U,,)|a = as on A, and consequently we can define
as = Ad(Ua,)|.w
so that & € Aut(#). Thus we obtain a twisted action (&, u) of T on ..

Definition 4.4.3. We say that the twisted action (o, u) is o-outer (resp. o-freely acting) whenever
& is outer (resp. freely acting) for all s € '\ {1}, the o referring to the faithful state on A.

Define

() = (265, &0) (4-4.1)
for all x € .#. Then & is a faithful normal trace on .#Z and .# is finite. Furthermore, note that & is
a-invariant by a-invariance of o.

Let A = 4 X4, I in the following.
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Lemma 4.4.4. If A has a unique faithful a-invariant trace o and (o, u) is o-outer, then A is a finite
factor with unique faithful normal trace 6 o E, where E is the canonical faithful conditional expectation

of N onto A .

Proof. Note first that & (as defined in (4.4.1))) is the unique normal trace of .# by uniqueness of o,
so that .# is a factor by Lemma Therefore .4 is a factor too, by Corollary As A has a
faithful normal trace, .4 is also finite, so 6 o E is the unique trace on .A4". O

Theorem 4.4.5 (Bédos). If A has a unique faithful a-invariant trace o and (a,u) is o-outer, then
B = Axg T has unique trace given by T = o o I, where E is the canonical conditional expectation of
B onto A.

Proof. Since ¢ is a-invariant, 7 = o o F is indeed a trace on B by Lemma If (75, Hoy &o) i
the GNS triple associated to o and A is identified with 7,(.A). Considering the covariant representa-
tion (74, Ay, Ho @ £2(T")) of (A ,T,&,u), we find that the reduced twisted crossed product B is the
C*-subalgebra of B(H, ® £2(T")) generated by 75(A) and A\, (T). It is then evident that B equals .4,
which is a finite factor by the previous lemma and has unique faithful normal trace 7 = & o E, where
E denotes the canonical conditional expectation of .4 onto .#. Henceforth, we will identify .# and
wa( M), so that A and 74(A) are also identified.

Now let w be a trace on B and let (m,,, H,,, &, ) denote the GNS triple associated to w. We want to prove
that w = 7, and this will be accomplished by first showing that the von Neumann algebras m,,(B)"
and B” are isomorphic in a way that befits our needs. As above, define a positive linear functional &
on 7, (B)" by
o(r) = (x€,, &), z€m,(B)".

By Proposition @ is a faithful normal trace on 7, (B)". Hence if we define & = @|,_(4)~, then &
is a faithful normal trace on 7, (.A)”. Also, since w|4 = ¢ by uniqueness of o, faithfulness of ¢ implies
that 7, defines a *-isomorphism of A onto m,(A). Moreover, we have

6(a) =0o(a) = w(a) =w(n,(a)), a€ A

By Proposition we now obtain a *-isomorphism 6: .# — m,(A)"” satisfying 0|4 = 7, and
o =wob. For s €T, define

v(s) = Tu(Au(8)) € U(T,(B)), Bs=0a.0"" € Aut(m,(A)").
Then
v(s)mu(a)v(s)” = my(Au(s)aru(s)”) = my(as(a)) = 0(as(a)) = Bs(0(a)) = Bs(m(a))

for all s € T and a € A (recall that A and 7,(A) are identified). By ultraweak continuity, it follows
that 85 = Ad(v(s)) on 7, (A)"” and also that 0(as(z)) = Bs(0(x)) = v(s)0(x)v(s)* for all s € T and
T € M.

As @y is outer for all s € '\ {1} and .# is a factor, each @&, is freely acting on .# for all s € T"\ {1}
by Theorem By our definition of 35, each 3, is then freely acting on w,(A)” for all s € '\ {1}.
Since 7, (B)" has a faithful normal trace @, [, Lemma 1.5.11] yields a faithful normal conditional
expectation F of m,,(B)"” onto m,(A)"” such that ®o F =@wo F =&. Forall s €T and = € 7, (A)" we
have B, (z)v(s) = v(s)x, and therefore

Bs(x)F(v(s)) = F(v(s))x.
Hence for all s € T\ {1}, we have F(v(s)) = 0 by the free action of ;.

Note finally that because m,,(B) is generated by m,,(A) and v(T') = 7, (Au(T)), 7, (B)" is generated by
() =m,(A) and v(T"). By Theorem there now exists a *-isomorphism

o: 71, (B)" — M X(au) I = B’

such that
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for all s € T and x € .#. Since B” is a finite factor, 7, (B)” is a finite factor as well and therefore it
has unique trace. This in turn implies that w = 7 o ¢, and thus

w(ary(s)) = w(mu(adu(s))) = 7(e(0(a))e(v(s))) = T(aru(s)) = T(aru(s))
for all a € A and s € I'. As w and 7 are continuous in norm, it follows that w = 7. O

We then prove the analogue of Theorem for uniqueness of trace.

Theorem 4.4.6. Let (A, T, o, u) be a twisted dynamical system, where A is a C*-algebra with a faithful
a-invariant trace . Moreover, suppose that A C T is a normal subgroup and that T'/A acts freely on
A If By = Axy . A has a unique trace o, then Br = A xg . T' has unique trace.

Proof. First, let (my, Hy,&,) be the GNS triple associated to ¢, identify A with 7,(A) and define
M = A" C B(H,). Since ¢ is a-invariant, the remarks before Theorem yield extensions & of
the automorphisms oy to .4 for all s € T'.

Now let (7, Hy, &s) be the GNS triple associated to the unique trace o of By. Letting E denote the
canonical conditional expectation of By onto A, uniqueness of ¢ yields 0 = ¢ o E by Theorem
Defining

n=2¢& @61 € Hy® 2(A),

then 7 is a cyclic unit vector for By in H, ® £2(A). Indeed, if K denotes the closure of the subspace
Ban of H, ® 2(A), then for all a € A and s € A we have

afp @ 05 = Au(s)ma(u(s ™, 5)"a)n € K,

so that £ ® 0, € K for all £ € H, and s € A by &, being cyclic. Hence K = H,, @ £2(A). Further, it is
easily verified that

<7TU($)€J>£U> = 0(33) = <E($)§¢7§<p> = <$7777]>

for all x € By. Therefore [23, Lemma I.4.1.3] yields a unitary operator U: H,, ® ¢*(A) — H, such that
UzU* = 7,(x) for all © € Bh.

Let @ =T'/A. By Theorems and there exist twisted actions (5, v) resp. (x,v) of @ on By
resp. A X (a,u) A such that

Br = By NEW Q and A X (&,u) I'= (% X (&,u) A) X (x,v) Q

Recall that # and x are defined as follows. By the same theorems, for each s € I' there exists
vs € Aut(By) (resp. 7s € Aut(A# X (4,4) A) such that

(1) vs(mala)) = ma(as(a)) for all a € A (resp. Ys(ma(z)) = ma(@s(x)) for all x € #) and
(i) vs(Au(?)) = Fs(Au(t)) = mal@(s, 1)) Ay (sts™1) for all s,t € T

Since m,(a) = wa(a) for all a € A, it is clear that 4, = 7, on By. Now for some cross-section k: @ — T’
for the quotient map j: I' — @ with k(1) = 1, we have

By =Yk and Xy = Vi)

for all y € Q. It is now our intention to apply Theorem [f.4.5] to the twisted dynamical system
(Ba, @, ,v), and hence we need to consider the automorphisms 8, € Aut(n,(Ba)"”) for y € Q, as
defined before that theorem. If y € @, note that for all x € By we have

By(UaU*) = By(me(2)) = 70 (By(2)) = Uxy(2)U™.
Since UB{U* = m,(Ba)", ultraweak continuity of x, and By yields

U By(2)U = xy (U 2U) = gy (U*2U), x € 7o (Bp)”.

Hence to prove that By is outer for all y € @\ {1}, it suffices to prove that 75 is outer for all s € T"\ A.
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Let so € I'\ A. Since I'/A acts freely on A, the set {Ad(sg)(s)ts™!|s € A} is infinite for all t € A. Now
the argument of Lemma can essentially be repeated to prove that 75, is in fact freely acting;
these are the modifications. By defining

71}(53) = <'r§<.07ftp>a T e %7

then 1) is a faithful strongly continuous state on .# (the argument used to show that ¢ was faithful in
the proof of Theorem also applies here). Moreover, 1 is @-invariant, since ¢ is a-invariant and
both ¢ and all &5 are normal. We then consider the twisted dynamical system (.Z, T, &, u), replacing
Axg  Tby A X (5,u) T, Vs, DY Vs, and E by the canonical conditional expectation of .# x(4,,) ' onto
# in the proof of Lemma Finally, by referring to Proposition [4.3.7] instead of Theorem
throughout, we find that 7, is outer. O

We can then prove the analogues of Corollaries |4.2.9 |4.2.10] and |4.2.11| in the same manner as their
proofs.

Corollary 4.4.7. Let T" be a group and let A C T be a normal subgroup with trivial centralizer in T.
If Cf(A) has unique trace, then C}(T') has unique trace. In particular, ultraweak Powers groups have
unique trace.

Proof. Because C}(A) has unique trace, the group A is icc, and hence I'/A acts freely on A. Defining
A = C and letting (v, u) be the trivial action, the result now follows from Theorem [4.4.6] O

Corollary 4.4.8. Let (A, T, o, u) be a twisted dynamical system, where A is a unital C*-algebra with
a unique trace that is faithful and T' is an ultraweak Powers group. Then A xg . T' has unique trace.

Proof. Since the trace on A is unique, it is a-invariant. As I' contains a normal weak Powers subgroup
A with trivial centralizer in T', then A x}, . A has unique trace by Theorem By Theorem
A xg . T has unique trace. O

Corollary 4.4.9. Let
1 —TI'—T —T"—1

be a short exact sequence of groups, where C¥(I') has unique trace and T is an ultraweak Powers
group. Then C}(T") has unique trace.

Proof. The proof is the same as for Corollary the reference to Corollary replaced by one
to Corollary O



CHAPTER 5

PERMANENCE PROPERTIES OF C*-SIMPLICITY
AND UNIQUE TRACE

As we so far have demonstrated, showing that a group is either C*-simple or has the unique trace
property can often be done by showing that a group has certain combinatorial traits (e.g., the Powers
property), for which we have also shown various permanence properties. What we haven’t considered
yet is whether C'*-simplicity or the unique trace property themselves have permanence properties, and
this is exactly what this chapter is devoted to. As before, we will only consider permanence properties
for discrete groups.

5.1 Direct products and automorphism groups

We saw in Chapter 3 that weak Powers groups and PH groups are stable under forming direct products.
An indication that this is true (if one is to view C*-simplicity and the most important property of such
groups) comes in the form of the following theorem:

Theorem 5.1.1. If the reduced group C*-algebras of two discrete groups I'y and T's are simple (resp.
have unique trace), then the reduced group C*-algebra of T'y x Ty is simple (resp. has unique trace).

The proof is in two parts.

Lemma 5.1.2. For discrete groups I'y and I's, we have
C: (Fl X Fg) = C: (Fl) Smin C: (Fg)

Proof. Let A1 and A2 denote the left-regular representations of I'y and I's respectively, and let A be the
left-regular representation of I'y x I's. The minimal tensor product C}(T'1) ®min C(T'2) is the norm
closure of the linear span of the subset

{SET|S e CHTL), T € Cr(T2)} € BIA(T)) @ A(Ty)).

We identify the Hilbert spaces ¢2(I'; x I'y) and ¢2(I';) ® £2(I'y) by means of the unitary operator U
that satisfies
U(O(s,p) =05 @0y, sely, tels.

Under this identification, it is easy to see that A(s,t) = A1(s) ® A2(t) for all s € T'; and t € T'y, from
which it follows that the reduced group C*-algebra C(I"; x I'g) is contained in the minimal tensor
product of C*(T';) and C}(T'z). As the complex group rings clearly satisfy CI'y ® CT'y C C(T'; x I'y),
a density argument shows the other inclusion. O

Thus the question of showing that direct products are C*-simple or have the unique trace property
boils down to showing that simplicity and unique trace are preserved when taking the minimal tensor
products. The first part of the following theorem is due to Takesaki [68]; the second is a byproduct
of Takesaki’s famous theorem stating that the minimal norm on C*-algebraic tensor products is the
smallest possible C*-norm.

Theorem 5.1.3 (Takesaki). Let Ay and Az be C*-algebras and let A = A @min As.
(1) If Ay and Ay are simple, then A is simple.

(ii) If Ay and Az are unital with unique trace, then A has a unique trace.

81
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Proof. (i) Let J be a proper closed ideal in A, let 7: A — A/J be the quotient homomorphism and let
o: A/J — B(H) be an irreducible representation (by [22, Proposition 2.7.1] these always exist). Then
by [17;, Theorem 3.2.6] we have non-degenerate representations oy and oo of A; and Aj, respectively,
such that the ranges of o1 and o9 commute and

o1(z)oz(y) =o(r(r®@vy)), z€ A1, y€ A

As 071 and o9 have commuting ranges and o(w(A))” = B(H), we have

),
B(H) = 0(A/3)" = (02(A2) Uo1(A1))" C (01(A1) Uoi(Ar))”

and hence Cly = o1(A1)" No1(Ay), so that o1(A1)" is a factor. Similarly we see that o2(As)” is a
factor. Since A; and A, are simple, o1 and oo are injective. If x € J is of the form x = Z:;l T Qy;
for z1,...,2, € A1 and y1,...,y, € Az, note that

mezazyl =Y oln(w; @) = o(r(z)) =0
=1

By [15, Lemma 5.22| there exists a complex matrix (\i;)7;—; € M,(C) such that

Z)\”Oj Z)\ZJUQ y]) - UQ(yl)

j=1

Injectivity of o1 and o9 implies Y1 ; A;jjz; = 0 and Z?zl N\ijY; = Yi, so that

l”zzxi@yi:zz)\ij%@yj =0.
i=1

i=1j=1
Hence N (A; ® A2) = {0}. We can now define a C*-norm || - |4 on A; ® Ay by
lell, = In@)l, €A oA
Since the minimal norm is the smallest C*-norm and 7 is a contraction, we now have

[l i < N2llo = 7 (@) < f|2]] i

for all x € A; ® Asg, so that 7 preserves norms on A; ® As (equipped with the minimal norm) and is
therefore an isometry on all of A. Therefore 3 = {0}, so A is simple.

(ii) Suppose that A; and A, have unique traces 71 and 75 respectively. If 7 is a trace on A, then we
must have
() =1(@®l), 7ny)=171oy), z€A, yecA,,

so that 7(3°1 2 @ y;) = Y iy Ti(wi)m2(y;) for all z4,...,2, € Ay and y1,...,yn € As. Hence all
traces on A are equal on a dense subset, and thus on all of A. The existence of a trace on A follows
from |17, Proposition 3.4.7]. O

The next two results are consequences of the theorems of Bédos from the previous chapter and the
above theorem.

Proposition 5.1.4. Let T be a discrete group. If T is C*-simple (resp. has unique trace), then Aut(T)
is C*-simple (resp. has unique trace) as a discrete group.

Proof. Since I' is centerless by Corollary and Proposition we can embed I into Aut(T") by
mapping each element s € T' to the inner automorphism oy € Aut(T) given by o,(t) = sts~!. For all
v € Aut(I') and s € I' we then have yo, = 0.(5)7, proving that I' is a normal icc subgroup of Aut(T").
Finally, if v belongs to the centralizer of I in Aut(T"), then for all s,¢ € ' we have

sv(t)s™H = (s)y(t)y(s) 7

Since + is a bijection, we see that s~1v(s) belongs to the center of I'. Therefore v must be the identity
map, so I has trivial centralizer in Aut(T"). The desired result now follows from Theorem and

Corollary [4.4.71 O
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Proposition 5.1.5. Let T be a discrete group. If T' is C*-simple (resp. has unique trace), then its
holomorph Hol(T") = T" x Aut(T") induced by the identity map on Aut(T') is C*-simple (resp. has unique
trace) as a discrete group.

Proof. Letting I C Aut(T") be the normal subgroup of inner automorphisms on I" as in the proof of
Proposition we can view I' X IV as a subgroup of Hol(T"). As

(T’ 05)(ta7) = (’I“U's(t),a's’}/) = (TUS(t),’)/U,Y—l(S)) = (t”Y)(’Y_l(t_lro-S (t))’ 0',),—1(5)) - (tv’Y)(F X F/)

for all r,s,t € T and v € Aut(T"), T" x I is a normal subgroup, and if (¢,7) belongs to the centralizer
of I' x IV, then the above calculations yield

(v Lt ros(t)), Oy-1(5)) = (1, 0)

for all r,s € I'. Therefore v is the identity map, and by putting s = ¢, we see that ¢ belongs to the
center of I' and therefore must be 1. Finally, note that I' x IV is isomorphic to I' x I" by the map
(s,0¢) — (st,t). Since I' x I'' is C*-simple (resp. has unique trace) by Theorem whenever T is
C*-simple (resp. has unique trace), the wanted result follows. O

5.2 Inductive limits

We first recall the definition of an inductive limit of a family of discrete groups. Assume that (T';);c; is
a family of discrete groups indexed by a directed set I and that we have homomorphisms ¢;;: I'; = T';
for all 7,5 € I with ¢ < j such that

(i) @i is the identity of T';, and
(i) i = pjr o foralli <j <k

The pair (I';, pij)icr is then called an inductive system. We then define an equivalence relation ~ on
the disjoint union ]_L-el I'; by writing s; ~ s; for s; € I'; and s; € I'; if there is a £ € I such that
©ir(si) = wjr(s;). The set of equivalence classes I' = (J],c;I's)/ ~ is then turned into a group by
defining [s;][s;] = [@ir(si) @ k(s;)] for s; € T; and s; € T';, where k € I satisfies ¢,j < k. The group T
is then called the inductive limit of the system (I';, p;;), and we write

I'= hﬂ(riv%j)

Further, we can define canonical homomorphisms ¢;: T'; = T by ¢;(s;) = [s;] for i € T and s; € Ty, so

If we are to say anything about the connection between the reduced group C'*-algebras of two discrete
groups I'; and I's whenever there exists a homomorphism ¢: I'y — I's, it is a good idea to look at
Remark there exists a homomorphism @: C*(T';) — C*(T'3) satisfying ¢(Ar, (s)) = Ar,(¢(s))
for all s € I'y if and only if ker ¢ is amenable. We then have the following result.

Proposition 5.2.1. Let (T';,p;;) be an inductive system of discrete groups such that each ¢;; has
amenable kernel, and let T = ligl(l}, ©i;). Then:

(i) If Ty is C*-simple for alli € I, then T' is C*-simple.
(ii) If Ty has unique trace for all i € I, then T' has unique trace.

Proof. Let ¢;: I'; — T be the canonical homomorphism for each ¢ € I. Regardless of the initial
assumptions of (i) and (ii) about the I';’s, the amenable radical of each I'; must be {1} by Theorem|[1.7.5|
and Proposition Hence all homomorphisms ¢;; are injective, so that each ¢; is also injective.
By Proposition for all ¢ € I we then have injective *-homomorphisms @;: C¥(I';) — C*(T)
satisfying @;(Ar, (s)) = Ar(pi(s)) for s € Ty, Since I' = [ J,; s(I';), we find that

Cr (1) = [J @i(Cr (1))
i€l

If J is a non-zero, closed ideal of C*(T';), then TN @;(Cx(T;)) is an ideal of @;(C}(T;)) for all ¢ € I,
C*-simplicity of all I'; implies that ¢;(Cy(I';)) € J for all i € I. Since J is closed, we find that



84 CHAPTER 5. PERMANENCE PROPERTIES OF C*-SIMPLICITY AND UNIQUE TRACE

Cx(T") C 7, so that C}(T") is simple, proving (i). If 7 is a trace on C*(I';) and s € T"\ {1}, then there
exists s; € T'; \ {1} for some @;(s;) = s. If all I’; have unique trace, then 7 o ; is the canonical trace
on C}(T';). Therefore

7(Ar(s)) = 7(Ar(pi(si))) = (T o @)(Ar;(si)) =0,

so 7 must be the canonical trace on C}(T"). O

5.3 Finite index subgroups

In order to study permanence properties for C*-simplicity and unique traces with respect to subgroups
of finite index, it will come in handy to introduce a similar notion of index for the group von Neumann
algebras. Recall first that if T is a discrete non-trivial group, then L(T) is a IIj-factor if and only if T’
is icc. Since C*-simplicity and unique trace both imply that the group in question is icc, we will only
focus on the theory of indices for finite factors and subfactors.

Definition 5.3.1. If .# C B(H) is a finite factor and .#’ is finite, we define the coupling constant
dim_z (H) of A by

. Ta(p')

dim 4 (H) = ———+,

T (P{”)

where £ is a non-zero vector in H, 74 resp. T4+ are the unique normal traces on .# resp. .#’, and
pg” resp. pg” are the projections of H onto .#Z¢ resp. #'€.

By [23, Propositions I.1.4.4 and II1.6.1.1], dim_z(#) is well-defined and independent of the choice of
£. Moreover, for all projections p € .#’ it holds that

dim 4, (pH) = dim. 4 (H) 7.2 (p)- (5-3-1)

Using the structure of normal surjective homomorphisms of von Neumann algebras, one is in fact able
to prove the following:

Proposition 5.3.2. Let .4 be a finite factor and let N C M be a subfactor. If N is finite, then

the number
dim_y (H)

dim_, (H)
is independent of H.

Proof. See [38| Proposition 2.1.7]. O

This cleans our conscience, allowing us to define the main object of study:

Definition 5.3.3. For all subfactors .4 of .# with 4" finite, the global index of A" in .# is the
number [# : 4] given by

dim_y (H)

dim_z (H)’

where H is a Hilbert space on which .# is represented.

(A N]=

Before going on to study properties of the global index, we will first take a look at how indices can be
determined over group von Neumann algebras; this in itself requires some preliminaries. Henceforth,
unless denoted otherwise, the unique trace of a finite factor .# will be denoted by 7 4.

Remark 5.3.4. Let I' be a discrete group and let A be a subgroup. Then the canonical embedding
J: Cr(A) — C(T) satisfies
T (J(Aa(s))) = 7a(Aa(5)), s €A,

where 7o and 71 denote the canonical faithful traces on L(A) and L(T'), respectively. By Proposition
we obtain a normal, injective *~homomorphism 6: L(A) — L(T") satisfying 8(Aa(s)) = Ar(s) for
all s € A. Hence we can view L(A) as a von Neumann subalgebra of L(T"), which we will do in the
sequel, and we will also denote the canonical trace on L(A) resp. L(I') by 7 resp. 71, as we just did.
Also, whenever we consider L(A)’, we will view it as a subalgebra of B(¢2(T")) (not B(£?(A))). *
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Remark 5.3.5. It has not been necessary until now, but it is worthwhile to introduce the right-regular
representation pg: G — U(L?(G)) for locally compact groups G with a fixed Haar measure, given by

pa(s)f = f.s, s€G, feL*G).
Considering a discrete group I', then pr uniquely satisfies
pr(s)dy = dg5-1, s,t €T
Moreover, the von Neumann algebra pr(I')” is denoted by R(T"), and it has the following properties:

(i) LT)" = R(I').
(ii) The linear functional x +— 7 (x) := (261, 1) is a faithful trace on R(T).
(iii) If T is non-trivial, then R(T") is a II;-factor if and only if T" is icc.

For proofs of these statements, the reader can consult [3g, Section 6.7]. *

One would expect for group von Neumann algebras that the global index has something to do with
the usual index of subgroups in groups, and that isn’t far off — at all. Note that if I is an icc group
and A is a subgroup of finite index, then A is also icc. Indeed, let T" be a finite transversal for A in T’
and suppose that A contains a finite conjugacy class F' # {1}. Then for all s € F, we have

{wsw™ ' |weT} = LJ{wsuf1 |wetA} = U tFt=1,
teT teT

which is a finite set.

Proposition 5.3.6. Let ' be a discrete non-trivial icc group and let A be a non-trivial subgroup of T’
of finite index. Then L(A)" C B(¢3(T")) is a finite factor and

[L(T) : L(A)] = [T : Al.

Proof. If we take a right transversal T for A in T' that contains 1, let Vi = L(A)d, C ¢2(T") and let p,
denote the projection onto Vi for all s € T'. Note that Vy is the subspace generated by all vectors

D adr(t)ds =Y oudi, € (T,

teF teF

where F C A is a finite subset and oy € C for ¢t € F, and that Vi = ¢*(As). Moreover, we have
Y serPs = L and p, ~ p; for all s € T, since pr(s)*pspr(s) = p1. It is now easy to see that for all
s € T that

L(A),. = {Ar()]e@s) It € AY
which is isomorphic to R(A) C B(¢2(A)). Therefore L(A)’ is isomorphic to €
finite, so that it has a unique trace 77,5y

ser R(A) and is therefore

Now, note that

1= TL(A)/(l) = Z TL(A)’(ps) = Z TL(A)’(pl) = [F : A]TL(A)'(pl)- (5.3.2)
seT seT

We then consider the von Neumann algebra L(A),, acting on p1(¢2(T')) = £2(A). It is easy to see, for
instance by means of [15, Proposition 2.17], that

L(A)p, = {Ar(s)lezay |5 € AY = {Xa(s) [s € A} = L(A) € B(€*(A)).

We have dimp,x)(¢2(A)) = 1, since &; € £2(A) is a cyclic vector for both L(A) and R(A); similarly we
have dimp, ) (¢%(I')) = 1. Consequently, by (5.3.1)) it follows that

o dimL(A) (52 (F))

[P+ Al = dimz ) (P(0) = G D @m)

= [L(T) - L(A)],

completing the proof. O
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Our next goal is to translate the work of [38] into results about group von Neumann algebras; more pre-
cisely, we will find another I1;-factor inside B(¢2(T")) for an icc group A that has the same relationship
to L(I") as L(T") has to L(A), where A is a subgroup of finite index.

Assume first that I' and A are both icc groups, and that A is a subgroup of I'. Then there exists a
unique 7-preserving conditional expectation &: L(I') — L(A) (cf. [17, Lemma 1.5.11]), and & is also
faithful and normal. If p denotes the orthogonal projection of ¢2(T") onto ¢%(A) and = € L(T), then for
all y € L(T") we have

(€(x)01,y01) = T(y"E(x)) = 7(E(y"x)) = 7(y"x) = (x61,y1).

As L(A)§; = £2(A) in £2(T), it follows that p(xd;) = &(x)dy; since J; is a separating vector, it follows
for all s € T that &(Ar(s)) = 1a(s)Ar(s).

Lemma 5.3.7. The projection p has the following properties:

(i) For all xz € L(T), pxp = &(x)p.
(ii) If x € L(T), then x € L(A) if and only if px = xzp.
(iii) We have L(A)' = (L(T)" U {p})" in B(£*(T)).

Proof. (i) For all y € .#, we have
prp(ydr) = pré(y)o1 = & (& (y))o1 = ()& (y)d1 = & (x)p(ydr).

As the set of all yd; is dense in ¢2(T), the equality follows.

(ii)) If z € L(A), then payd; = &(xy)d = x&(y)dr = xpydr, by which a density argument yields
pr = zp. If z € L(T') commutes with p, then &(x)d = pxd; = xpdy = xd1, so since 07 is separating,
we have z = &(z) € L(A).

(iii) By (ii), we have (L(T') U {p}) = L(T") n{p}’ = L(A). O

Definition 5.3.8. The projection p € B(¢2(T)) of the above discussion is called the Jones projection.
The von Neumann algebra

(L(T),p) = (LT) U {p})"
is called the basic construction (cf. [38] p. §]).

We now investigate the most immediately invigorating properties of the basic construction.
Lemma 5.3.9. The basic construction # = (L(I"),p) enjoys the following properties:

(i) The set consisting of all operators of the form xo+ Y ., T;py; where Lo, T1,Y1, - -, Tn,Yn € L(T)
constitutes a strongly dense *-subalgebra of M .

(ii) The map x — xp is an isomorphism of L(A) onto p.#p.

(iii) A is a factor.

(iv) If [T : A] < o0, then A is a I1;-factor satisfying [# : L(T')] = [T : A]. If T denotes the unique
trace of M , then T 4 satisfies Tz |y = T and

Ta(pr) =[T: A]  mr(z), 2 e L(T).

Moreover, if & denotes the canonical T_4-preserving conditional expectation of .# onto L(T),
then & (p) = [[: A]711.

Proof. Property (i) is easily checked by using the properties of p from Lemma To see that (ii)
holds, note first that L(A)p = pL(A)p C p.#p and that

p(zo + z1py1)p = prop + pr1py1p = & (x0)p + E(21)E (y1)p € L(A)p

for all zg, 21,71 € L(T') by Lemma [5.3.7] (i). Since L(A)p is strongly closed, it follows from (i) that
pAp = L(A)p. Finally, note that zpd; = &(x)d1 = xd; for x € L(A). Hence if zp = 0, we must have
201 = 0 and therefore = 0, so the map x — xzp is injective and clearly a homomorphism. For (iii),
assume that € .# N .#'. Then prp = xp commutes with everything in p.#p, so that € C1 by (ii).
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Now we assume that [ : A] < oco. Then by Proposition L(A)' is finite. If we define J: £*(T') —

¢2(T') by
J (Z/Bsds) = Zﬂdsa

sel’ sel

then J is a conjugate linear surjective isometry satisfying J? = 1 and Jaé; = 2*§; for all x € L(T) —
it is in fact the modular conjugation operator for L(T') by [23, Lemma I.4.1.3] and [15, Lemma 5.27],
so that JL(T')J = L(T")'. As

(JpJ)xdy = Jpx*d = J&(x)" 6 = &(x)d = pxdy
for all x € L(T"), it follows that JpJ = p. Therefore
J T = J(LT) U {p})"T = (L) U {p})" = LAY,
from which it follows that .# is finite. Since p.#p is a II;-factor, .# itself must be a II;-factor.
It is easy to see that J.Z'J C (J.# J)'; moreover, if @ € (J.#J)', then for all y € .#, we have
(Jad)y = Jx(JyJ)J = J(JyJ)xJ = y(JaJ),

so that JxJ € .#'. Therefore J.A'J = (J#J) = L(A). As both .# and .#" are finite factors, their
traces are unique and hence must be given by

T//l(x):TL(A)/(JxJ)v Tﬂ’(y):TL(A)(JyJ)v ved,yc .

If p.y resp. p.y denote the projections of ¢2(T') onto .#’6; resp. .# 3y, then as .#'6; = (*(A) and
M5, = £?(T) we have p_y = p and p_4 = 1. Thus by (5.3.2), it follows that
_dimpy (D) 74(pw) o)

L LD = Fo )~ raoa) ~ 7oar @) A

and 74 (p) = [[': A]~!. Finally, it is clear that 7|y = 7, since L(I') has unique trace. Moreover,
if we define 7/(z) = [[': Al7.4(px) for x € L(A), then it is easy to see by Lemma (ii) that 7’ is a
trace on L(A). Therefore 7/ = 77 = 7r[ra) by L(A) having unique trace, so that for all € L(I), we
have
T.a(px) = T (pap) = 7.0 (p& (2)) = [[: A" '7r(E () = [T+ A] P (2).
Finally, this implies that
Ta (2" (61(p) = [ : A]7)2) =0
for all x € L(T"). Thus
(61(p) — [T : A]7H)E€) =0
for all £ € ¢2(T), so because & (p) — [ : A]711 is self-adjoint, we must have & (p) = [ : A]711. O

In order to turn this information about the group von Neumann algebras into information about the
corresponding C*-algebras, we turn to a notion due to Pimsner and Popa:

Definition 5.3.10. Let A4 be a unital C*-algebra and let B C A be a unital C*-subalgebra with
1g = 14 for which there exists a conditional expectation E: A — B. Then the index of E is given by

Ind(E) = (sup{c > 0| E(z) > cx for all z € A, })™" € (0, 0].

Note that Ind(E) > 1 since E(14) = 1 4. By the definition, we have Ind(E) < oo if and only if there
exists a ¢ > 0 such that E(z) > cz for all z € A, which in turn implies that F(z) > Ind(FE) 'z for
all z € Ay. The study of finite index conditional expectations has been the focal point of quite a few
articles by Popa, one of which ([57]) will be of particular interest in the following discussion.

If we are only to consider II;-factors, there exists a quite non-trivial result, originally proved by Pimsner
and Popa in [55, Theorem 2.2], that comes to our aid; we shall only need the part of the theorem that is
the easiest to prove. Recall again that if .# is a von Neumann algebra with a faithful normal trace and
N C . is a von Neumann subalgebra, then there is a unique trace-preserving conditional expectation
E: . # — A (cf. [17, Lemma 1.5.11]) that is also faithful and normal.
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Theorem 5.3.11 (The Pimsner-Popa inequality). If A4 C .4 is an inclusion of I1;-factors such that
A" is finite, and E is the unique trace-preserving conditional expectation M — A, then Ind(E) =
(A - .N].

Our next stop is a weaker version of [57, Lemma 4.4], adjusted to fit in with our future purposes.

Lemma 5.3.12. Let B C A be an inclusion of unital C*-algebras with 15 = 14. Assume further that
there exists a unital faithful representation 7: A — B(H) and let A4 = n(A)" and N = n(B)". If
o, 1 € A* and w € A, are positive and

wo < p1 =wom,
then there exists a normal positive linear functional ¥ € M, such that pg = oT.

Proof. There exists a surjective, normal *~homomorphism 6: A** — .# such that 6| 4 = 7 (if we agree
to consider A as a subalgebra of its enveloping von Neumann algebra, cf. [15, p. 63]). Let ¢; denote
the canonical normal positive extension of g to A** for ¢ = 0,1, and define © = wo 6. If x € A4**,
then by taking a net (z;);er in A such that x; — x ultraweakly, we find

p1(x) = lign p1(x;) = lilmw(w(zi)) = lignw(el(xi)) = w(x).

As we now have ¢y < @, it follows from Sakai’s Radon-Nikodym theorem [65, Theorem 1.24.3] that
there exists a positive element ¢ € A** with ¢ty < 1 such that ¢o(z) = @(tat) = w(b1(t)01(x)01(¢)) for
all z € A**. Defining m = 01(t) € A4 and ¢(r) = w(mam) for all x € .# now does the trick. O

Proposition 5.3.13. Let A, B, n, .# and A be as in Lemma [5.3.12 Assume that there exist
conditional expectations E: A — Band &: M — N such that & om = wo E, with E of finite index
and & normal. If ¢ is a state on A and there exists a normal state w € A, such that ¢|p = w o 7|g,
then there exists a normal state v € M, such that ¢ = o .

Proof. Define ¢ = (Ind(F))~!. Then all a € A, we have

¢(a) < ¢ P(E(a)) = ¢~ w(n(B(a)) = ¢~ w(&((a))),

so since w and & are normal, then by Lemma there exists a positive linear functional 1) € .,
such that ¢ = ¢ om. Since (1) = ¢(1) =1, ¢ is a state. O

Theorem 5.3.14. Let A and B be unital C*-subalgebras of B(H) with B C A and 1p = 14 = 1y,
such that there exists a conditional expectation E: A — B of finite index. Assume further that

> A has a faithful state ¢ such that ¢ = o E;

> M = A" and N = B" are finite factors and the unique normal trace T4 on M satisfies
7-//{|B = ¢|B;

> there exists a normal conditional expectation &: M — N such that &|4 = E.

Then the following holds:

(i) If B is simple, then A is simple.
(ii) If B has unique trace, then A has unique trace.

Proof. (i) Suppose that A is not simple, let J be a non-trivial proper closed ideal of A and let 7: A —
A/TJ denote the quotient map. Then 7|z is injective, so by the Hahn-Banach theorem, there exists a
state ¢’ on A/J such that ¢'(7(b)) = ¢(b) for all b € B [15, Lemma 2.42]. Since 7. 4|5 = ¢’ o 7|s,
Proposition yields a normal state ¢ € .#, such that 1|4 = ¢’ o7m. Since the weak operator
closure J of J is an ideal of .#, we must have J = .# since .# is simple by Corollary Hence
there exists a bounded net (x;);cr of operators in J such that z; — 1 4 weakly and hence ultraweakly,
in which case

1 =9(ly) = limy(z;) = lim ¢'(m(x:)) =0,

a contradiction.

(ii) Suppose that B has unique trace 75 and let ¢ be a trace on A. Then ¢|p = 78 = T.4|5, so by
Proposition there is a normal state w € ., satisfying w|4 = . By strong density of A in .#
and Kaplansky’s density theorem, w must be a trace on .#, so w = 7,4 and therefore ¥ = 7 4|4. O
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Lemma 5.3.15. If A is a simple unital C*-algebra, then pAp is a simple unital C*-algebra for all
non-zero projections p € A.

Proof. Since

n
Jala) = {Zmiayi [n>1, T1,91,, Tn,Yn € A}
i=1
is a non-zero algebraic ideal in A for all non-zero a € A and A is simple, it follows from Lemma
that J4(a) = A for all non-zero a € A. Hence if p € A is a non-zero projection and J C pAp is a
non-zero ideal, then take a € J,4,\{0}. Then p € A =T 4(a), so that there exist x1,y1,...,Tn,Yn € A
such that p = Y | x;ay;. But since a = pap in A, we then have p = > "I, (pxip)a(pyip), so that
J D J,4p(a) = pAp. Hence pAp is simple. O

Theorem 5.3.16. Let I" be a discrete group and let A C T be a subgroup of finite index. Then the
following holds:

(i) If T is C*-simple, then A is C*-simple.

(i) If A is C*-simple, then T' is C*-simple if and only if T is icc.

(iii) If T has unique trace, then A has unique trace.

(iv)

Proof. We omit the proof of (iii). If A = {1}, then T" is C*-simple (or has unique trace) if and only if
I' = {1}, so we can assume that A is non-trivial. The “only if” implications of (ii) and (iv) are clear, so
assume that T is icc. Then A is also icc, so that both L(I") and L(A) are both II;-factors. Note now
that

v) If A has unique trace, then I' has unique trace if and only if T is icc.

[L(D) : L(A)] = [T : A] < o0

by Proposition Letting E: C¥(I') — C}(A) and &: L(I') — L(A) denote the canonical mp-pre-
serving conditional expectations, it then follows that & and hence also E has finite index by the
Pimsner-Popa inequality. As &|c: () = E and 7r is faithful, (ii) and (iv) now follow from Theorem

B3T3

To prove (i), assume that C*(T") is simple. Denote by A the C*-algebra generated by C(T") and the
Jones projection p € B(¢?(T")), let .# be the basic construction (L(T'),p) and let &1 be the canonical
trace-preserving conditional expectation .# — L(I") (cf. Lemma . By the properties of p from
Lemma [5.3.7] the set of operators of the form

n
To + Z ZipyY;
i=1

for o, 21,91, -+, Tn, Yn € C(T) is easily seen to be a norm-dense *-subalgebra of A. Since & (z) =z
for all z € C}(T') and & (p) = [[" : A]711, it follows that &;(A) = C*(T'). Thus if we write E1 = & |4,
then E; is a conditional expectation of index [[': A] < oo by Lemma As A4 = A", then by
letting ¢ = 7 o E, it now follows from Theorem that A is simple. Finally, note by Lemma

[5-3-9] (ii) that

Cr(A) = CL(Mp = pAp;
therefore C}(A) is simple by Lemma O
We finally consider an application of the above result.

Example 5.3.17. We define the projective general linear group
P =PGL(2,R) = GL(2,R)/ZGL(2,R)

where ZGL(2,R) is the center of GL(2,R) consisting of all invertible real scalar matrices (see Lemma
6.1.1). Then PSL(2,R) is a subgroup of P of index 2, as it is the kernel of the homomorphism
PGL(2,R) — {1, —1} mapping the class of A € GL(2,R) to the sign of det(A). Moreover, P is icc: let
A € P be represented by the matrix
a b
(¢ a)
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where a, b, c,d € R. If ¢ # 0, then the lower left entry of

1 x\ (a b\ (1 z _1_ at+cr —cx?’+(d—a)r+b
0 1/\c d)J\0 1 o c d—cx

is ¢ # 0 for all z € R, so that we can obtain infinitely many distinct elements of P on the right hand
side by varying z. If ¢ = 0, then A is conjugate in P to an element with representative

(o 1)
UGG -6 ™)

for all z,y € R, we obtain an infinite amount of elements of P on the right hand side by varying x and
y, as long as a # 1 and b # 0. As P is an icc group containing PSL(2,R) as a subgroup of index 2,
Theorem yields that P is C*-simple with unique trace.

and since



CHAPTER 6

C*-SIMPLICITY AND UNIQUENESS OF TRACE OF
SUBGROUPS OF PSL(n,R)

We finally turn to another example of C*-simple groups with unique trace. Bekka, Cowling and de
la Harpe proved in [8] and [g] that certain subgroups of PSL(n,R), including PSL(n,R) itself, indeed
have these properties. It is unknown whether all of these are Powers groups or even weak Powers
groups, but it is nonetheless clear that the proof is still based on finding certain Powers-like properties
of these groups. Moreover, the proof serves as a great example of why considering actions of a group
can be immensely useful for determining properties of the group itself. In this case, we will consider
the canonical action of PSL(n,R) on the projective space P"~1(R).

Throughout this chapter, let n > 2 be a fixed integer and let K be a field of characteristic zero.

6.1 Projective special linear groups

Denoting the centers of GL(n,K) and SL(n,K) by ZGL(n,K) and ZSL(n,K) respectively, we define
the projective special linear group PSL(n,K) by

PSL(n,K) = SL(n, K)/ZSL(n, K).
For any unital subring R C K, we then define
PSL(n, R) = SL(n, R)/(SL(n, R) N ZSL(n,K)).

More often than not, we will view PSL(n, R) as the image of SL(n, R) C SL(n,K) under the quotient
homomorphism SL(n,K) — PSL(n, K).

Lemma 6.1.1. We have ZGL(n,K) = {z1|z € K*}.

Proof. If A € ZGL(n,K), then A commutes with every matrix of the form diag(z, 1,...,1) for x € K*.
If A= (aij);fj:h we therefore have a;12 = a;1 and xai; = ay; for all 7,7 # 1 and z € K*, implying
a;1 = a1; = 0 for all ¢, j # 1. Since A also commutes with diag(1,z,1,...,1), we also have a;x = a;2
and zag; = ag; for all 4,5 # 2 and x € K*, again implying a;» = ag; = 0 for all 4, j # 2. Continuing
this way, we see that A must be a diagonal matrix. Finally, since A also commutes with all permutation
matrices, the entries must all be the equal, so the statement follows. O

In particular, all scalar matrices of determinant 1 are contained in ZSL(n,K). In fact, the reverse
inclusion holds as well:

ZSL(n,K) = {z1]z € K*, 2" = 1}. (6.1.1)

To see this, we define the elementary matrices E;;(x) for 4,5 € {1,...,n} and = € K by letting its
entries be the same as those of the identity matrix, and letting the entry at place (i,j) be z. Then
E;j(x) € SL(n,K) for all distinct 4, j. Note now that left multiplication by E;;(x) alters the ¢’th row by
adding x times the j’th row, and that right multiplication by E;;(x) alters the j’th column by adding =
times the 7’th column. Thus if A = (a;;)7';_; € SL(n, K) commutes with F;;(1) where i,j € {1,...,n}
are distinct, then

> in place (i,4) we have the equality a;; + a;; = a4, so that a;; = 0, and

> in place (Z,]) we have Q5 + Aj; = Qij —+ a;; and Ajj = Q-
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This yields (6.1.1).

In the following discussion, we will say that non-zero vectors z,y € K" are equivalent (and write = ~ y)
if there exists A € K such that z = \y. We then define the projective space P"~!(K) to be the set of
equivalence classes of K™\ {0} by the equivalence relation ~. Once a basis (x;)"_; of K™ is chosen, the
image of z = Y7 | a;z; € K™\ {0} under the quotient map K" \ {0} — P"~!(K) will be denoted by
[1 : -+t ], the so-called homogeneous coordinates. The projective spaces P*~1(R) resp. P"~1(C)
are called real resp. complex projective space.

We define a canonical action of PSL(n,K) on P*~!(K) in the obvious way: if z € P" 1(K) is a
one-dimensional subspace of K™ and s € PSL(n, K), we let sz denote the representative of the subspace
Az, where A € SL(n,K) is a representative of s. It is then easy to see that this action is well-defined.

Lemma 6.1.2. The action of G = PSL(n,K) on Q =P 1(K) is faithful.

Proof. Assume that A € SL(n, K) stabilizes the subspaces Ke; for i = 1,...,n, where ey, ..., e, denote
the canonical basis vectors of K™. Then Ae; = \;e; for some \; € K* for all ¢ = 1,...,n, so that
A = diag(A1,. .., An). Since

e + )\jej = A(el + €j) € K(el + €j)7
we must have \; = A; for all distinct 4,5 =1,...,n, so A = Al for some A € K*. It follows that A has
image 1 in PSL(n, K) under the quotient map. O

For our later study of the projective special linear group, we will need a stronger variant of transitivity
of the canonical action.

Definition 6.1.3. Let G be a group acting on a set X. We say that the action of G of X is doubly
transitive if it holds for all x1,z2,y1,y2 € X with x1 # x5 and y; # y2 that there exists s € G such
that sx1 = y; and sxa = ys.

For the rest of this section, let G = PSL(n,K) and Q = P"~}(K).
Lemma 6.1.4. The canonical action of G on Q is doubly transitive.

Proof. If x1,x9 € Q are distinct elements, take non-zero vectors y; € 1 and ys € x2. Then y; and yo
are linearly independent and the subset {y1,y2} extends to a basis for K. Letting ey, ..., e, be the
canonical vector basis of K™, we thus obtain a matrix A € GL(n,K) such that Ae; = y; and Aes = ys.
If A =det(A), then by defining

B = Adiag(A™',1,...,1) € SL(n,K),
we see that B(Ke;) = A(Ke;) = Ky; = z; for i = 1,2. This yields the wanted result. O
A nice consequence is the following:
Corollary 6.1.5. Distinct points in Q) have distinct stabilizers in G.

Proof. If x,y, z € Q are distinct, then double transitivity of the G-action on €2 yields s € G such that
st =x and sy = z # y. Hence Stab(z) # Stab(y). O

Finally, let K be either of the fields R or C. The standard topology of G is then obtained by giving
SL(n,K) the usual Euclidean topology as a subspace of M,(K) and endowing G with the quotient
topology. We now claim that the canonical action of G on €2 is continuous in the sense that the map
(s,2) — sz of G x Q into § is continuous. Indeed, let 7: SL(n,K) — G and j: K™\ {0} — Q be the
canonical quotient maps and consider the diagram

SL(n,K) x K™\ {0} —2 =K\ {0} — = Q

ﬂle

G xQ

where g maps (A,z) to Az. As K"\ {0} and G are locally compact, it follows from the Whitehead
theorem [4g, 29.11] that 7 X j is a quotient map (it is in fact open, as both 7 and j are open). The
continuous map j o g then induces a continuous map G x {2 — €2 which is in fact the action of G on €.
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6.2 The Zariski topology on PSL(n,K)

In order to fully understand the main result of the next section, we need to consider a topology
usually defined on what is known as affine space, usually described as “vector spaces where the origin
is forgotten”. For our purposes, we will not be as general and will just consider vector spaces of the
form K* for k& > 1.

For any k& > 1 and any subset of k-variable polynomials S C Kz, ..., x|, the set
V(S) ={a e KF| f(a) =0 for all f € S}

is called the zero set of S. Subsets of K* of this form are called algebraic sets. It can be easily verified
that

(i) K* =V({0}) and 0 = V({1});

(11) if 51 g SQ Q K[l‘l, e ,.%'k], then V(S2) g V(Sl),
(iii) for any family (S;)ics of subsets of K[xz1, ..., zx], then (,c; V(S;) = V(U,c; Si), and
(iv) for any subsets S1,5 C K[z, ..., zx], we have V(S1) UV(S2) = V(51.52).

The Zariski topology on K* can then be defined in terms of algebraic sets, simply by saying that a
subset V C K* is Zariski-open if its complement is an algebraic set.

If we now identify the vector space of matrices M, (K) with K”Q, note that GL(n,K) is Zariski-open
and that SL(n,K) is Zariski-closed in M,,(K), since the determinant is an n2-variable polynomial.

Definition 6.2.1. The Zariski topology on PSL(n,K) is the quotient topology on PSL(n,K) induced
by the Zariski topology on SL(n,K).

To put it lightly, the Zariski topology is quite weak, and we will illuminate this fact straight away by
considering a particular kind of Zariski-closed subset of K.

Definition 6.2.2. Let k > 1. A subset X of K is said to be reducible if there exist non-empty proper
(relatively) Zariski-closed subsets X7, X5 of X such that X = X; U Xs. Otherwise, X is said to be
irreducible.

Remark 6.2.3. It is easily checked that a subset X of K* is irreducible if and only if it holds for
all non-empty Zariski-closed subsets X1, Xs C X such that X C X; U X5 that either X C X; or
X C Xs. *

Proposition 6.2.4. Let k > 1 and let X C K* be Zariski-closed. Then the following are equivalent:

(i) X is irreducible.
(ii) Any two non-empty Zariski-open subsets of X have non-empty intersection.
(iil) Any non-empty Zariski-open subset A C X is Zariski-dense in X.

Proof. To see that (i) implies (ii), let A;, A2 € X be non-empty Zariski-open subsets and define
X; =X\ A4, fori=1,2. If it were true that A; and Ay had empty intersection, then the assumption
that X is irreducible would yield that X C X; for some i, contradicting that A; is non-empty. Hence
(ii) follows. Conversely, if X = X; U X5 for non-empty proper Zariski-closed subsets X1, Xo C X, then
the non-empty Zariski-open subsets X \ X; and X \ X5 of X have empty intersection. Hence (i) and
(ii) are equivalent. It is clear that (ii) and (iii) are equivalent. O

Remark 6.2.5. Let us show that K* itself is irreducible. We need the following lemma:

Lemma 6.2.6. For all k > 1, then if f € K[z1,...,21] vanishes on all of KF, f must be the zero
polynomial.

Proof. For the case k = 1, it is well-known that a non-zero polynomial f € K[z] has only finitely many
zeros; indeed, the exact number does not exceed the degree of f and K is infinite. Assume that it
holds for k =n — 1 for some n > 1, and let f € K[z1,...,z,] be a non-zero polynomial. We can write
f=axl +...+ a1z, + ap for some r > 0, where ag,...,a, € K[z1,...,2,-1] and a, # 0. By our
hypothesis, there exists a € K"~! such that a,(a) # 0. If we consider the polynomial g € K[z] given
by g(z) = f(a,x), then g has only finitely many zeroes in K. As K is infinite, there exists § € K such
that g(8) # 0, so f does not vanish on («, §) € K™. This completes the proof. *
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Now let A;, Ay € K* be non-empty Zariski-open subsets and write K* \ A; = V(S;) for some S; C
K[z1,...,z%], where i = 1,2. Then K¥\ (A; N Ag) = V(5152). If it were true that V(S15;) = K*, we
would have S1S2 = {0} by the above lemma. Therefore either Sy = {0} or Sz = {0}, implying that
V(S;) = KF for some i = 1,2, which contradicts the assumption that both A; and Ay are non-empty.
Hence A; N As is non-empty. *

We have the following result, essential for purposes soon to be realized:
Proposition 6.2.7. The special linear group SL(n,R) is irreducible in R™.

This is quite a fact, and it can proved as follows. For all subsets X C K*, we define the ideal of X by
I(X)={f eKlzy,...,z]| f(a) =0 for all & € X}.
It is easy to check that X; C X» C K¥ implies J(X3) C 3(X1). Moreover,
SCIV(S), XCVOX)), V() =v(aWV(S)) and I(X)=I(V(I(X))

for all subsets S C K[z, ..., 2] and X C K*. We then have the following easy, but essential result to
the topic of algebraic geometry:

Proposition 6.2.8. A non-empty Zariski-closed subset X C KF is irreducible if and only if 3(X) is a
prime ideal of Klzy, ..., zk].

Proof. If f1, fa ¢ J(X), then X; = X \ V(f1) and X5 = X \ V(f2) are non-empty and Zariski-open in
X. If X is irreducible, then X \ V(f1 f2) # 0, so that f1 fo ¢ J(X). Hence J(X) is prime. Conversely, if
X is reducible and X, X5 C X are non-empty proper Zariski-closed subsets with X = X; U X5, write
X; = V(5,) for subsets S; C K[x1,...,x], ¢ = 1,2. Then for ¢« = 1,2 there must exist f; € S; such
that f; vanishes on all of X;, but not on all of X. Therefore f; ¢ J(X) and fo ¢ J(X), but clearly
fif2 € 3(X), so 3(X) is not prime. O

We now claim that the polynomial f = det—1 on R = R[z11,..., Ty is irreducible; indeed, if we
write f as a product f = gh for g,h € R, then z1; must occur in one of the factors, say g. Then for
all j =2,...,n, £;; and x1; also occurs in g, since no monomial summand of f contains a product of
the form 121 or 121 for j # k. This finally implies that all 2, occur in ¢ for all j,k=1,...,n,
so h has to be a constant.

Let k = n? in the following. To prove that SL(n,R) is irreducible, the above proposition requires us
to show that J(SL(n,R)) = J(V(f)) is prime. Note that f is a smooth function on R* and that for all
i,7=1,...,n, we have

of :
59%‘ (-77117 ce axnn) = Z SlgH(U) H Tmo(m) | >

o€ F;; m#i

where F;; is the set of permutations of A = {1,...,n} such that o(i) = j. If I,, denotes the n-by-n
identity matrix, then clearly
of

for all i = 1,...,n. By [13, Theorem 4.5.1], this is enough to ensure that J(V(f)) in fact equals the
principal ideal generated by f; the cited theorem is a consequence of the so-called real Nullstellensatz.
Since f is irreducible, the principal ideal (f) is necessarily prime, so by Proposition ensures that
SL(n,R) is an irreducible, Zariski-closed subset of M, (R).

f(I,)=0 and

Note further that we also have that SL(n, C) is irreducible in c’ (it is a direct consequence of Hilbert’s
Nullstellensatz). On that account, for K = R and K = C the special linear group SL(n,K) satisfies the
three properties of Proposition and these properties carry over to PSL(n,K) by definition.

We now briefly discuss the notion of lattices in locally compact groups. Recall the following definition:

Definition 6.2.9. Let G be a locally compact group. A discrete subgroup I' of G is called a lattice if
G/T has a finite G-invariant measure.
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We will need the classical result that SL(n,Z) is a lattice in the connected simple Lie group SL(n,R)
(cf. [48, Theorem 7.1]). Related to the Zariski topology is the following well-known (but extremely
non-trivial) theorem:

Theorem 6.2.10 (The Borel density theorem, 1960). Let G be a connected semi-simple linear real
Lie group and let T' C G be a lattice. Then I is Zariski-dense in G.

Proof. See [48], Corollary 4.47| or |75, Theorem 3.2.5]. O
Hence we have the following result essential for the next section:

Corollary 6.2.11. The discrete subgroup SL(n,Z) is Zariski-dense in SL(n,R). Consequently, the
projective special linear group PSL(n,Z) is Zariski-dense in PSL(n,R).

6.3 The result of Bekka, Cowling and de la Harpe

Keeping the previous two sections in the back of our heads, we now focus on the case K = R. We want
to prove the following theorem:

Theorem 6.3.1. Let I" be a subgroup of PSL(n,R) containing PSL(n,Z), equipped with the discrete
topology. Then C*(T') is simple and has unique trace.

The proof is in three parts, the first of which concerns another combinatorial property for groups.

Definition 6.3.2. Let I" be a group. We say that I' has property (Peom) if for any finite subset F' of
'\ {1} there exist so € I" and subsets C, Dy, ..., D, of " such that

(i) sCNC =0 for all s € F, and
(ili) so?D; N D; =0 for all integers j >1andi=1,...,n.

Remark 6.3.3. Note that property (Pcom) resembles the Powers property quite a bit — in some sense,
it is an “infinite” version of the Powers property, albeit with some variations. Pierre de la Harpe proved
in [31] that for n € {2,3} (see the note p. 253), all subgroups of PSL(n,R) or PSL(n, C) containing a
lattice I" are in fact Powers groups, by considering their actions on the so-called flag manifolds. *

Recall that if A € SL(n,R) and a € R*, then A € R is an eigenvalue of A if and only if a) is an
eigenvalue of aA. If so, the eigenspace of aA associated to a) is the eigenspace of A associated to A.
Hence if we were to consider A as an element of GG, the eigenvalues of A might not be well-defined,
but the eigenspaces are. Therefore we can (and will) say that x € R™\ {0} is an eigenvector of
s € G if and only if there exists a representative of s in SL(n,R) that has = as an eigenvector. If the
eigenspace containing x is one-dimensional, we say that the image of x € R™ under the quotient map
R™\ {0} — Q is an eigenline of s. Concerning the problem of non-well-defined eigenvalues, we do know
that eigenvalues of representatives of elements in G are well-defined up to sign.

Remark 6.3.4. There exists an element in SL(n,Z) with n distinct positive eigenvalues. Indeed, if n
is even, write n = 2m and define a polynomial

Po(z) =[](=" = (i+2)z+1).
i=1
If n is odd, write n = 2m + 1 and define P,(z) = (x — 1)Pam(x). Recall that the companion matrix
C(P) of the polynomial
P(z)=2a"+ Cpo1Z" N+ e+ o

is given by
0 0 0 —co
1 0 0 —C1
o(pP) = 01 --- 0 —Co
0 0 -+ 1 —cp_1

and has the property that the characteristic polynomial of C'(P) is P. Hence C(P,) is an integer
matrix of determinant 1, with n distinct positive eigenvalues. *
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Proposition 6.3.5. Let T be a subgroup of G = PSL(n,R) containing PSL(n,Z). Then T has property
(Pcom)-

Proof. We consider the canonical action of I' on the homogeneous compact Hausdorff space 2 =
P"~Y(R) for G, recalling that Q is topologized by means of the quotient topology. First and foremost,
let j: R™\ {0} — Q and 7: SL(n,R) — G denote the canonical quotient maps. Let FF C T"\ {1} be
a finite subset. By the above remark, there exists an o’ € I' with a representative in SL(n,Z) having
n distinct positive eigenvalues A\ > ... > A, > 0, with corresponding eigenlines y/,...,y.,. We first
show that there exists a conjugate a of @’ with n eigenlines y1, ..., ¥y, such that

S{yla"'vyn}ﬁ{yla---yyn}:®

forall s€ F. Foralli,j=1,...,n and s € F, define
Gs,ij ={t € G|tst™ y; £y}

Claim 1. Fach Gy ; ; is a non-empty Zariski-open subset of G.

Proof: Let A € SL(n,R) such that s = 7(A) and consider the subset
A ={BeSL(n,R)|n(BAB ")y, =y} = {B € SL(n,R) | BAB™'z; € R*xz;} C SL(n,R),

where z;,z; € R™ \ {0} satisfy j(v;) = y; and j(z;) = y;. Once we show that A is Zariski-closed, we
have then shown that G, ; ; is Zariski-open.

We consider the second exterior power W = A2(R™) of R™. As a vector space, W can be viewed as
the tensor product space R™ ® R™ modulo repetition, i.e., under the quotient map R™ ©® R™ — W the
image x A y of an elementary tensor x ® y is zero if and only if x and y are linearly dependent. The
vector x A y is called a wedge product. It is well-known that W has dimension (Z) over R. Now, for
all B € SL(n,R), note that the entries of B~! can be expressed solely by determinants of entries of
B, as it is the adjugate matrix of B. Hence the coordinates of BAB~'x; consist of polynomials in the

entries of B. We then define a map f: SL(n,R) — W by
f(B) = BAB™'z; A z;.

Since BAB~'z; # 0 for all B € SL(n,R), we have f(B) = 0 if and only if B € A. Under the

isomorphism
w=RE)
then the wedge product x Ay € W has coordinates x,y, — x4y, for 1 < p < ¢ < n in the standard

basis, and these are homogeneous polynomials in the coordinates of = and y. Hence it follows that A
is the zero set of (Z) real n?-variable polynomials, so that A is a Zariski-closed subset of SL(n,R).

Suppose now that G ; ; is empty. Then sy; = y, so that sty; =ty = tsy; for all t € G. If t € G
stabilizes y;, then ty; = tsy; = sty; = sy; =y}, so that ¢ also stabilizes y; and if ¢t € G stabilizes y;,
then ty, = s~ 1(sty]) = s~ (tsyl) = s*1y§» = y;. Hence y; and gy have the same stabilizer, so they
must be equal by Corollary Therefore s(ty;) = ty; for all t € G, so s fixes every point of Q. By
faithfulness, we obtain s = 1, a contradiction. ®

The finite intersection G’ of all the subsets G ; ; is a non-empty Zariski-open subset of G. By Zariski
density of T" in G (cf. Corollary, T contains an element ¢y € G’. Defining a = to_la’to €T, then
a has eigenlines y; = talyg fori=1,...,nand forall s € F and i,5 =1,...,n we have

sy = sty 'yl # £ ) = v,

as wanted. Moreover, we can choose A € SL(n,R) such that A has eigenvalues Ay > ... > A, > 0 and
m(A) = a.

Choosing non-zero vectors x; in the eigenlines y; for all ¢ = 1,...,n yields a basis z1,...,z, of R
with respect to which we can express each y; by the homogeneous coordinates

yi=1[0:-+-:0:1:0:---:0],
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the 1 being in the i’th place for all: =1,...,n. Foralli=1,...,n and € > 0, we now define

4

T (.

ozi#()and‘

< € whenever j # z} cQ

3

and V. = U], Vi. It is clear that each V; . is an open subset of Q: if B: R™\ {0} — R" \ {0} is the
homeomorphism given by

Blag,...,ap) = Zaixi,
i=1
then B~1(7~1(V;.)) is open in R™ \ {0}. Note also that V; . CV; . and V. C V., for all 0 < e < ¢’.

We now establish three claims, paving the way for a smashing conclusion.
Claim 2. For alle > 0, we have Q = |y, a V..

Proof: Let x € R™\ {0} and write z = > | a;z;. For all integers k > 0, we now have
Akg = Z ai)\fxi.
i=1

Let ig be the smallest ¢ = 1,...,n such that a; # 0. Then for all j < iy we have

4 A,
Qi /\f0 ’
while we have for all j > iy that .
o AR
a—i)\—éj -0
for k — co. Thus there exists k > 0 such that a*j(z) € V;, . C V.. 'S

Claim 3. There exists € > 0 such that sV; c N V;. =0 foralls € F andi,j=1,...,n.
Proof: Given i € {1,...,n}, define a continuous map f: R*~! — R"\ {0} by

flar,.. . zno1) = (21, xim1, Lz, ooy Tp—1).
If U C Q is an open neighbourhood of y;, then there exists € > 0 such that

(—e. )"t C BT A HO))),

and it follows that V; . C U.
For any s € F and i,j € {1,...,n}, then since sy; # y;, there exist disjoint open neighbourhoods
Us,ij of sy; and V,;; of y;. By virtue of what we saw above, there exists €5;; > 0 such that

Vieoi; C s_lUS,m- and Vi .. C Vi, ;. We now get our ¢ > 0 by taking the smallest of all the
€s,ij- L]

Take € > 0 such that Claim 3 is satisfied, and define V =V, and V; = V. for all i = 1,...,n. Claim
3 then implies that sV NV =0 for all s € F.

Claim 4. For alli=1,...,n and integers j > 1, if y € V; and a’y ¢ V;, then a’*tly ¢ V;.

Proof: Letting y = [ar : -t ay, where a,...,a, € R, assume that a; # 0 and that || < elay]| for
all k #i. Then @’y = [May : -+ : May]. If a?y ¢ V;, then there exists £ # i such that

)\2&@ >e

)\gozi

This implies |\ | < |X}], so that \; < A¢ and £ < i. Therefore

41
)\%_‘_ Oy

j+1
)\?Jr (67

=\

)\%O{(

J
)‘i (67
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so that a/Tly ¢ V. 'y

For all i =1,...,n and integers j > 1, define
J—1
Qi,j = a*jVi \ U a*k‘Vi.
k=0

Note first that €; j N Q; , = 0 whenever j # k. It is also clear that Q; ;11 C a_lﬁm, and the reverse
inclusion follows from Claim 4, so that we have equality. It follows immediately that a=*€; ; = Q; j1
for all integers k > 1. It is easy to check that

J J
U Qix = <U a’“%) \ Vi
k=1 k=1
By Claim 2 we have
o\velJlJatv,
k=1i=1

so compactness of Q \ V yields an integer N > 1 such that
n N n N
o\vel (Ua—’fv;) \velJU Qi
i=1 \k=1 i=1k=1

Now define so = " and Q; = U,i\/:l Q; foralli =1,...,n. Letting ¢ € € be some point and defining

amap f: I' — Q by f(s) = sxg, we then define C = f~1(V) and D; = f~1(Q;) foralli =1,...,n.

Then condition (i) of Definition is satisfied, and condition (ii) follows from Claim 3. Finally, as
a Nk N Qi = Qi iy N Qi =0

foralli=1,...,n, integers j > 1 and k,£ =1,..., N, it follows that I" has property (Pcom)- O

To relate property (Pcom) to the terrene of reduced group C*-algebras, we introduce another property
for groups.

Definition 6.3.6. Let T be a discrete group. We say that T’ has property (Pana) if the following
condition holds: For all finite subsets F' C I"\ {1}, there exists sg € I and a constant C' > 0 such that

< Cllallz

Z anAr(sq "tsg)

n=1

for all a = (an)n>1 € C.(N) and ¢ € F, where Ar is the left-regular representation of I

Proposition 6.3.7. If a discrete group T has property (Pana), the reduced group C*-algebra C*(T') is
simple with unique trace.

Proof. If o is a trace on C(T"), then for all t € "\ {1} there exist so € I" and C' > 0 such that

1 & o N C
a(NnZ:l)\p(sO t50)>‘|§0\/;—\/ﬁ

for all integers N > 1. Hence o(Ar(t)) = 0 for all t € '\ {1}, so by linearity and continuity we conclude
that o must be the canonical faithful trace on C(T").

llo(Ar (@)l =

Note now that d; is a cyclic vector of the unitary representation Ar. Assume that p: I' — U(H) is a
unitary representation of I' satisfying p < Ap. To prove that C;(T") is simple, Corollary requires
us to show that Ar < p. By Theorem it suffices to show that the function s — (Ar(s)dy,d1) is
the uniform limit of finite sums of positive definite functions associated with p, over all finite subsets
of T. Now, if F' C T is a finite subset, then by I" having property (Pan,), there exist s € ' and C' > 0
such that

<

Bk

| XN
— Z Ar(sg "tsg)
N n=1
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forallt € F\ {1} and N > 1. Since p < Ar, it follows that

1

N
o ) <

for all t € F'\ {1}. Let & € H be a unit vector and define 1, = p(s§)¢ for all n > 1. Then for all

t € FU{1} we have
N

) 1
lim — > ()7, 1) = (Ar ()61, 61).
n=1
Because this convergence is pointwise, it is uniform over the finite subset F© C I". This proves that
Ar < p, so that C*(T") is simple. O

The next and final result puts all of the pieces together, yielding Theorem straight away:
Proposition 6.3.8. If T is a group satisfying property (Peom), then T' has property (Pana)-

Proof. Let FF C T\ {1} be a finite subset, so that there exist sg € I' and subsets C, Dy,...,D, CT
such that the conditions of Definition are satisfied. For all f € ¢2(T") and subsets S C T" we let
Xs € B(£?(T")) denote the projection given by

(xs£)(s) :{ f%s) itacs

Then it is easy to check that
XSXT = XsnT; Ar(s)xs = xssAr(s), se€l, ST CT.
For all t € F and f, g € ¢*(T'), we now have

[Ar (@) f, )| < [(Ar(®)xef, 9] + [(Ar(t)xme fr )
= |[(xeeAr () f, xcg + xoved)| + [Ar () xrve f; )]
= [{xecAr(t)f, xo\e )| + [(Ar(O)xmve f, 9)]
< If 1 Ixeved|l + [xeve f]] gl

<> (U HIxo.gl + Ixo, flHgl)
i=1

using conditions (i) and (ii) of Definition Therefore for all j > 1, we have
Onsa tsD) )| < 32 (A1 |[xo Ar(shlg | + o (s ]| A (shgl
i=1
=> (1]
i=1
By condition (iii) of Deﬁnition the sets sngi and sakDi are disjoint for ¢ = 1,...,n and distinct

j,k > 1, so that Z;’il Xssip, < L. If we now let t € F, f,g € (*(T') and a = (a;);>1 € C(N), we then
have

Xs;ip,9

+]

Yo, F| lsll)

o0 o0 n
<ZajAp<soﬂtsa>f,g> <> lal (Z WA |xos 0,9 + s 0.7 ||g||>
j=1 j=1 i=1
n o0 (o]
< S Jasl x| + 91D ol [,
i=1 j=1 j=1
1/2 1/2
n o0 2 o0
< lalle [ 171 X [xom] ]l [ D2 [,/
i=1 j=1 j=1

n
<> 2llallzll fllllg
i=1

= 2n|lall2[l F 11l
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By setting C' = 2n, we see that T" has property (Pana). O

Shortly after publishing the above result, Bekka, Cowling and de la Harpe generalized it in [g] to
certain subgroups of connected, real, semisimple Lie groups without compact factors.

6.4 The Powers property of some subgroups of PSL(2,C)

To end the thesis in a manner that combines the techniques of this chapter with concepts of the other
chapters, let us show the following result:

Theorem 6.4.1. All subgroups of PSL(2,C) containing PSL(2,Z) are Powers groups.

As we have seen in Section 6.1, the canonical action of G = PSL(2,C) on 2 = P!(C) is faithful and
transitive.

Definition 6.4.2. We say that an element a € G is polar regular if a has a representative A € SL(2, C)
with eigenvalues of distinct moduli. If so, then if A\;, Ay € C are the eigenvalues of A satisfying
0 < |A1] < |A2], with corresponding eigenvectors z1, 2, define

sa = j(®1), T4 =j(22).
We say that s, is the source and that r, is the range of a.

Assume that a € G is polar regular with its representative A € SL(2,C) having eigenvalues A1, Az
and eigenvectors x1, o as above, and let U (resp. V) be a neighbourhood of s, (resp. 7,) in Q. Any
fixed point of @ in Q is an eigenline for A, so that s, and r, are the only fixed points of a. As x1,xs
constitute a basis for C2, we can write s, = [1 : 0] and 7, = [0 : 1] in homogeneous coordinates. Recall
also the open sets

Vie = {[al o]

a; # 0 and ‘aj
e

i

<5f0rj7éi}gQ

from the proof of Proposition [6.3.5] where ¢ = 1,2 and £ > 0. As in the proof of Claim 3 of that result,
there exists € > 0 such that V3. CU and Vo C V. For y € Q\ Vi, write y = [o1 : o] and note that
a™y = [ATaq : AJag]. It must hold that ay # 0. Because y ¢ Vi . we either have a; = 0, in which case
a"y € Vo, or ay # 0 and |*2/a,| > e. Taking N > 1 such that |A1/x,|V < &2 yields

1
~ €

o
A

)\nOél
‘ L <e

)\3042

for all n > N. Consequently a™(Q\ U) C a™(Q2\ V1) C Vo CV, so that:
Proposition 6.4.3. All polar regular elements of PSL(2,C) are hyperbolic homeomorphisms of P1(C).

If we now let I" be a subgroup of G containing PSL(2,Z), then I' clearly contains two transverse
hyperbolic homeomorphisms of : for instance, just consider the matrices

(5s) = (5)

Therefore the action of I' on € is strongly hyperbolic in the sense of Definition Moreover, it is
well-known that each non-identity element of G has at most 2 fixed points in €2, so Theorem now

follows from Corollary



APPENDIX A

FULL, FINITE AND PROPERLY INFINITE
PROJECTIONS

In the following exposition, we will clarify some of the notions and notation used in Chapter 2. The
reason that these are relegated to an appendix is simply that they would otherwise disrupt the flow
of the stepwise proof of Theorem Throughout the next three section, A will always denote a
C*-algebra and m, n, k will be positive integers.

We define M,, ,(A) to be the set of rectangular m x n matrices with entries in A. The adjoint of
a € My, ,(A) is then the matrix in M, ,,(A) obtained by transposing the matrix (i.e., the rows of a
become the columns and vice versa) and adjoining all entries, and if a € M,, ,(A) and b € M, ;(A),
then ab € M, 1(A) denotes the usual matrix product. Note that M, ,,(A) is just the matrix algebra
M, (A). The zero matrix of M, ,(A) is denoted by 0,,,, and we will always write 0,, instead of 0, .

A.1  The semigroup P (A)
If a € M,,(A) and b € M,,(A), we define the block matrix

a Om,n

wov= (o 5") € Musnl)

It is clear that (a ®b) B c=a® (b® c) for all (quadratic) matrices a, b, ¢ with entries in A.
Lemma A.1.1. Ifa € M,(A) is positive and © € My, ,(A), then zaz* € My (A) is positive.

Proof. The result is clear if k = n. If kK > n, let p1: M,(A) — Mg(A) be the *-homomorphism given
by 01(y) =y & 0k_n, and let z1 € My(A) be given by

T = (m Ok:,kfn) € Mi(A).

Then a simple calculation shows that x1p(a)z} = zaz*, and since p(a) > 0, it follows that zaz* must
be positive. If k < n, let po: My(A) — M, (A) be the *-homomorphism given by pa(y) = y ® 0p—k
and define

2y = <O ‘ ) € M,(A).

n—k,n
One can now show that zsaxi = p(xax™). Since a > 0, it follows that p(zaz*) > 0, and because ¢ is
injective, we have xax™ > 0. O

We now define -
Pu(A) = P(Mn(A)), Poc(A) = | PulA),

where the sets P, (A) are seen as pairwise disjoint inside P, (A). We define a relation ~¢ on Py (A)
by writing p ~ ¢ for matrices p € M,,(A) and q € M,,(A) if there exists a matrix v € My, ,,(A) such
that p = vv* and ¢ = v*v. Note that if n = m, then p ~( ¢ simply means that p and ¢ are Murray-von
Neumann equivalent. It is easy to see that ~g is an equivalence relation, and it satisfies the following
properties:

Proposition A.1.2. Let A be a C*-algebra.

(i) For allp € Poo(A) andn > 1, p ~¢ p ® 0,, where 0,, denotes the zero matriz in M, (A).

101
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(ii) If p1 ~o q1 and pz ~o q2 for p1,p2,q1, G2 € Pso(A), then py @ p2 ~o 1 D ¢2.
(iii) For all p,q € Poo(A), p® q ~0 q¢ P p.
(iv) If p,q € Pn(A) with pg =0, then p+ q is a projection and p+ q ~o pH q.

Proof. (i) If p € P, (A), then by defining
v= (p Omx") € My m+n(A),
then vv* = p and v*v =p P 0,,.

(ii) If p; € P, (A) and ¢; € Py, (A) for i = 1,2 and v € My, n, (A) and w € M,,, n,(A) such that
p1 =¥, @1 = v*v, ps = ww* and ¢go = w*w, then by defining

v Omyon
U= <0 ,&; 2) € Mm1+m2,n1+n2(~’4)7

m2,niy

we have p; ® ps = uu® and ¢q; @ g2 = u*u.

(iii) If p € P (A) and ¢ € P, (A), then by defining

Omn P
= ' € My n(A
“ ( q On,m> +n(4)

we find that p @ ¢ = wu* and ¢ ® p = u*u.
(iv) Clearly p + ¢ is a projection and
u = (p q) S Mn,Qn(A)

satisfies p + ¢ = wu* and p ® ¢ = u*u. O

We now define another relation 3 on P (A) by writing p 3 ¢ for p € P, (A) and g € Pp,(A) if there
exists a projection gy € Pp,(A) such that p ~¢ go < q.

Proposition A.1.3. The relation 3 is transitive and has the following properties:

(i) For all p,q € Poo(A), p 3 q if and only if g ~o p ® po for some projection py € Poo(A).
(il) Ifp1 3 @1 and pa 3 g2 for p1,p2,q1, G2 € Poo(A), then p1r ©p2 3 q1 @ go.

Proof. We first prove (i). If p 3 ¢, then there exists gy € Poo(A) such that p ~g go < ¢. Define
Po = ¢ — qo and note that gy L pg, so that Proposition (iv) and (ii) tells us that

¢ = go +Po ~o go D po ~o P D po-
For the converse, assume that p € Pp(A), ¢ € Pp(A) and py € Pi(A) and that there exists v €
My m+k(A) such that vv* = ¢ and v*v = p @ pg. Defining w = v(p @ 0x)v* € M, (A), then w is a
projection and

P~ p® 0k = (V'w)(wv) ~o (W) (v*w) = wew = w = v(p ® 0k)v" < v(p B po)v™ = q.

Therefore p ~¢ w < ¢, so the proof of (i) is complete. Transitivity of 3 immediately follows from (i),
and (ii) follows from (i) and Proposition (iii). O

Lemma A.1.4. If p and q are projections in A, then:

(i) p is properly infinite if and only if p® p 2 p.
(ii) If p 3 q¢ 2 p and p is properly infinite, then q is properly infinite.
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Proof. (i) Assume that p is properly infinite and let e, f € A be mutually orthogonal projections such
thate~ f ~p,e<pand f <p. Then p®p~ge® f ~ge+ f <phby Proposition(ii) and
(iv). Conversely, if p @ p 3 p, then there exists a projection r € A such that p @ p ~g r < p. Therefore
there exist vy, vs € A such that

* *
vV} V105 p 0 " X
" ] = , VU1 +UqU2 =T
VU] V205 0 p
Defining e = viv; and f = vivg, then because viv] and vovi are projections (they are equal to

p), it follows that e and f are projections equivalent to p satisfying e + f = r < p. Moreover,
ef = vj(v1v3)va = 0, so p is properly infinite.

(ii) If p is properly infinite, then Proposition and (i) yield

1®qZIPpEPIPI G
so ¢ is properly infinite. O

For any element x € A, we let A;(z) be the diagonal matrix in M, (A) with « in the i’th diagonal entry
and zeros everywhere else. It is clear that the map A — M, (A) given by x — A;(z) is an injective
*-homomorphism. Moreover, we let

n
%" = g Ailz)=2Pzd - Dx.
—— —
i=1 M

Lemma A.1.5. Let p € A be non-zero. If p is a finite projection, then A;(p) is finite in M, (A) for
alli=1,...,n. If A;(p) is a finite projection for some i =1,...,n, then p is a finite projection.

Proof. Assume that ¢ = (q;x)7 =, € My, (A) is a projection satisfying g ~ A;(p) and ¢ < A;(p). Then
there exists
U110 Unl

v=1| .. i | eMA
Un1 T Unn

such that vo* = A;(p) and v*v = ¢. Since A;(p)v = v, we must have
Vik = PVik, Ujk:07 j7k:1aanvj7éz

Since vv* = p, we have
n
_ . *
p= E VijU;-
k=1

We now claim that v, = 0 for all kK # i. Note first that because ¢ = v*v by assumption, then
qjk = v;;vik for all j, k. Since ¢ < A;(p), we have

A (vixvik) = Ar(gee) = Ar(14)gAr(1a) < Ap(14)Ai(p)Ar(14)

for all k. If k # 4, then the latter matrix is the zero matrix, so v/, v;; = 0 and v, = 0. The case k =+
implies v};v;; < p. Moreover, we now know that p = v;;v};, so since p is finite, we have ¢;; = v};v;; = p.
Hence q = Ai (q”) = Az (p)

Conversely, if A;(p) is a finite projection for some ¢, then p is first and foremost a projection. If ¢ € A is
a projection with ¢ ~ p and ¢ < p, then there exists a partial isometry v € A with v*v = ¢ and vv* = p.
Then A;(v)*A;(v) = Ai(q) and A;(v)A;(v)* = A;(p). Moreover, A;(q) < A;(p), so A;(p) = Ai(q) as
A;(p) is finite. Hence p = q. O

Lemma A.1.6. If p,q € P(A) and q is central, then r = p®™ implies rq 3 (pq)®™ for all v € P(A).

Proof. If » X p®", then there exists v € Mj ,(A) such that vo* = r and v*v < p®". Defining
w = vg®" € M ,(A), then ww* = rq and w*w = ¢®"v*vg®" < ¢®"p®mg®" = (pg)®" by virtue of ¢
being central. O
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The final result of this section serves as a reminder that finite projections behave much better in von
Neumann algebras:

Lemma A.1.7. Let .# be a von Neumann algebra. Assume that p € .M and q € M satisfy p 3 q®"
for some n. If q is finite, then p is finite.

Proof. By Proposition (i) there exists pg € Px(#) for some k such that p ® pg ~¢ ¢©". Hence
the matrices p®po®0,, and ¢®" © 041 are Murray-von Neumann equivalent. Lemmayields that
Ai(q) € Pnyk+1(A) is finite for all = 1,. .., n, so since finite sums of orthogonal finite projections in
a von Neumann algebra are finite (cf. [go, Theorem 6.3.8]), it follows that ¢®" & Ox1 = > ; Ai(q)
is finite as well. Therefore p & po & 0,, is finite, and because p B 0p4x < p® po & 0,,, Lemma now
tells us that p is finite. O

A.2 Full projections

Henceforth, A always denotes a unital C*-algebra. The deus ex machina in our proof of Theorem
comes in the form of a certain full projection, and as we shall see, such projections have some very
nice properties (some of which are quite beautiful when formulated with the relations of the previous
section). Full elements in a unital C*-algebra are defined on page @

Recall the following basic fact.

Lemma A.2.1. If A is a unital Banach algebra and 3 C A is a proper, two-sided ideal, then J is a
proper, closed, two-sided ideal.

Proof. Tt is easy to see that J is a two-sided ideal. Supposing that J = A, then there exists z € J such
that ||z — 14| < 1. Hence z is invertible, so 14 = xz~! € J. O

Lemma A.2.2. Ifa € A is full, then there exist n > 1 and x1,...,Zn,Y1,--.,Yn € A such that

14= Z T;QY;.
i=1
Proof. Let

n
J= {Z T;ay;

i=1

nzlj xl?"'7x7l)y17"'7yne‘A}'

Then J is a two-sided ideal in A, so J is a closed two-sided ideal in A. Since a € J, it follows from
fullness of a that 3 = A. Hence J = A, from which the claim follows. O

Lemma A.2.3. If a € A is full and positive and q € A is a projection, then there exist a positive
integer n > 1 and x1,...,x, € A such that

n
q= g zax;.
i=1

Proof. Since a is full, it is clear that 2a is also full. By the previous lemma, there exist elements
Y1215 -+, Ym, 2m € A such that 14 =231 y;az;. Hence 14 =23 7" | zFay}, by a being self-adjoint.
We then see that

m

m
la= Z(yiazi +zjay;) < Z(yiay;‘k + 277 az;),
=1 =1

the inequality following from the fact that (y — 2*)a(y* — z) > 0 for all y, z € A. Defining n = 2m as
well as w; = y; and w4, = 2] for i =1,...,m, we have

n
1a < Z wiaw; .
i=1

Since b = Z?:l w;aw; is invertible and positive, there exists a self-adjoint z € A such that 14 = zbz,
namely z = b~ /2. Defining z; = qzw; for i = 1,...,n, we have the desired composition. O
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With the above properties established, we now turn to showing what fullness of a projection means in
matrix terms.

Proposition A.2.4. If p and q are projections in A and p is full, then there exists n > 1 such that
q 3 p".

Proof. Let n > 1 and x1,...,x, € A such that ¢ = >, z;pz}. Define P = p®" and let v € M ,,(A)
be the rectangular matrix given by

v=(z1p T2p -+ Tup).

Then vv* = q. Note that (v*v)? = v*qv < v*v. If we define f(z) = z — 22 for z € o(v*v), then we
have f(o(v*v)) = o(f(v*v)) C [0,00) by the continuous functional calculus, so o(v*v) C [0,1]. If 1,
denotes the identity element of M, (A), we then see that o(1,, — v*v) C [0,1], so v*v < 1,,. Hence
v*v = Pv*oP < P,soq 3 P. O

Proposition A.2.5. A unital C*-algebra A is properly infinite if and only if it contains a properly,
infinite full projection.

Proof. If A is properly infinite, then 1 4 is properly infinite and full. Conversely, if p is properly infinite
and full, then by the previous result there exists n > 1 such that 14 = p®™. Since p is properly infinite,
we have p®" < p by Lemma (i), so that 14 2 p. As p 3 14 trivially, it follows that 1 4 is properly

infinite by Lemma (ii). O

Proposition A.2.6. Let A be a unital C*-algebra. If p € Pso(A) is properly infinite and full, then
q 3 p for all ¢ € P (A).

Proof. Let n > 1 such that p € P,(A). As in the previous proof, we then have 1,, = p by p being
properly infinite and full. For any g € Pr(A), then by taking m > 1 such that nm > k we have

q :5 1k: ~0 1]4: S Onm—k: j 1nm = (1n)@m jp@m :5 p

by Lemmas (i) and (i), completing the proof. O

We finally pass to von Neumann algebras, proving the results necessary to give a thorough proof of

Lemma

Corollary A.2.7. If # is a von Neumann algebra and p,q € A are properly infinite, full projections,
then they are equivalent.

Proof. This follows from the preceding proposition and the Schréder-Bernstein theorem [77, Lemma
25.1]. O

Proposition A.2.8. Let .# be a properly infinite von Neumann algebra. Then any full projection
p € M is properly infinite.

Proof. Let p € ./ be a full projection. By Proposition there exists n > 1 such that 1 4, 3 p®".
Assuming that p is not properly infinite, then there exists a central projection ¢ € .# such that pq is
finite and non-zero by i1, I11.1.3.5]. As 14 = p®" now implies ¢ X (pq)®" and (pq)®" is finite by
Lemma q is consequently finite by Lemma contradicting that .# is properly infinite by
the type classification |11, III.1.4.1]. Therefore p is indeed properly infinite. O



APPENDIX B

AN ISOMORPHISM THEOREM FOR REDUCED
TWISTED CROSSED PRODUCTS

The proofs of many results in Chapter 4 rely on a quite deep isomorphism theorem, allowing us to
realize the reduced twisted crossed product of a group I' with a normal subgroup A as an iterated
crossed product with respect to A and the quotient group I'/A. We give a proof of it here, but consider
yourselves warned: it is very heavy and very ugly. We have nonetheless elected to include it because
we construct the reduced twisted crossed product a bit differently from how it is done in [5].

Theorem Let (A, T,a,u) be a twisted dynamical system, let A be a normal subgroup of T,
let @ =T/A and let j: T — Q denote the canonical epimorphism. Moreover, let (o/,u') denote the
restriction of (a,u) to A. Then for any s € I', there exists 75 € Aut(A %y, . A) such that

Vs(Tar (@) = Tor (as(a)), s (1)) = Tar (@(s,8)) A (sts™1), a€ A, t€A.
Moreover, if k: T/A — T is a cross-section for j with k(1) = 1, define maps

> B:Q — Aut(A x¥ A) by B=7ok,
> m:QxQ— A bym(z,y) = k(x)k(y)k(zy)~! for z,y € Q, and
> 0 QxQ—UAXY A) by

v(x,y) = mar (u(k(2), k(y))ulm(z, y), k(zy)))Aw (m(z,y)),  z,y € Q.
Then (8,v) is a twisted action of Q on A NZ,,J, A such that
AxE T2 (AxY A) %}, Q.
Proof. We can assume that A C B(H) for some Hilbert space #. By Remark we can also
assume the existence of a map a: I' — U(H) such that a(s)za(s)* = as(z) for all s € T and z € A.
For s € T, we now define u, € B(H ® (2(A)) by
us(E®@8;) = u(st st 8)a(s ) u(s™t, st 71)E® bgps1
for ¢ € H and t € A. Then uy is a unitary operator on H ® ¢£2(A) with
uH(E®0;) =u(s it ) als T Nu(t ™, ) €@ 6,1y, EEH, tEA.
For all t € A,

ustor(a)ug (€ ® ) = u(t™", s)a(s™)" [u(s™,t7 " s)ag-r-ag(a)u(s ™t s) Tals u(t™,5)" ¢ @ &
=u(t™,s) [a(s™") ag-1 (ap-14(a))als ™) ult ™, 5)"E @ 6
(t 178)a s(@u(t™,s)€ @6
(

106
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Further, for all ,w € A, then by defining p = stws™! we see that

woh (D€ ® 8) = u(pY, 5)als™)* [uls™,p s)u(s™ s, )] € @ 5,
b >[a<s*1> (s, )] (s Ly lstE @,
= |u(p~ ,s)u(p_ls,t)] a(sH*u(s~plst)E @6,
= a1 (u(s,t))u(p™, st) [ulp™ 1sts*1,s)*u(p*1,sts*1)*]
u(p™t, sts™Hu(sw™ s, s)a(s ) u(s™h swHE® 6,
= a1 (u(s,t))u(p™, st) [ulp™", st)* ap-1 (u(sts™, s))*]
u(p™, stsTHu(sw™ s s)a(s ) u(s7h swHE® 6,
= [ap-1 (u(s, hu(sts™ ", 8)") ] ulp™", sts™u(sw™ s, s)a(s™ ) u(s ™, sw)E® 6,
( Ls)a(s™h ) u(s™ swH)E® 6p)
A (sts™h) (u(sw_ls_l, s)a(s™H*u(s™, swhHE® (5510371)
M (557 Hug (€@ 8y).

\
8

, 8ts

Du(sw s s

Therefore, if we restrict the automorphism Ad(us) of B(H ® ¢2(A)) to A Ngl/m A, then we obtain an
automorphism

s € Aut(A XY, | A)

with the desired properties. Some tedious computations in the same vein as above show that (3,v)
defines a twisted action of Q on A x¢, . A; we refer the reader to [51, pp. 306-307] for these. We can
then define a unitary operator

F:H® Q)R (A) = He ()

by
F(f ® 58 & 6&6) = U(Sil,k(l‘il))*g ® 516(1’*1)*15’ f € Ha T E Qv s €A

Now note that for all a € A, t € A and z € @, we have

Frg(mar(a))(€ ® 0t ® 0z) = F(Yi(z—1)(Tar (@) (€ ® 6t) ® )

(Tar (g (z-1)(@)) (€ ® 6t) ® 0g)

(-1 (ag(z-1)(a))§ ® 6 ® 6z)

N k(z) =1 (o (o=1) () )€ @ Gpp-1)-14
-1k (@u(t™ " k(@ 71)) € @ 1)
a(@u(t™ k(z71)) € @ p(p-1)-1¢
a(a)F(§® 6 ®6,),

Il
RS

I
>1>1QQ

so that
Frg(mo (a))F* = m4(a), a€ A (B.1)

Moreover, for all s,t € A and x € (), note that

Frg(Aw () (€ © 6 © 0z)

F(vi(z-1)(Aw (5))(§ ® ) @ 62)

(mar (A(k(z™1), ) Au(k(z™)s™H)) (€ @ 6;) © 6,)
(Au(k(z 71)))\u(3))\u(k($7 )" (E®6t) ®6s)
w(t™ k(z™ s s)u(t k(2T) E @ dap(e1)-
A () (Wt k(2 71) € @ p(p1)-14)

A (8)F(E® 0 & 0z),

F
F

so that



108 APPENDIX B. AN ISOMORPHISM THEOREM FOR TWISTED CROSSED PRODUCTS

Finally, let s,t € A and z,y € Q. If we set s = m(z~ty~',y) and g = k(z~ty~!), it follows that
sk(z~t) = gk(y) and therefore
FAy(y)(€ @6 @ 6,) = Fu(z™ 'y~ y) (6@ 6t) @ bya)
= F(mar(ulg, k(y))u(s, k(z™)" ) Aur (5) (€ ® ;) @ 8yz)
(151 (ulg, k(y))uls, k(a™) ut™ 57", 5)6 ® 0o © bya)

= u(t_18_1>g)*atfls*1(u(g7 ( ))’LL( ( ))*) (t_l _175)€®6g*
=u(t™ s g, k()ut s gk(y) u(t™ s sk(z™))ut™ ! k(z71)) 6 @ g-1g
=u(t™ s g, k(y)ult™ k(™) E® 0,
=t k(e k()" k@)ult k(T )) §®5k(y)k(z—1)—1t
= Au(k()) (u(t™ " k(271) € @ p(p-1)-1¢)
since u(c, d)*a.(u(d, f)) = u(cd, flu(e,df)* and ac(u(d, f))*u(e,d) = u(c, df )u(ed, f)*. Hence
FX()F* = Mu(k(y)), yeEQ. (B.3)

It now follows from . ) and (B.g) that F' implements an isomorphism of the C*-algebras
(AXIZ’,T )NBrQan Z’I" O
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